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ma.hoegele@uniandes.edu.co
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Preface

The mechanism of many physical phenomena is well-described by ordinary
or partial differential equations giving rise to a dynamical system in finite or
infinite dimensions. In many cases, however, on the time scales of interest
these dynamical systems are subject to a (small) random residual perturbation
inherited from the microdynamics of unresolved smaller time scales, see for
instance [49].
In the case of finite dimensional dynamical systems perturbed by small Brow-
nian motion there is a large literature on the qualitative behavior of the per-
turbed system in terms of large deviations theory going back to the pioneering
work by Cramér in the 1940ies. Since then the field has grown enormously
and is usually referred to as Freidlin-Wentzell theory. Classical texts comprise
[3, 7, 17, 18, 21, 23, 27, 28, 50] and references therein. The asymptotic exit
times of a dynamical system from the neighborhood of a stable state grows
exponentially as a function of the inverse noise intensity with the precise ex-
ponents given as “minimal energy barriers” to cross and the exit paths evolve
with overwhelming probability close to an energy minimizing trajectory.
In infinite dimensions the so-called Allen-Cahn equation is a particular case,
where this is studied in detail is sometimes also referred to as Chafee-Infante
equation, a dissipative non-linear parabolic partial differential equation (see
for instance [34, 32]) subject to Gaussian noise and is often associated to the
notion of tunneling. In the literature this phenomenon was treated in [5, 9, 10,
25, 26, 66]. In 2012 Stella Brassesco offered an introductory class at the XXV.
Escuela Venezola de Matemáticas on the subject.
However, the Gaussian white noise structure is not the only possible proba-
bilistic perturbation of interest. In general the class of limiting distributions
and resulting processes is much larger and given by so-called Lévy processes,
typically non-Gaussian processes with stationary and independent increments
see for instance in [1, 61]. In the non-Gaussian case these processes exhibit
jump discontinuities, which in particular cases, such as α-stable processes ef-
fectively change the dynamics. The literature on dynamical systems perturbed
by this kind of discontinuous and heavy-tailed processes is much younger,
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[40, 39, 42, 19, 20, 56, 36] and contains mainly perturbations of infinite di-
mensional dynamical systems. In [19, 20] the authors study the first exit times
of the Allen-Cahn equation (referred to as Chafee-Infante equation in these
publications) subject to additive α-stable noise.

The proof techniques rely on a carefully chosen flow decomposition of the driv-
ing noise splitting the large heavy-tailed jumps from the remaining noise, which
occur only with finite intensity. Between (appropriately identified) large jumps
of the random perturbation the process follows the deterministic trajectory
with overwhelming (exponential) probability. In order to prove this result we
combine the path-by-path version of the Burkholder-Davis-Gundy inequality
by Siorpaes and Beiglböck [62], an estimate of the stochastic convolution by
Salavati and Zanegeh [64] with Campbell’s formula together with a method
used in [36]. This result is much finer than the methods applied in [20]. In
addition, the deterministic relaxation is sufficiently fast in order to occur on
average before the next large jump, such that the main dynamics is described
by large jump increments starting from neighborhoods of a stable state. Sum-
ming up this dynamics it turns out that the exit times behave polynomially as
a function of the inverse noise intensity and the exit occurs due to one of the
large jumps and hence yields a distribution (as a limiting object of the large
jump distribution). Such a work is carried out for the Allen-Cahn equation in
[20] perturbed by α-stable Lévy noise (α ∈ (0, 2)) with additive noise. In [35],
the results are generalized to multiplicative noise and general regularly vary-
ing noise and a generic class of dissipative scalar partial differential equations.
This lecture course aims at presenting the results of [35] for the simpler case of
additive noise.

The text is designed as a self-contained course taking seriously the prerequi-
sites of the audience assumed as probability theory (including Kolmogorov’s
law of large numbers, the standard central limit theorem, characteristic func-
tions), ordinary differential equations and dynamical systems and linear partial
differential equations. As a consequence the course is divided in three parts:

The first part provides an introduction to general Lévy processes, the class of
stochastic perturbations of interest. In Chapter 1 we introduce the laws of
Lévy processes starting with central and local limit theorems, and the identifi-
cation of the limiting distributions as infinitely divisible distributions and their
characterization by the Lévy-Khinchin theorem. Chapter 2 is followed by the
construction of general Lévy processes starting with the explicit construction
of Q-Brownian motion and compound Poisson processes in separable Hilbert
spaces. After the construction we establish the existence of càdlàg paths, the
strong Markov property and the existence of moments for Lévy processes with
bounded jumps. This paves the way to the derivation of the Lévy-Itô theo-
rem, which characterizes Lévy processes as essentially a linear drift plus a Q-
Brownian motion plus two Poisson random integrals. Chapter 2 finishes with
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the presentation of Burkholder-Davis-Gundy inequality, the essential estimate
for pure jump processes.
The second part starts with a detailed discussion of the state space followed
by an introduction to the dynamical system generated by the deterministic
Allen-Cahn equation and a careful and detailed discussion of its dynamics. In
Chapter 4 we establish the mild solution of the stochastic Allen-Cahn equation
with additive Lévy noise and in particular the crucial strong Markov property.
The third part is entirely dedicated to the first exit problem, that is the asymp-
totic behavior of the first exit times and locus of the stochastic Allen-Cahn
equation with small additive regularly varying Lévy noise. In Chapter 5 we
present the general setting and a discussion of a “model” for each of the quan-
tities. Chapter 6 is dedicated to the control of the “small” jumps stochastic
Allen-Cahn equation between two consecutive “large” jumps, where we use all
the machinery acquired in part 1. The final part contains the final book keeping
of the large jumps dynamics.
The material in Part 1 and 2 is not original and can be found in many textbooks.
Important sources of the presentation are among others [45], [57], [61], [22], [58],
[20] and many more. Part 3 is a simplified version for the additive case of the
article [35], where the first exit problem is treated for the stochastic Allen-Cahn
equation with multiplicative regularly varying Lévy noise. On the channel of
the Mathematics department of Universidad de los Andes, Bogotá, Colombia
you can find the videos of this course.
https://www.youtube.com/playlist?list=PLUH3ZFcFJmW4i7fSNSbujKVhP8tThYmwj

Acknowledgements. I would like to thank S. Brassesco and C. DiPrisco
for the kind invitation to the XXX. Escuela Venezolana de Matemáticas and
the participants for the efforts to follow this video course. It is my pleasure to
contribute to this distinguished institution of academic collaboration.
I also would like to thank the International Center for Theoretical Sciences,
Bangalore, India, the new founded member institution of the Tata Institute of
Fundamental Research Network, for the invitation to the first Summer Research
Program on the Dynamics of Complex Systems in summer 2016, where I held
a class on stochastic climate models with Lévy noise based on some of the
material I present here. In particular I would like to thank A. Apte and his
group at ICTS for their warm hospitality in Bangalore.

Michael A. Högele
Bogotá, December 2017
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Part I

A short introduction to
Lévy processes

1





Chapter 1

Limit theorems and infinite
divisibility

1.1 Motivation: The central and the Poisson
limit theorem

The sums of Bernoullis. Given a probability space (Ω,A,P) consider an
i.i.d. family (Xn)n∈N of Bernoulli random variables Xn : Ω → {0, 1}, that is
PXn = pδ0 + (1 − p)δ1 for some p ∈ [0, 1], where for all Borel sets A ∈ B(R)
and x ∈ R

δx(A) :=

{
1 if A 3 x
0 if A 63 x

.

Clearly, E[Xn] = 0(1− p) + 1p = p and

V(Xn) = E[X2
n]− E[Xn]2 = E[Xn]− E[Xn]2 = p− p2 = p(1− p).

Then for any n ∈ N the sum Sn of the first n-Bernoullis takes values in
{0, . . . , n} and is Binomially distributed with parameters n and p ∈ [0, 1]

Sn :=

n∑
k=1

Xk ∼ Bn,p,

in other words for all k ∈ {0, . . . , n}

P(Sn = k) =

(
n

k

)
pk(1− p)n−k.

3
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This entails the well-known formulas

E[Sn] = E
[ n∑
k=1

Xk

]
=

n∑
k=1

E
[
Xk

]
= np,

and due to the well-known Bienaymé identity, the independence of the (Xn)n∈N
and their identical distribution

V(Sn) = V(

n∑
k=1

Xk) =

n∑
k=1

V(Xk) = np(1− p).

Remark 1.1.1. • Sn − np is a centered random variable, that is E[Sn −
np] = 0.
• S∗n := Sn−np√

np(1−p)
is a normalized random variable that is centered with

variance V(S∗n) = 1.

EXERCISE 1.1.2. Check the preceding remark.

Remark 1.1.3. For X ∼ Bn1,p and Y ∼ Bn2,p and X ⊥ Y we have

X + Y ∼ Bn1+n2,p.

EXERCISE 1.1.4. Check the preceding remark.

There are two fundamental limit theorems for the behavior of S∗n as n tends to
infinity, the Central and the Poisson limit theorem.

The Central limit theorem. Given (Ω,A,P) consider an i.i.d. sequence
(Xn)n∈N of Bernoulli random variables Xn : Ω→ {0, 1} with PXn = (1−p)δ0 +
pδ1. In the symmetric case p = 1

2 we have that for any n ∈ N

S∗n =
Sn − n/2√
n 1

2 (1− 1
2 )

=
2Sn − n√

n
=

1√
n

n∑
k=1

(2Xk − 1)︸ ︷︷ ︸
∈{−1,1}

has a centered, symmetric “Binomial” distribution with values in the set

{− n√
n
,−n− 1√

n
, . . . ,− 1√

n
, 0,

1√
n
, . . . ,

n− 1√
n
,
n√
n
},

which looks more and more “bell-shaped”.



5

Consult the figures in the video.

Interestingly, the convergence remains true also for asymmetric Bernoullis with
p ∈ (0, 1) \ { 1

2} and yields the following well-known result.

Theorem 1.1.5 (Central limit theorem (De Moivre-Laplace)). For an i.i.d.
sequence (Xn)n∈N of Bernoulli random variables Xn : Ω → {0, 1} on a given
probability space (Ω,A,P) with PXn = (1− p)δ0 + pδ1, p ∈ (0, 1) we have that

L(S∗n) = L(
n∑
k=1

Xk − p√
np(1− p)

)
d−→ N (0, 1), as n→∞,

that is for any finite a < b

lim
n→∞

P(S∗n ∈ [a, b]) =

∫ b

a

f(x)dx, for f(x) =
1√
2π
e−

x2

2 .

Interestingly in the light of Remark 1.1.3 the limiting (normal) distribution
satisfies.

Remark 1.1.6. If X ∼ N (m1, σ
2
1) and Y ∼ N (m2, σ

2
2) and X ⊥ Y we have

X + Y ∼ N (m1 +m2, σ
2
1 + σ2

2).

EXERCISE 1.1.7. Show the preceding remark.

More generally we have the following result .

Theorem 1.1.8 (The central limit theorem). For a sequence (Xn)n∈N of i.i.d.
random variables Xn : Ω → R with 0 < σ2 = V(Xn) < ∞ and m = E[Xn] we
have

S∗n =
n∑
k=1

Xk −m√
n σ

d−→ N (0, 1) as n→∞.

A short proof is given in Kallenberg [43] using the Taylor expansion of the
characteristic function of S∗n.

Non-central limit theorems: A second class of limit theorems considers
sequences of “i.i.d. sequences” of Bernoullis (Xn

k )k=0,...,n, where the parameter
p = pn and tends to 0, that is, we have more end more random variables, but
the exit probability for each of them decreases, that is some kind of “thinning”.
Therefore it is also called the limit theorem of “rare events”.
The easiest version is the following classical result.
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Theorem 1.1.9 (The Poisson limit theorem).
For sequences (mn)n∈N ⊂ N with mn → ∞ and (pn)n∈N ∈ (0, 1), n ∈ N
satisfying limn→∞mnpn = λ ∈ [0,∞) we have for any fixed ` ∈ N

lim
n→∞

Bmn,pn({`}) = lim
n→∞

(
mn

k

)
p`n(1− pn)mn−` =

λ`

`!
e−λ = Poiλ({`}).

As explained above we can reformulate this as follows: For n ∈ N consider the
finite i.i.d. sequence

(Xn
k )k=1,...,n

with Xn
k ∼ Bpn . Then we have that

L(
n∑
k=1

Xn
k ) −→ Poiλ .

Proof. The proof is elementary:

mn!

(mn − `)!
p`n = (mn · · · · · (mn − `+ 1))p`n

=
mn · · · · · (mn − `+ 1)

m`
n

(mnpn)` −→ λ`, as n→∞,

by assumption and Euler’s limit of the exponential function

(1− pn)mn−` =
(1− mnpn

mn
)mn

(1− pn)`
−→ eλ

1
, as n→∞.

Putting together these partials results yields the statement.

In the light of Remark 1.1.3 and 1.1.6 we have the following interesting property.

Remark 1.1.10. If X ∼ Poiλ1
and Y ∼ Poiλ2

and X ⊥ Y , then

PX+Y = Poiλ1+λ2
.

EXERCISE 1.1.11. Check the preceding remark.

1.2 Arrays and infinitely divisible distributions

1.2.1 Arrays and the central limit theorem

A word about separable Hilbert spaces: For our applications in the
second and third part of the course we will formulate all our results for separable
Hilbert space (H, 〈·, ·〉, | · |). We give some basic results about separable Hilbert
spaces without proof. We refer for instance to Werner [67], Kapitel V or any
other book on functional analysis.



7

• Separable Hilbert spaces are the natural generalization of the Euclidean
space Rd, equipped with the norm

|x| =
√
〈x, x〉, and inner product 〈x, y〉 =

d∑
i=1

xiyi, x, y ∈ Rd.

• A Hilbert space H over R is a R-vector space equipped with an inner
product 〈·, ·〉 and norm |x| =

√
〈x, x〉, which is complete w.r.t. this

norm, that is all Cauchy sequences converge.

• A separable Hilbert space H is a Hilbert space, with a dense countable
subset, w.r.t. the topology of the norm | · |. In particular, separable
Hilbert spaces are exactly those Hilbert spaces which have a countable
orthonormal basis (en)n∈N, such that any x ∈ H has the norm expansion

x =
∑
n∈N
〈x, en〉en

Note that this expression is a limit, which can be justified by the so-called
Parseval’s equality

|x| =
∑
n∈N
〈x, en〉2,

and
〈x, y〉 =

∑
n∈N
〈x, en〉〈y, en〉.

• The smallest sigma algebra containing all open balls in H is called the
Borel-sigma algebra B(H) in H.

For most practical purposes until declared otherwise you can think of H being
the Rd.

Motivation of arrays: We can rewrite the convergence of the Theorem
1.1.5 and Theorem 1.1.9 in the following simple unified form.

1. We can rewrite the hypotheses of the De Moivre-Laplace Theorem 1.1.5
as

S∗n =
Sn − np√
np(1− p)

=

n∑
k=1

1√
n

( Xk − p√
p(1− p)

)
︸ ︷︷ ︸

=:Xnk

=

n∑
k=1

Xn
k ,
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whereXn
k : Ω→ {− p√

np(1−p)
, 1−p√

np(1−p)
} with E[Xn

k ] = 0 and V(Xn
k ) = 1

n

such that

1 = V(S∗n) =

n∑
k=1

V(Xn
k )︸ ︷︷ ︸

= 1
n

.

Note that in this case the distribution of Xn
k does not depend on k.

2. Consider the case of the Poisson limit Theorem 1.1.9, where

Sn :=

n∑
k=1

Xn
k

for the i.i.d. (Xn
k ) n∈N,
k=1,...,n

and the law Xn
k ∼ Bpn being independent of k.

The concept of arrays. We generalize this concept to sequences of “se-
quences of random variables”, which are not necessarily identically distributed.

Definition 1.2.1. Let (kn)n∈N be a strictly increasing sequence k· : N→ N of
natural numbers and H be a separable Hilbert space. Given a probability space
(Ω,A,P).

• A double sequence (Xn
k ) n∈N
k∈{1,...,kn}

of random vectors Xn
k : Ω → H is

called an array.

• The array is called independent if for any n ∈ N the family (Xn
k )k=1,...,kn

is independent.

• The array is called centered if E[|Xn
k |] < ∞ and E[Xn

k ] = 0 for any
n ∈ N and k ∈ {1, . . . , kn}.

• We define for n ∈ N as the row sum

Sn :=

kn∑
k=1

Xn
k .

• The array is called normalized if E[|Xn
k |2] <∞ and V(Sn) = 1.

• The array is called asymptotically negligible or a null array if for
any ε > 0

lim
n→∞

max
k∈{1,...,kn}

P(|Xn
k | > ε) = 0,

that is uniform convergence to 0 in probability.
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Remark 1.2.2. For an independent normalized array of random variables Xn
k :

Ω→ R, we have

1 = V(Sn) = V(

kn∑
k=1

Xn
k ) =

kn∑
k=1

V(Xn
k ).

The central limit theorem of Lindeberg-Feller

Theorem 1.2.3 (The central limit theorem of Lindeberg-Feller). Given a prob-
ability space (Ω,A,P) be (Xn

k ) n∈N
k∈{1,...,kn}

an independent, centered, normalized

array of random variables Xn
k : Ω → R. Then the following statements are

equivalent:

1. For any ε > 0 we have

Ln(ε) :=

kn∑
k=1

E[(Xn
k )21{|Xn

k | > ε}] n→∞−→ 0. (1.1)

2. (Xn
k ) n∈N
k∈{1,...,kn}

is asymptotically negligible and

PSn
n→∞−→ N (0, 1).

This result is found for instance in Klenke [45], Thm 15.43.

Remark 1.2.4. How can we understand this result? The variance for the
aggregate of tails vanishes

Ln(ε) = E[

kn∑
k=1

(Xn
k )212{(Xn

k )2 > ε2}]

= V
( kn∑
k=1

Xn
k 1{|Xn

k | > ε}︸ ︷︷ ︸
=:Xnk

ε

)
= V(Sn

ε
)

if

Sn
ε

:=

kn∑
k=1

Xn
k

ε
.

In addition, since V(Sn) = 1 we can understand the limit (1.1) as

Ln(ε) =
V(Sn

ε
)

V(Sn)
−→ 0, as n→∞.
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In other words, for any ε > 0 the influence of the variances of the random
variables with the values larger than ε tends to 0 uniformly. Put differently,
the collective behavior is determined by the infinite aggregate of the arbitrarily
values of the random variables.

This result has also versions in higher dimensions, for instance see [51].

1.2.2 Infinitely divisible distributions

A) Basic properties:

Definition 1.2.5. A distribution µ on (H,B(H)) is called infinitely divis-
ible if for a random vector X : Ω → H with PX = µ and any n ∈ N there
exists a probability distribution µ̄n on (H,B(H)) and an independent family
(Xn

k )k=1,...,n of random vectors Xn
k : Ω→ H with PXnk = µ̄n such that

Xn
1 + · · ·+Xn

n
d
= X.

In other words: A distribution µ on (H,B(H)) is called infinitely divisible
if for any n ∈ N there is a distribution µ̄n such that

µ̄n ∗ · · · ∗ µ̄n︸ ︷︷ ︸
n times

= µ̄∗nn = µ.

By this property we write
µ̄n =: µ∗

1
n .

Example 1.2.6 (Infinite divisibility of the normal distribution). Remark 1.1.6
tells us that for any m ∈ R and σ2 > 0 and X ∼ N (m,σ2) we have that for
two independent random variables X2

1 , X
2
2 with X2

i ∼ N (m2 ,
1
2σ

2) we get

X2
1 +X2

2 ∼ X.

The same is true for finitely many random variables: For any n ∈ N any
independent family (Xn

1 , . . . , X
n
n ) with Xn

i ∼ N (mn ,
1
nσ

2) we have

Xn
1 + · · ·+Xn

n ∼ X.

Example 1.2.7 (Infinite divisibility of the Poisson distribution: ). By Remark
1.1.10 we have in the same spirit that for any λ > 0 and X ∼ Poiλ any two
independent random variables X2

1 , X
2
2 with X2

i ∼ Poiλ
2

we have

X2
1 +X2

2 ∼ X.

The analogous result is true for finitely many random variables, that is for all
n ∈ N and any i.i.d. family (Xn

1 , . . . , X
n
n ) with Xn

i ∼ Poi λ
n

we have that

Xn
1 + · · ·+Xn

n ∼ X.
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Example 1.2.8. Trivially, since
1

n
+ · · ·+ 1

n︸ ︷︷ ︸
n times

= 1 we have that for any b ∈ H

and X ∼ δb that for Xn
i ∼ δ b

n

Xn
1 + · · ·+Xn

n =
1

n
(b+ · · ·+ b)︸ ︷︷ ︸
n times

= n
b

n
= b = X.

We have already seen, that the normal distribution, the Poisson distribution
and the Dirac distribution δb (the constant vectors) are infinitely divisible.
What about a counter example?

Example 1.2.9 (Counter example). The uniform distribution U[−1,1] is not
infinitely divisible. For X ∼ U[−1,1] and u 6= 0 we have

φU[−1,1]
(u) =

1

2

∫ 1

−1

eiuxdx

=
1

2

∫ 1

−1

cos(ux)dx+ i

∫ 1

−1

sin(ux)dx

=
sin(u)

u

=

√
sin(u)

u

√
sin(u)

u
.

If Z ∼ U[−1,1], does there exist a distribution with µ, such that for two inde-
pendent copies X1, X2 with Xi ∼ µ we have

X1 +X2
d
= Z ?

First note since Z is symmetric and the convolution of symmetric random vari-
ables preserves symmetry, such that µ is necessarily symmetric. This implies
that φX1

(u) ∈ R for all u ∈ R. However√
sin(u)

u
/∈ R

for u ∈ (π, 2π), which is a contradiction.

So why bother with infinite divisibility at all? Well, it characterizes the limits
of any convergent array.

Theorem 1.2.10. For a random vector X ∼ µ the following are equivalent:

1. X is infinitely divisible.
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2. There exists an independent array (Xn
k )16k6n,n∈N and a family of vectors

(bn)n∈N in H such that

lim
n→∞

(Sn − bn)
d
= µ,

This result is given in Kallenberg [43], Theorem 13.12, for H = Rd and carries
over directly to separable Hilbert spaces H.

B) Infinite dimensional Gaussian distributions: In this paragraph we
construct the infinite dimensional H-valued analogue of the normal distribu-
tion.

Definition 1.2.11. For a separable Hilbert space (H,B(H)) with orthonormal
basis (ei)i∈N, m ∈ H and a linear operator Q : H → H which is
• positive: 〈Qx, x〉 > 0 for all x ∈ H and
• symmetric: 〈Qx, y〉 = 〈x,Qy〉 for all x, y ∈ H

and satisfies
∞∑
i=1

|〈Qei, ei〉| <∞

the Gaussian distribution N (m,Q) in (H,B(H)) is defined via the charac-
teristic function of X ∼ N (m,Q)

φX(u) := exp(i〈u,m〉 − 1

2
〈Qu, u〉, u ∈ H.

Definition 1.2.12. For a separable Hilbert space (H,B(H)) the set of operators
Q : H → H linear, symmetric operator satisfying

∞∑
i=1

|〈Qei, ei〉| <∞

is called the class of symmetric, positive trace class operators or covari-
ance operatores and denoted by L+

1 (H).

Example 1.2.13. For H with orthonormal basis (en)n and nonnegative se-
quence (λn)n∈N such that

∞∑
n=1

λn <∞ (1.2)

the operator

Qx :=

∞∑
n=1

λn〈x, en〉en, x ∈ H,

is an element in L+
1 (H). Equality (1.2) justifies the name “trace class”.
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EXERCISE 1.2.14. Check that that Q ∈ L+
1 (H).

Remark 1.2.15. Why do we need trace class covariance operators? Note that
for a random vector Z ∼ N (0, Q), for some Q ∈ L+

1 (H) we expect that

V(Z) = E
[
|Z|2

]
<∞.

This is not guaranteed, if Q does not satisfy (1.2). Later we construct a Q-
Brownian motion explicitly, where the respective calculus is carried out. What
does it mean? It says, contrary to Rd where N (0, idd) is the standard model
of a Normal distribution (trace(idd) = d), in a separable Hilbert space H there
is no such thing as “N (0, idH)” in a classical sense! The covariance operator
necessarily needs a summable diagonal.

EXERCISE 1.2.16. Given a R-valued i.i.d. sequence (Zn)n∈N with Zn ∼
N (0, 1) and (en)n∈N an ONB in the separable Hilbert space H. We consider
a sequence (λn)n∈N with λn > 0 and

∑
n∈N λn < ∞ and define the L+

1 (H)-
operator

Qx :=
∑
n∈N

λn〈x, en〉en, x ∈ H.

Show that
X :=

∑
n∈N

√
λnZnen

satisfies X ∼ N (0, Q).

The most important result of this paragraph is finally the infinite divisibility
of X ∼ N (m,Q).

Lemma 1.2.17. Any X ∼ N (m,Q) for any m ∈ H and Q ∈ L+
1 (H) is

infinitely divisibile.

EXERCISE 1.2.18. Show the preceding lemma.

C) Compound Poisson distributions: We now get to know the most
important class of infinitely divisible distributions.

Definition 1.2.19 (Compound Poisson random variables). Fix a distribution
µ on (H,B(H)) and λ > 0. On a given probability space (Ω,A,P) consider
an i.i.d. family (Zk)k∈N of random vectors Zk : Ω → H with Zk ∼ µ and a
random variable π ∼ Poiλ with (Zk)k∈N ⊥ π. Define the random variable

C(ω) :=

π(ω)∑
k=1

Zk(ω), ω ∈ Ω.
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We shall denote the distribution of C by the compound Poisson distribution
with parameters λ and µ, Cpp(λ, µ).

Remark 1.2.20 (The Poisson distribution is a trivial Compound Poisson dis-
tribution). Note that in general we do not know the density of such distribu-
tions. Trivial exception: d = 1 and µ = δ1 yields C =

∑π
k=0 = π, the Poisson

distribution of π itself.

In general compound Poisson distributions do not have known closed form
densities, apart from particular examples. A natural form to characterize in-
finitely distributions is via its characteristic function. In addition, it provides
an extraordinary useful tool to calculate moments etc.

Lemma 1.2.21 (The characteristic function of a Compound Poisson distribu-
tion). For any C ∼ Cpp(λ, µ) and u ∈ H we have

φC(u) = exp
(∫

H

(ei〈u,z〉 − 1)λµ(dz)
)
.

Proof. We calculate the characteristic function for C ∼ Cpp(λ, µ) and

φC(u) = E[ei〈u,C〉] = E[ei〈u,
∑π
k=1 Zk〉] =

∞∑
k=0

E[ei〈u,
∑π
`=1 Z`〉 | π = k]P(π = k)

=

∞∑
k=0

E[ei〈u,
∑k
`=1 Z`〉]

λk

k!
e−λ =

∞∑
k=0

k∏
`=1

E[ei〈u,Z`〉]
λk

k!
e−λ

=

∞∑
k=0

E[ei〈u,Z1〉]k
λk

k!
e−λ =

∞∑
k=0

(
E[ei〈u,Z1〉]λ

)k
k!

e−λ

= e−λeE[ei〈u,Z1〉]λ = e(E[ei〈u,Z1〉]−1)λ

= e(φZ1
(u)−1)λ = exp

(∫
H

(ei〈u,z〉 − 1)λµ(dz)
)
.

Lemma 1.2.22 (Compound Poisson distributions are infinitely divisible). Any
compound Poisson distribution Cpp(λ, µ) is infinitely divisible.
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Proof. Now for C1 ⊥ C2 with Cj ∼ Cpp(λj , µj) we have

φC1+C2
(u) = φC1

(u)φC2
(u)

= exp
(∫

H

(ei〈u,z〉 − 1)λ1µ1(dz)
)

exp
(∫

H

(ei〈u,z〉 − 1)λ2µ2(dz)
)

= exp
(∫

H

(ei〈u,z〉 − 1)(λ1µ1 + λ2µ2)(dz)
)

= exp
(∫

H

(ei〈u,z〉 − 1)(λ1 + λ2)(
λ1

λ1 + λ2
µ1 +

λ2

λ1 + λ2
µ2)(dz)

)
.

Hence C1 + C2 ∼ Cpp(λ1 + λ2,
λ1

λ1+λ2
µ1 + λ2

λ1+λ2
µ2). Given C ∼ Cpp(λ, µ) for

any n ∈ N any i.i.d. vector (C1, . . . , Cn), Ci ∼ Cpp(λn , µ) satisfies that

φC1+···+Cn(u) = φC1
(u) . . . φCn(u)

= exp
(∫

H

(ei〈u,z〉 − 1)
λ

n
µ(dz)

)n
= exp

(∫
H

(ei〈u,z〉 − 1)λµ(dz)
)

= φC(u), u ∈ H,

that is

L(C1 + · · ·+ Cn) = L(C)

and L(C) is infinitely divisible.

D) Infinitely divisibility so far: What have we achieved with Example
1.2.8, Lemma 1.2.17 and Lemma 1.2.22?

Proposition 1.2.23. For any random variable X with values in H, which is
the sum X = b+ Y + C for some b ∈ H

Y ∼ N (m,Q) and C ∼ Cpp(λ, µ)

satisfying Y ⊥ C that is

φX(u) = exp(η(u)), with η(u) = i〈b+m,u〉− 1

2
〈Qu, u〉+

∫
H

(eiuz−1)λµ(dz)

we have that L(X) is infinitely divisible.

Is the shape of Proposition 1.2.23 everything for infinitely divisible distribu-
tions? Almost! Without proof we state the full characterization of infinitely
divisible distributions, which will give us new non-trivial examples.
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1.2.3 The Lévy-Khinchin decomposition

A) General infinitely divisible distributions and a first non-trivial
example

Theorem 1.2.24 (Lévy-Khinchin). Consider a probability distribution µ on
(H,B(H)). Then the following statements are equivalent:

1. µ is infinitely divisible.

2. There exists a unique canonical triple (b,Q, ν) consisting of a vector b ∈
H, Q ∈ L+

1 (H) is a symmetric, positive, trace class operator Q : H → H
and a σ-finite measure ν on (H,B(H)) satisfying

ν({0}) = 0, ν(Bc1(0)) <∞ and

∫
B1(0)

|z|2ν(dz) <∞

such that
φµ(u) = eη(u), u ∈ H,

with the exponent

η(u) = i〈b, r〉 − 1

2
〈Qu, u〉σ2 +

∫
H

(ei〈u,z〉 − 1− i〈u, z〉1{|z| 6 1})ν(dz).

(1.3)
The measure ν is called Lévy measure.

For an even more general result for separable Banach spaces see [2].

Example 1.2.25 (A first non-trivial example in Rd: the rotationally symmetric
α-stable measure). Note that the Lévy measure ν is not necessarily finite. For
instance the measure in (Rd,B(Rd))

ν(dz) :=
dz

|z|α+d
1{z 6= 0}, for some α ∈ (0, 2) (1.4)

satisfies ν({0}) = 0,

ν(Bc1(0)) = C

∫ ∞
1

dr

r1+α
= Cr−α

∣∣∣∞
r=1

<∞

and ∫
B1(0)

|z|2ν(dz) = C

∫ 1

0

r2−α−1dr =
C

2− α
r2−α

∣∣∣r=1

r=0
<∞.

However, we have

ν(B1(0)) = C

∫ 1

0

r−α−1dr = Cr−α
∣∣∣1
0

=∞.

The distribution determined by the Lévy triplet (0, 0, ν) is called rotationally
invariant stable distribution.
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Remark 1.2.26. The previous expression looks complicated. Is it really well-
defined? Writing h(u, z) := ei〈u,z〉−1−i〈u, z〉1{|z| 6 1} we obtain the estimate

|h(u, z)| 6 2|u|2(1 ∧ |z|2), u ∈ H, z ∈ H (1.5)

such that

|
∫
H

(ei〈u,z〉 − 1− i〈u, z〉1{|z| 6 1})ν(dz)|

6
∫
H

|ei〈u,z〉 − 1− i〈u, z〉1{|z| 6 1}|ν(dz)

6 2|u|2
∫
H

(1 ∧ |z|2)ν(dz) <∞. (1.6)

EXERCISE 1.2.27. Verify the inequality (1.5). Hint: distinguish the cases
|z| > 1 and |z| 6 1.

B) Finite Lévy measure yields a compound Poisson distribution

Remark 1.2.28 (Finite Lévy measure implies a compound Poisson law). As-
sume for a measure µ that b = 0 and Q = 0 and ν(H) <∞. Then we have∣∣∣ ∫

B1(0)

zν(dz)︸ ︷︷ ︸
=:b̄

∣∣∣ 6 ∫
B1(0)

|z|ν(dz) 6 ν(B1(0)) <∞

and hence ∫
H

(ei〈u,z〉 − 1− i〈u, z〉1{|z| 6 1})ν(dz)

=

∫
H

(ei〈u,z〉 − 1)ν(dz)− i
∫
B1(0)

〈u, zν(dz)

=

∫
H

(ei〈u,z〉 − 1)ν(dz)− i〈u,
∫
B1(0)

zν(dz)〉

= ν(H)

∫
H

(ei〈u,z〉 − 1)
ν(dz)

ν(H)
− i〈u,

∫
B1(0)

zν(dz)〉.

That is for X ∼ µ we have X = b̄ + Y , where Y ∼ Cpp(ν(H), ν/ν(H)). In
particual if ν is symmetric we have b̄ = 0.

Remark 1.2.29. Note that the constant 1 can be replaced by any constant
ρ > 0 (at the price of a slightly changed expression for b and the integrals, of
course).
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1.2.4 The class of alpha-stable distributions

A) Basic properties and examples of α-stable distributions in R

Definition 1.2.30. A probability distribution in (R,B(R)) is called strictly
stable if for any n ∈ N there is a constant a(n) > 0 such that for n + 1
independent copies Xn

j , X with that distribution satisfy

1

a(n)

(
Xn

1 + · · ·+Xn
n

)
d
= X.

If a(n) = n
1
α it is called α-stable.

Example 1.2.31. Recall for Y ∼ N (m,σ2) we have that Y−m
σ ∼ N (0, 1) and

hence cY ∼ N (cm, cσ2) for any c > 0. Hence for X ∈ N (0, σ2) and n ∈ N
with an i.i.d. sequence (Xn

i )i=1,...,n with Xn
i ∼ N (0, σ2) we have

1√
n

(Xn
1 + · · ·+Xn

1 )
d
= X

That is, centered normal distributions are 2-stable.

Example 1.2.32. The Cauchy distribution Cau(b, γ) in R with location
parameter b and scale parameter γ > 0 is given by the density

f(x) :=
1

πγ
(

1 +
(
x−b
γ

)2) =
γ

πγ
(
γ2 + (x− b)2

) , x ∈ R.

Check in the exercise below that for

Z ∼ Cau(b, γ) we have
Z − b
γ
∼ Cau(0, 1). (1.7)

Hence it is enough to work on Z ∼ Cau(0, 1), for which we have

E[|Z|] =

∫
R

xdx

π(1 + x2)
> C1 + C2

∫
|x|>R

dx

|x|
=∞.

that is no finite first moment. However, we have E[|Z|α] < ∞ for any α < 1.
(Check that!)

EXERCISE 1.2.33. Check for Z ∼ Cau(b, γ) that Z−b
γ ∼ Cau(0, 1).

EXERCISE 1.2.34. • Show that the characteristic function of a random
variable X whose distribution is the symmetric exponential distribution
with density

f(x) =
1

2
e−|x|, x ∈ R.
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is given by

φX(u) =
1

1 + u2
, u ∈ R.

Hint: Use integration by part and deduce a recursion formula.

• Show that the characteristic function of a Cau(0, 1) distributed random
variable is given by φX(u) = e−|u|, u ∈ R. Use the inversion formula of
the characteristic function given in the appendix for the previous example.

Example 1.2.32 continued: In EXERCISE 1.2.34 you calculated the char-
acteristic function of Z ∼ Cau(0, 1) and by the scaling (1.7) we know that for
Z ∼ Cau(b, γ) which is given as

φZ(u) = exp(iub− γ|u|), u ∈ R.

This yields that Cau(0, 1) is infinitely divisible, since for Y ∼ Cau(0, 1) and
n ∈ N a family (Y1, . . . , Yn) of i.i.d. random variables Yn : Ω → R with
Yn ∼ Cau(0, 1

n ) satisfies

φY1+···+Yn(u) = φY1
(u) . . . φYn(u) = φY1

(u)n = e−n
1
n |u| = e−|u| = φY (u).

With a similar calculus as in the α-stable case below it can be shown the
representation

|u| =
∫
R
(eiuz − 1− iuz1{|z| 6 1}dz

z2
, (1.8)

which yields that

η(u) = |u|, u ∈ R

and corresponds to a Lévy triplet (0, 0, ν) for ν(dz) = dz
z2 .

Stability: The previous scaling for X ∼ Cau(0, 1) yields 1
nX ∼ Cau(0, 1

n ).
Hence for a sequence of i.i.d. Cau(0, 1) distributed random variables (Xn)n∈N
we have

1

n
(X1 + · · ·+Xn)

d
= X, (1.9)

and hence the Cauchy distributions are 1-stable distributions.

EXERCISE 1.2.35. Why is (1.9) not a contradiction to Kolmogorov’s strong
law of large number? Note how different they are! How do you interpret this?
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B) Some instructive calculations for α-stable distributions in R We
calculate the characteristic functions and the Lévy measure of α-stable distri-
butions in d = 1.

Remark 1.2.36. For any α ∈ (0, 1) and u > 0

uα =
α

Γ(1− α)

∫ ∞
0

(eiuz − 1)
dz

z1+α
.

We verify directly:

∫ ∞
0

(eiuz − 1)z−(1+α)dz =

∫ ∞
0

(∫ z

−∞
iueiuvdv

)
z−(1+α)dz

=

∫ ∞
0

(∫ ∞
−∞

1{v ≤ z}iueiuvdv
)
z−(1+α)dz

=

∫ ∞
0

∫ ∞
−∞

1{v ≤ z}iueiuvz−(1+α)dvdz

=

∫ ∞
0

∫ ∞
−∞

1{v ≤ z}iueiuvz−(1+α)dzdv

=

∫ ∞
0

( ∫ ∞
v

z−(1+α)dz
)
iueiuvdv

= iu

∫ ∞
0

( 1

α
v−α

)
eiuvdv

=
iu

α

∫ ∞
0

v−αeiuvdv

=
iu1+α−1

iα

∫ ∞
0

x−αe−xdx =
uα

α
Γ(1− α)

for x = iuv and iudv = dx. With the same arguments we obtain for u < 0 that

−|u|α = − α

Γ(1− α)

∫ 0

−∞
(eiuz − 1)

dz

z1+α
.

Hence for any α ∈ (0, 1) there is an infinitely divisible distribution µ satisfying

φµ(u) = eη(u), u ∈ R,
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such that for some min{c+, c−} > 0 there is c(α) = 2α
Γ(1−α)

c++c−

2 and

η(u) =

∫
R

(eiuz − 1)(c−1{z < 0}+ c+1{z > 0}) dz

|z|1+α
= |u|α

= iu
(
c−
∫ 0

−1

z dz

|z|α+1
+ c+

∫ 1

0

z dz

|z|α+1

)
︸ ︷︷ ︸

=:b(α)

+ c(α)

∫
R
(eiuz − 1− iuz1{|z| 6 1})(c−1{z < 0}+ c+1{z > 0}) dz

|z|1+α
,

that is, we have a Lévy triplet (b(α), 0, ν) with

ν(dz) = (c+1{z > 0}+ c−1{z < 0}) dz

|z|1+α
. (1.10)

In the case of a symmetric distribution c+ = c− we have b(α) = 0.

Remark 1.2.37. For α ∈ (1, 2) we have to admit an additional term in the
Taylor expansion

uα =
α

Γ(1− α)

∫ ∞
0

(eiuz − 1− iuz1{z 6 1}) dz

z1+α
, u ∈ R.

η(u) =

∫
R

(eiuz − 1− iuz1{|z| 6 1}) (c−1{z < 0}+ c+1{z > 0})dz
|z|1+α

= c(α)|u|α,

that is, we have a Lévy triplet (0, 0, ν) with

ν(dz) = (c−1{z < 0}+ c+1{z > 0}) dz

|z|1+α
. (1.11)

Remark 1.2.38. It can be shown that for an infinitely divisible distribution µ
there is c > 0 such that

φµ(u) > exp(−c(α)|u|2), u ∈ R,

which is why there is no infinitely divisible (nor α-stable) distribution for α > 2.

Remark 1.2.39. The case α = 1 is more complicated and implies necessarily
that c+ = c−, that is the 1-stable distributions (the Cauchy distributions) are
always symmetric.
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C) α-stable distributions in H:

Definition 1.2.40. α-stable Lévy measure in a separable Hilbert space
(H,B(H)) are defined via the polar decomposition r := |z| and s := z

|z| , 0 6=
z ∈ H.

An α-stable Lévy measure ν is given by a finite Radon measure σ on ∂B1(0)
and index α ∈ (0, 1)

ν(dz) := σ(ds)
dr

r1+α
,

Remark 1.2.41. For H = R we have seen these formulas in equation (1.10)
for α ∈ (0, 1), in equation (1.11) for α ∈ (1, 2) and in (1.8) for α = 1.

Remark 1.2.42. Recall that in Example 1.2.25 we have introduced in the space
(Rd,B(Rd)) for σ = U∂B1(0)) the rotationally invariant α-stable distribution.

Remark 1.2.43. A note on the infinite dimensional space (H,B(H)). Note
that in “radial” direction r = |z| > 0 we have a polynomial measure, which
is absolutely continuous w.r.t. the Lebesgue measure in R or Rd. The situa-
tion in “spherical” direction s ∈ ∂B1(0) is quite different. Recall that Radon
measures (see for instance Elstrodt [24], Kapitel VIII) satisfy that they can be
approximated from below by compact sets from above by open sets (always up to
an arbitrary ε > 0). However, the unit sphere in infinite dimensions is never
compact. Therefore most of the mass is concentrated on a (topologically) small
set of directions of ∂B1(0). In addition, it is clearly possible to define a sym-
metric measure, however, there are no rotationally invariant α-stable processes,
which due to simplicity represent the “usual” case in finite dimensions. This
discussion is the equivalent phenomenon to the fact that there is no N (0, idH)
distribution in infinite dimensions.

Some properties of α-stable distributions µα

• For α = 2 we have µα = N(0, Q), for some Q ∈ L+
1 (H).

• For α ∈ (0, 2) we have that µα is a non-Gaussian probability distribution.

• There is no α-stable distribution for α > 2 (nor α < 0).

• All α-stable distributions admit densities w.r.t. the Lebesgue measure,
in general the densities are not know to have a closed form, except for
Cau(0, b). The distributions are heavy-tailed, that is for large values R
they behave as

P(|Z| > R) ≈R→∞
1

Rα
,



23

and therefore we see by the formula

E[|Z|p] =

∫ ∞
0

tp−1P(|Z| > t)dt

that

E[|Z|α] =

{
<∞ for γ < α

=∞ for γ > α.

1.2.5 The class of regularly varying distributions

We introduce generalize α-stable distributions, to more “robust” versions, which
also allow for -at least asymptotically- stability indices α > 2.

A) Slowly varying functions

Example 1.2.44. Consider a function ` : (0,∞)→ (0,∞) with limr→∞ `(r) =
c > 0. Then for any λ > 0 we have

lim
r→∞

`(λr)

`(r)
=

limr→∞ `(λr)

limr→∞ `(r)
=
c

c
= 1.

The following definition generalizes this concept to functions, which do not
necessarily converge.

Definition 1.2.45. A slowly varying function ` (at infinity) is a measur-
able function ` : (0,∞)→ (0,∞) satisfying that for all λ > 0 we have

lim
r→∞

`(λr)

`(r)
= 1.

EXERCISE 1.2.46. 1. Check that any constant function is slowly varying
at infinity.

2. Check that `(r) := ln(r) is a (diverging) slowly varying function at infin-
ity.

3. Check that `(r) := ln(ln(e + r)) is a (diverging) slowly varying function
at infinity.

4. Check that `(r) := exp(ln(r)α) for α ∈ (0, 1) is a slowly varying function
at infinity.
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Example 1.2.47. The function `(r) := exp(ln(r)
1
3 cos(ln(r)

1
3 )) is a slowly

varying function at infinity with lim supr→∞ `(r) =∞ and lim infr→∞ `(r) = 0,
see [12].

EXERCISE 1.2.48. • Check that for any slowly varying function ` we
have

lim
r→∞

`(r)ra =

{
∞ a > 0

0 a < 0
.

B) Regularly varying functions and distributions with index −α for
α > 0

Definition 1.2.49. A regularly varying function h with index −α (at
infinity) is a measurable function h : (0,∞) → (0,∞) satisfying that for all
λ > 0 we have

lim
r→∞

h(λr)

h(r)
= λ−α.

EXERCISE 1.2.50. Check that the function h(r) = r−α is regularly varying
with index −α at infinity

EXERCISE 1.2.51. Check that a regularly varying function h with index −α
at infinity satisfies that

`(r) :=
h(r)

r−α

is a slowly varying function.

Definition 1.2.52. Given a separable Hilbert space (H,B(H)). Denote by
M0(H) the set of Radon measures µ : B(H) → [0,∞] such that for all A ∈
B(H) with 0 /∈ Ā such that µ(A) <∞.

Example 1.2.53. For all α ∈ (0, 2) any α-stable Lévy measure ν satisfies
ν ∈M0(H).

Definition 1.2.54. A regularly varying Lévy measure ν ∈ M0(H) with tail
index −α satisfies that the function

r 7→ ν(rBc1(0))

is a regularly function at infinity with index −α.

EXERCISE 1.2.55. Check that any α-stable Lévy measure ν, α ∈ (0, 2)
satisfies

ν(rBc1(0)) = r−αν(Bc1(0)), r > 0,

and hence it is a regularly varying Lévy measure with tail index −α.
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Remark 1.2.56. Any regularly varying Lévy measure ν with tail index −α,
α > 0 satisfies that there exists an associated measure µ ∈ M0(H) (which is
not necessarily a Lévy measure!) such that that

lim
r→∞

ν(r(Bc1(0) ∩A))

ν(rBc1(0))
=
µ(A ∩Bc1(0))

µ(Bc1(0))
.

EXERCISE 1.2.57. Check that in the case of α-stable ν, α ∈ (0, 2), we have
that ν = µ.

1.2.6 Non-central local limit theorems

In Theorem 1.2.10 we have seen that the limit distributions of independent
(centered) null arrays are necessarily infinitely divisibile distributions. Are
there further sufficient conditions?
These are stated in so-called local limit theorems. We start with the easiest
version of them, according to which the renormalized sum of i.d.d. random
variables, whose distribution tails decay essentially as the tails of α-stable dis-
tributions converge to α-stable distributions.

Theorem 1.2.58 (Local limit theorem 1 in R). Consider an i.i.d. sequence
(Xn)n∈N of random variables Xn : Ω→ R with PX1

6= δc for any c ∈ R and set
Sn =

∑n
i=1Xi. Then the following are equivalent:

1. There are sequences (an)n∈N and (bn)n∈N of nonnegative numbers and a
probability distribution µ in (R,B(R)) such that

Sn − bn
an

d−→ X, X ∼ µ.

2. There is α ∈ (0, 2] such that the function of the second moments of the
values 6 x

R(x) := E[X2
11{|X1| 6 x}]

is regularly varying with index −(2− α).
In case of α ∈ (0, 2) it holds additionally that the balance

p := lim
x→∞

P(X1 > x)

P(|X1| > x)
∈ (0,∞).

Remark 1.2.59. Note that R(x) ∈ [0, x2] for any x > 0. Then Theorem 1.2.58
states that the divergence R(x) ∼ x2−α →∞ (of PX1

) is essentially equivalent
to the convergence of Sn (renormalized) to a distribution µ, which (by Theorem
1.2.10) is necessarily infinitely divisible.
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Remark 1.2.60. More generally, the distribution is necessarily a stable dis-
tribution in the wide sense with index α ∈ (0, 2], for X ∼ µ and any
i.i.d. family (Xn)n∈N with Xn ∼ µ we have sequences (an)n∈N with an > 0 and
(bn)n∈N, bn ∈ R such that for all n ∈ N

1

n
1
α

(X1 + · · ·+Xn)
d
= X + bn.

In the following we give precise conditions.

Theorem 1.2.61 (Local limit theorem 2 in R). Consider an i.i.d. sequence
(Xn)n∈N of random variables Xn : Ω→ R with PX1

6= δc for any c ∈ R and set
Sn =

∑n
i=1Xi.

1. Assume that the asymptotic balance p := limx→∞
P(X1>x)
P(|X1|>x) ∈ (0,∞) is

finite.

2. Further assume that the function of the second moments of the values 6 x

R(x) := E[X2
11{|X1| 6 x}]

there is α ∈ (0, 2] such that the function R(x) is regularly varying at
infinity with index −(2− α).

3. We may assume that the sequence (an)n∈N with an →∞ satisfies

lim
n→∞

nR(an)

a2
n

= C ∈ (0,∞).

Then there is a sequence (bn)n∈N ⊂ R such that

Sn − bn
an

d−→ µα, n→∞,

where µα is the α-stable distribution with Lévy measure

ν(dz) = (c+1{z > 0}+ c−1{z < 0}) dz

|z|1+α
,

with c+ = Cp, c− = C(1− p) and

1. for α ∈ (0, 1) with bn ≡ 0,

2. for α ∈ (1, 2) with bn = nE[X1]

3. for α = 1 and bn = nanE[sin(X1

n )].
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Consult the excellent monograph Klenke [45] for further conditions and refer-
ences.

Example 1.2.62. For instance if an = n and

R(n)

n
−→ c ∈ (0,∞)

this implies α = 1 and

Sn − n2E[sin(X1

n )]

n
−→ µ1 = Cau(0, 1).

A version for separable Hilbert spaces is the following, implied by a more general
version given in [2].

Theorem 1.2.63 (Araujo/Giné). Let µα be an α-stable law in a separable
Hilbert space (H,B(H)) and X ∼ µ be a H-valued random variable. Then the
following are equivalent:

1. There is a sequence of vectors (bn)n∈N such that for any i.i.d. sequence
(Xn)n∈N with Xn ∼ µ we have

1

n
1
α

n∑
k=1

Xk − bn
d−→ µα, as n→∞.

2. The following three conditions are satisfied:

(a) For any x ∈ H we have

1

n
1
α

n∑
k=1

〈Xk, x〉 − 〈bn, x〉
d−→ µα ◦ 〈·, x〉−1

(b) For any δ > 0 we have

sup
n∈N

nP(|X| > δn
1
α ) <∞.

(c) There exists an increasing sequence of finite dimensional subspaces
Fm ⊂ H and a constant δ0 > 0 such that

lim
m→∞

lim sup
n→∞

nP( inf
y∈Fn

|X − y| > δ0n
1
α ) = 0.
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Chapter 2

Lévy processes

2.1 Examples, definition and basic properties of
Lévy processes

In the following subsections we shall construct examples of different Lévy pro-
cesses over a given probability space (Ω,A,P).

2.1.1 Construction of Q-Brownian motion

We start with the classical explicit construction of Brownian motion, going
back to Lévy, see for instance [39].

A) The general definition of a Q-Brownian motion. We start with the
general definition, which we shall recover later.

Definition 2.1.1. Consider a separable Hilbert space (H,B(H)) and given an
operator Q ∈ L+

1 (H). On a given probability space (Ω,A,P) a Q-Brownian
motion is a stochastic process (Bt)t>0 with values in H satisfying the following.

1. B0 = 0, P-a.s.

2. For any n ∈ N and 0 = t0 < t1 < . . . < tn the vector of increments

(Bt1 , Bt2 −Bt1 , . . . , Btn −Btn−1
)

is an independent family of random vectors.

3. For any 0 6 s < t we have the stationarity of increments

Bt −Bs ∼ Bt−s −B0 = Bt−s ∼ N (0, Q(t− s)).

4. For P-almost any ω ∈ Ω we have that t 7→ Bt(ω) is continuous.

29
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B) The construction of a R-valued Brownian motion on [0, 1]:

Remark 2.1.2. Note that for H = R and Q = 1 item 2) and 3) can be
considered jointly in the sense that the random vector

(Bt1 , Bt2 −Bt1 , . . . , Btn −Btn−1
)

is a Gaussian vector with distribution N (0, D), where
D = diag(t1, t2 − t1, . . . , tn − tn−1).

Definition 2.1.3. A R-valued stochastic process (Xt)t∈[0,1] on a given proba-
bility space (Ω,A,P) is called a Gaussian process if for all n ∈ N and 0 = t0 <
t1 < . . . < tn 6 1 the vector

(Xt1 , Xt2 , . . . , Xtn)

is a Gaussian random vector, i.e. with a distribution N (mn, Q) for some mn ∈
Rn and Qn ∈ L+

1 (Rn), that is Q ∈ Rn⊗n being a symmetric, nonnegative
definite matrix.

Lemma 2.1.4. The (finite-dimensional) distribution(s) of a Gaussian process
is uniquely defined via the R-valued functions

µ(t) := E[Xt] C(t, s) := E
[
XtXs

]
, 0 6 s, t 6 1.

EXERCISE 2.1.5. Show the preceding lemma.

EXERCISE 2.1.6. Show that for a R-valued Brownian motion (Bt)t∈[0,1] and
Q = 1 we have µ(t) = 0 and C(t, s) = t ∧ s.

Lemma 2.1.7. Let (Xt)t∈[0,1] be a Gaussian process with values in R satisfying
µ(t) = 0 for all t ∈ [0, 1] and C(t, s) = s ∧ t for s, t ∈ [0, 1]. Then (Xt)t∈[0,1]

is a process with independent increments. If t 7→ Xt is continuous P-a.s., then
the process (Xt)t∈[0,1] is a Brownian motion in R.

EXERCISE 2.1.8. Show the preceding lemma.

The skeleton: the Haar basis and its integrals

Consult the figures in the video. Denote by

H(t) :=


−1 t ∈ [0, 1

2 )

1 t ∈ [ 1
2 , 1]

0 else

, t ∈ R,



31

the so-called mother wavelet and the Haar functions

H0(t) := 1[0,1](t)

H1(t) := H(t)

H2(t) := 2
1
2H(2t)

H3(t) := 2
1
2H(2t− 1)

H4(t) := 2
2
2H(22t)

H5(t) := 2
2
2H(22t− 1)

H6(t) := 2
2
2H(22t− 2)

...

Hn(t) = 2
j
2H(2jt− k), for n = 2j + k, k = 0, . . . , 2j − 1

Consult the figures in the video.

EXERCISE 2.1.9. • Sketch the first 16 functions Hn in the same (suffi-
ciently large) plot.

• Check that the sequence of Haar functions (Hn)n∈N is an orthonormal
basis of L2((0, 1), dx).

By construction, the integrals over the elements of Hn are translated hat func-
tions Gn on disjoint dyadic intervals.

Consult the figures in the video. We renormalize these hat functions
uniformly to size 1 and by the recursion for any t ∈ R

G(t) := 2

∫ t

0

H(s)ds =


2t t ∈ [0, 1

2 )

2− 2t t ∈ [ 1
2 , 1]

0 else.

, note: G([0, 1]) ∈ [0, 1].

A simple calculation yields for any t ∈ [0, 1] and N 3 n = 2j + k (this represen-
tation is unique!)∫ t

0

Hn(r)dr = λnGn(t), where λn := 2−
j
2−1, (2.1)

and set G0(t) = t, G1(t) = G(t) and for n > 2

Gn(t) = G(2jt− k), t ∈ [0, 1], n = 2j + k.
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EXERCISE 2.1.10. • Calculate G0, . . . , G16 and sketch the first 16 func-
tions Gn in the same (sufficiently large) plot.

• Verify equation (2.1).

The actual construction: Consider an i.i.d. family (Zn)n∈N of N (0, 1)-
distributed random variables Zn : Ω→ R. Define the process (Bt)t∈[0,1] defined
as the random function

Bt(ω) :=

∞∑
n=0

λnGn(t)Zn(ω), t ∈ [0, 1], ω ∈ Ω. (2.2)

The following lemma controls the random fluctuations in (2.2) and is not com-
plicate to show with the help of the Borel-Cantelli lemma.

Lemma 2.1.11. Consider an i.i.d. sequence (Zn)n∈N of R-valued standard
normal random variables Zn ∼ N (0, 1). Then there exists a random variable
C : Ω→ (0,∞) such that for all n > 2 we have

|Zn(ω)| 6 C(ω)
√

ln(n), for P-a.a. ω ∈ Ω.

With the help of Lemma 2.1.11 we show that (2.6) yields a R-valued Brownian
motion in [0, 1].

P-a.s. convergence and continuous limit: First we show that the se-
quence

∑m
n=0 λnGn(t)Zn converges P-a.s. as m → ∞ uniformly in t ∈ [0, 1]

and that the limit t 7→ Bt is P-a.s. continuous.
Consider for t ∈ [0, 1] the tail of the sequence, for m > 2j for some j > 1.
As always n = 2j + k for k = 0, . . . , 2j−1, that is j = j(n) = blb(n)c. Then
using that for k = 0, . . . 2j − 1 the functions G2j+k have disjoint support and
0 6 Gn(t) 6 1 we obtain

∞∑
n=m

λn|Zn|Gn(t) 6 C

∞∑
n=m

λn
√

ln(n)Gn(t)

6 C

∞∑
j=blb(m)c

2−
j
2−1
√
j + 1

2j−1∑
k=0

G2j+k(t)

6 C

∞∑
j=blb(m)c

2−
j
2−1
√
j + 1 −→ 0, P-a.s.,m→∞.

Hence (Bt)t∈[0,1] is the limit of a family of continuous functions which converges
P-a.s. uniformly.
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Convergence in L2 and first and second moments: (Bt)t∈[0,1] is also
limit in L2 since the (Zn)n∈N are i.i.d.

E
[( ∞∑

n=m

λnZnGn(t)
)2]

=

∞∑
n=m

λ2
nGn(t)2 6

∞∑
j=j0

2−j−2 −→ 0, n→∞

such that

E[B2
t ] =

∞∑
n=0

λ2
nGn(t) <∞. (2.3)

Hence E[|Bt|] is finite and E[Bt] = 0 by construction.

The correct covariance structure: In order to check the covariance struc-
ture we now use the structure of (Hn)n∈N. In addition, we calculate

〈1[0,t],1[0,s]〉 =

∫ 1

0

1[0,t](r)1[0,s](r)dr =

∫ 1

0

1[0,t∧s](r)dr = t ∧ s.

Using the polarization identity and (2.3) we obtain

C(t, s) = E[BtBs] =
1

4

(
E[(Bt +Bs)

2] + E[(Bt −Bs)2]
)

=

∞∑
n=0

λ2
nGn(t)Gn(s)

=

∞∑
n=0

λ2
n

∫ t

0

Hn(r)dr

∫ s

0

Hn(r)dr

=

∞∑
n=0

λ2
n〈1[0,t], Hn〉〈1[0,s]Hn〉

= 〈1[0,t],1[0,s]〉

=

∫ 1

0

1[0,t∧s](r)dr

= t ∧ s. (2.4)

Hence (Bt)t∈[0,1] is a continuous, centered Gaussian process with C(t, s) = t∧s
and by Lemma 2.1.7 (Bt)t∈[0,1] is a Brownian motion.

EXERCISE 2.1.12. Verify step by step equation (2.4).



34

C) Standard Brownian Motion in R: Brownian motion (Bt)t>0 is
defined via a sequence of i.i.d. Brownian motions

(
(Bnt )t∈[0,1]

)
n∈N and con-

structed via

Bt(ω) :=

btc∑
n=1

Bn1 (ω) +B
btc+1
t−btc (ω).

D) Standard Brownian Motion in Rd: Standard Brownian motion in
Rd with canonical basis (en)n∈N is defined via a sequence of i.i.d. Brownian
motions

(
(Bit)t>0

)
i=1,...,d

Bt(ω) := B1
t (ω)e1 + · · ·+Bdt (ω)ed (2.5)

EXERCISE 2.1.13. Show that (2.5) defines an Q-Brownian motion for Q =
idRd .

E) Q-Brownian motion in a separable Hilbert space H: For an infinite
dimensional separable Hilbert (H,B(H)) with orthonormal basis (en)n∈N, a
square summable sequence (λn)n∈N with 0 < λn+1 6 λn and

∑∞
n=1 λ

2
n < ∞

and an i.i.d sequence of i.i.d. Brownian motions
(
(Bnt )t>0

)
n∈N we define

Bt(ω) :=

∞∑
n=1

λnB
n
t (ω)en. (2.6)

Note that

E
[
|Bt|2

]
=

∞∑
n=1

E[|λnBnt (ω)|2] = t

∞∑
n=1

λ2
n <∞.

Hence E[|Bt|] <∞ and E[Bt] = 0.
Recall Exercise 1.2.16

EXERCISE 2.1.14. Check that (2.6) defines a Q-Brownian motion for

Qx :=

∞∑
n=1

λ2
n〈en, x〉en, x ∈ H.

2.1.2 Construction of a Poisson and a compound Poisson
process

A) The Poisson process: Consider a probability space (Ω,A,P), λ > 0
and an i.i.d. family (τk)k∈N of random variables τk : Ω → [0,∞) with τk ∼
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Expλ, that is P(τk > t) = e−λt, t > 0. This family is called a family of
(memoryless) waiting times.

We define the family (Tk)k∈N of arrival times Tk :=
∑k
j=1 τj . Then a Poisson

process (πt)t>0 on (Ω,A,P) with intensity λ > 0 is defined by

πt(ω) :=

∞∑
k=1

1{Tk(ω) < t}, t > 0, ω ∈ Ω.

Consult the figures in the video.

Lemma 2.1.15 (Poisson processes are Lévy processes with Poisson marginals).
Let π be a Poisson process with intensity λ > 0. Then we have

a) L(πt) = Poiλt for all t > 0.

b) L(πt − πs) = L(πt−s) for all s 6 t.

c) For all 0 = t0 < t1 < . . . < tn <∞, n ∈ N the family of random variables

(πtn − πtn−1
, . . . , πt1 − πt0)

is independent.

The core of the proof is the following sub simplex volume.

Lemma 2.1.16 (Subsimplex volume).
For all n ∈ N und t > 0 we have∫ ∞

0

· · ·
∫ ∞

0

1{z1 + · · ·+ zn 6 t}dz1 . . . dzn =
tn

n!
.

EXERCISE 2.1.17. Show the preceding lemma and illustrate it graphically
in low dimensions.

Proof. of Lemma 2.1.15: The proof is elementary and given for instance in
Georgii [30]. However, it is crucial for the general understanding of Poisson
processes, which is why we provide it here. It is sufficient to show, that for all
n, k1, . . . , kn ∈ N and 0 = t0 < t1 < . . . < tn <∞ we have the identity

P((πtn − πtn−1
, .., πt1 − πt0) = (kn, . . . , k1)) =

(λ(tn − tn−1))kne−λ(tn−tn−1)

kn!
. . .

(λ(t1 − t0))k1e−λ(t1−t0)

k1!
.

We show the case n = 2 setting k2 = ` and k1 = k. The case of general n + 1
follows then by an induction step with induction assumption n analogous to
the case n = 2.
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The basic idea consists in an appropriate change of coordinates since the vector
of waiting times (τ1, . . . , τk+`+1) is independent by assumptions and has the
k+ `+ 1-fold product density of the family fτi(x) = λe−λx for any i, which we
denote by f(τ1,...,τk+`+1) : [0,∞)k+`+1 → [0,∞)

f(τ1,...,τk+`+1)(x1, . . . , xk+`+1) :=

k+`+1∏
i=1

fτi(xi) = λe−λx1 . . . λe−λxk+`+1

= λk+`+1e−λ(x1+···+xk+`+1).

Let ` > 1 and 0 < s < t

P(πs = k, πt − πs = `) = P(Tk 6 s < Tk+1, Tk+` 6 t < Tk+`+1)

= E

[
1{

k∑
i=1

τi 6 s <

k+1∑
i=1

τi,

k+∑̀
i=1

τi 6 t <

k+`+1∑
i=1

τi}

]

=

∫ ∞
0

(∫ ∞
0

· · ·
∫ ∞

0

1{x1 + · · ·+ xk 6 s}1{s < x1 + · · ·+ xk + xk+1}

1{x1 + · · ·+ xk+` 6 t}1{t < x1 + · · ·+ xk + xk+`+1︸ ︷︷ ︸
=y

}

λk+`+1 exp
(
λ(x1 + · · ·+ xk+`+1︸ ︷︷ ︸

=y

)
)
dx1 . . . dk+`

)
dxk+`+1 =: J.

We first integrate w.r.t. xk+`+1 with all other nonnegative variables x1, . . . , xk+`

being fixed parameters and substitute

y :=

k+`+1∑
i=1

xi,
dy

dxk+`+1
= 1,

with the borders: xk+`+1 = 0 ⇒ y =

k+∑̀
i=1

xi = t,

and xk+`+1 =∞ ⇒ y =∞,
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and obtain

J =

∫ ∞
t

(∫ ∞
0

· · ·
∫ ∞

0

1{x1 + · · ·+ xk 6 s}1{s < x1 + · · ·+ xk + xk+1}

1{x1 + · · ·+ xk+` 6 t}λk+`dx1 . . . dxk+`

)
λeλydy

= e−λt
∫ ∞

0

· · ·
∫ ∞

0

(∫ ∞
0

· · ·
∫ ∞

0

1{x1 + · · ·+ xk 6 s}λk

1{0 < x1 + · · ·+ xk + xk+1 − s︸ ︷︷ ︸
=z1

}

1{x1 + · · ·+ xk+1 − s︸ ︷︷ ︸
=z1

+xk+2 + · · ·+ xk+` 6 t− s}

λ`dx1 . . . dxk

)
dxk+1 . . . dxk+` =: K.

Now we integrate xk+1, . . . , xk+` and substitute

z1 = x1 + · · ·+ xk+1 − s, and zi = xk+i for i = 2, . . . , `

and obtain with the help of Lemma 2.1.16

K = e−λt
∫ ∞

0

· · ·
∫ ∞

0

(∫ ∞
0

· · ·
∫ ∞

0

1{x1 + · · ·+ xk 6 s}λkdx1 . . . dxk

)
1{z1 + · · ·+ z` 6 (t− s)}λ`dz1 . . . dz`

= e−λt
(λ(t− s))`

`!

∫ ∞
0

· · ·
∫ ∞

0

1{x1 + · · ·+ xk 6 s}λkdx1 . . . dxk

= e−λ(t−s) (λ(t− s))`

`!
e−λs

(λs)k

k!
.

B) The compound Poisson processes: On a given probability space
(Ω,A,P) a compound Poisson process (Ct)t>0 consists of a Poisson process
(πt)t>0 of intensity λ > 0 and an i.i.d. family (Zk)k∈N of random vectors
Zk : Ω → H in a separable Hilbert space (H,B(H)) with distribution Zk ∼ µ
such that

Ct(ω) :=

πt(ω)∑
k=1

Zk(ω).



38

We have already calculated in Lemma 1.2.21 that

φCt(u) = exp(tλ

∫
H

(ei〈u,z〉 − 1)µ(dz)), u ∈ H.

Lemma 2.1.18. 1. If
∫
H
|z|µ(dz) <∞, then

E[Ct] = tλ

∫
H

zµ(dz).

2. If
∫
H
|z|2µ(dz) <∞, then

V(Ct) = E[|Ct|2]− |E[Ct]|2 = tλ

∫
H

|z|2µ(dz).

EXERCISE 2.1.19. Proof the preceding result for H = Rd by differentiating
the characteristic function. Consult the appendix.

Properties of a compound Poisson process:

Lemma 2.1.20. 1. C0 = 0 P-a.s.

2. For any n ∈ N and 0 = t0 < t1 < . . . < tn the vector of increments

(Ct1 , Ct2 − Ct1 , . . . , Ctn − Ctn−1
)

forms an independent family of random variables.

3. For any 0 6 s < t we have the stationarity of increments

Ct − Cs ∼ Ct−s − C0 = Ct−s ∼ Cpp(tλ, µ).

4. For P-a.a. ω we have t 7→ Ct(ω) is càdlàg.

Proof. 1) By construction.

4) By construction, the trajectories t 7→ Ct(ω) are right-continuous and have
left limits.

2) Stationarity of the increments. We play everything back to the same
properties of the Poisson process and the independence of π and the
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family (Zk)k∈N.

φCt−Cs(u)

= E[ei〈u,Ct−Cs〉] =

∞∑
k=0

E[ei〈u,
∑πt
`=πs+1 Z`〉 | πt − πs = k]P(πt − πs = k)

=

∞∑
k=0

E[ei〈u,
∑πs+k
`=πs+1 Z`〉 | πt − πs = k]P(πt − πs = k)

=

∞∑
k=0

E[ei〈u,
∑πs+k
`=πs+1 Z`〉]P(πt − πs = k)

=

∞∑
k=0

∞∑
j=0

E[ei〈u,
∑πs+k
`=πs+1 Z`〉 | πs = j]P(πs = j)P(πt − πs = k)

=

∞∑
k=0

∞∑
j=0

E[ei〈u,
∑j+k
`=j+1 Z`〉]P(πs = j)P(πt − πs = k)

=

∞∑
k=0

∞∑
j=0

E[ei〈u,
∑j+k
`=j+1 Z`〉]P(πs = j)P(πt − πs = k)

=

∞∑
k=0

∞∑
j=0

E[ei〈u,
∑j+k
`=j+1 Z`〉]P(πt − j = k, πs = j) =: J1.

We continue

J1 =

∞∑
k=0

∞∑
j=0

E[ei〈u,
∑k
`=1 Z`〉]P(πt = k + j, πs = j)

=

∞∑
k=0

E[ei〈u,
∑k
`=1 Z`〉]

∞∑
j=0

P(πt − πs = k, πs = j)

=

∞∑
k=0

E[ei〈u,
∑k
`=1 Z`〉]

∞∑
j=0

P(πt − πs = k, πs = j)

=

∞∑
k=0

E[ei〈u,
∑k
`=1 Z`〉]P(πt − πs = k)

=

∞∑
k=0

E[ei〈u,
∑k
`=1 Z`〉]P(πt−s = k) =: J2.
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J2 =

∞∑
k=0

E[ei〈u,
∑k
`=1 Z`〉 | πt−s = k]P(πt−s = k)

=

∞∑
k=0

E[ei〈u,
∑πt−s
`=1 Z`〉 | πt−s = k]P(πt−s = k)

= E[ei〈u,
∑πt−s
`=1 Z`〉] = φCt−s(u).

3) Independence of the increments. We show the case of two increments.
The general case follows by induction. Let 0 < s < t then for Pt,s,k,` =
P(πt − πs = k, πs = `) we have

φ(Cs,Ct−Cs)(u, v) = E[ei〈(u,v),(Cs,Ct−Cs )〉] = E[ei,〈u,Cs〉ei〈v,Ct−Cs〉]

=

∞∑
k,`=0

E[ei,〈u,
∑πs+1
j=1 Zj〉ei〈v,

∑πt
m=πs

Zm〉 | πs = `, πt − πs = k]Pt,s,k,`

=

∞∑
k,`=0

E[ei,〈u,
∑πs+1
j=1 Zj〉ei〈v,

∑πt
m=πs

Zm〉 | πs = `, πt − πs = k]Pt,s,k,`

=

∞∑
k,`=0

E[ei,〈u,
∑πs+1
j=1 Zj〉ei〈v,

∑πt
m=πs

Zm〉 | πs = `, πt − πs = k]Pt,s,k,`

=

∞∑
k,`=0

E[ei,〈u,
∑`+1
j=1 Zj〉ei〈v,

∑`+k
m=` Zm〉 | πs = `, πt − πs = k]Pt,s,k,` =: J3.

We continue

J3 =

∞∑
k,`=0

E[ei,〈u,
∑`
j=1 Zj〉ei〈v,

∑`+k
m=`+1 Zm〉]P(πt − πs = k, πs = `)

=

∞∑
k,`=0

E[ei,〈u,
∑`
j=1 Zj〉]E[ei〈v,

∑`+k
m=`+1 Zm〉]P(πt − πs = k)P(πs = `)

=

∞∑
`=0

E[ei,〈u,
∑`
j=1 Zj〉]P(πs = `)

∞∑
k=0

E[ei〈v,
∑k
m=0 Zm〉]P(πt − πs = k) = J4
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and hence

J4 =

∞∑
`=0

E[ei,〈u,
∑`
j=1 Zj〉 | πs = `]P(πs = `)

·
∞∑
k=0

E[ei〈v,
∑k
m=1 Zm〉 | πt − πs = k]P(πt − πs = k)

= E[ei〈u,Cs〉]E[ei〈v,Ct−s〉]

= E[ei〈u,Cs〉]E[ei〈v,Ct−Cs〉]

= φCs(u)φCt−Cs(v).

Hence a compound Poisson process has independent increments.

EXERCISE 2.1.21. Go through the proof of Lemma 2.1.20 and clarify for
yourself each single identity.

2.1.3 Lévy processes

Looking at the Definition 2.6 of a Q-Brownian motion, Lemma 2.1.15 for Pois-
son process and Lemma 2.1.20 for the compound Poisson process, we abstract
what a Lévy process should be:

• a process starting in 0,

• having stationary, infinitely divisible increments

• and independent non-overlapping increments,

• with some kind of (weaker than path-by-path, think of the Poisson
process) continuity property.

A) Definition and examples:

Definition 2.1.22. On a given probability space (Ω,A,P) a Lévy process
(Lt)t>0 with values in a separable Hilbert space (H,B(H)) is a family of
random vectors Lt : Ω→ H such that

1. L0 = 0 P-a.s.

2. For any n ∈ N and 0 = t0 < t1 < . . . < tn the vector of non-overlapping
increments

(Lt1 , Lt2 − Lt1 , . . . , Ltn − Ltn−1
)

forms an independent family of random vectors.
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3. For any 0 6 s < t we have the stationarity of increments

Lt −Ls ∼ Lt−s −L0 = Lt−s has an infinitely divisible distribution in H.

4. (Lt)t>0 is continuous in probability, that is for any t > 0 and ε > 0
we have

lim
s→0

P(|Lt+s − Lt| > ε) = 0.

Remark 2.1.23. Continuity in probability can be formulated as

P(|∆t0L| > ε) = 0 ∀t0, ε > 0.

for the jump increment of ∆tL := Lt − Lt−. That is the probability of a
discontinuity for any deterministic point in time t0 is 0.
This continuity is obviously wrong if t0 is a random point in time.

Remark 2.1.24. Note that the last property implies that for any t > 0 we have

lim
s→t
L(Ls) = L(Lt) in the weak sense

and in particular implies that

t 7→ φLt(u), u ∈ H

is continuous.

Example 2.1.25. 1. For a fixed vector b ∈ H any linear function t 7→ Lt :=
tb is a Lévy process.

2. Q-Brownian motion in H is a Lévy process by definition.

3. A Poisson process is a Lévy process with values in N0 by Lemma 2.1.15.

4. A compound Poisson process with values in H is a Lévy process in H by
Lemma 2.1.20.

EXERCISE 2.1.26. Check all missing steps in the previous examples.

B) The connection between Lévy processes and infinitely divisible
distributions:

Theorem 2.1.27. Given a Lévy process (Lt)t>0 on a given probability space
(Ω,A,P). Then for any t0 > 0 the marginal distribution L(Lt0) determines the
distribution (in the sense of the finite-dimensional distributions) of the process
(Lt)t>0 and it is infinitely divisible.
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Proof. For any n ∈ N we write ti = t in , i ∈ {0, . . . , n}.

Lt = Lt − L0 =

n∑
i=1

(Lti − Lti−1) =

n∑
i=1

Li.

Now, for each i ∈ {1, . . . , n} we have that Li = Lti − Lti−1 ∼ Lti−ti−1 − L0 =
Lt1 = L 1

n
. Due to the independence of increments we have that the family

(Li)i=1,...,n is i.i.d. Hence Lt has an infinitely divisible distribution. This
proves the second statement.
For the first statement we have to show that L(Lt0) determines for any n ∈ N
and 0 = s0 < s1 < . . . sn the distribution of

(Ls1 , Ls2 , . . . , Lsn).

Note that

(Ls1 , Ls2 , . . . , Lsn) = D−1(Ls1 , Ls2 − Ls1 , . . . , Lsn − Lsn−1)

for the matrix of operators

D =



idH 0 0
−idH idH 0

0 −idH idH 0

0 −idH idH
. . .

0 0
. . .

. . .


Since the time increments of (Ls1 , Ls2−Ls1 , . . . , Lsn−Lsn−1

) are non-overlapping
the entries form an independent family of random vectors and the product
measure is uniquely determined by the laws of the entries Lsi − Lsi−1

. Since
Lsi −Lsi−1 ∼ Lsi−si−1 it is sufficient to show that for any s > 0 the law of Lt0
determines the law of Ls.

Case 1: Assume first s = m
n t0 for some m,n ∈ N. Since L(Lt0) is infinitely

divisible for each n ∈ N exists a unique distribution L(L t0
n

). Now, L(L t0
n

) =

L(L t
n
− L0) = L(L it

n
− L (i−1)t

n︸ ︷︷ ︸
Li

) and

L(Ls) = L(Lm
n t0

) = L(

m∑
i=1

Li) = L(L t0
n

) ∗ · · · ∗ L(L t0
n

)︸ ︷︷ ︸
m times

=: L(L t0
n

)∗m

is uniquely determined.
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Case 2: For t0
s ∈ R\Q there exits a sequence mn such that mn

n −→
s
t0

. For
any n ∈ N we then have by the same arguments that

L(Lmnt0
n

) = L(L t0
n

)∗mn

is uniquely defined and by the continuity in probability we may pass to the
limit w.r.t. the weak convergence

lim
n→∞

L(Lmnt0
n

) = L(Llimn→∞
mnt0
n

) = L(Ls).

2.1.4 Càdlàg version

In the sequel we establish the P-a.s. regularity of the paths t 7→ Lt for any
given Lévy process (Lt)t>0.

Example 2.1.28. 1. Linear functions t 7→ bt, b ∈ H are obviously contin-
uous surely.

2. A Q-Brownian motion t 7→ Bt is P-almost surely continuous.

3. A Poisson process t 7→ πt for any intensity λ > 0 is not P-almost surely
continuous, but it is P-almost surely right continuous lims↘t Ls = Lt
and the left limits lims↗t Ls ∈ R do exist. This is the generalization
of continuity is called càdlàg (French acronym of continu à droit, avec
limite à gauche).

4. Any compound Poisson process t 7→ Ct has P-a.s. càdlàg trajectories.

EXERCISE 2.1.29. Check the previous examples in detail.

EXERCISE 2.1.30. Check that the Poisson process is continuous in proba-
bility.

Remark 2.1.31. So, why bother with càdlàg versions? Couldn’t we just con-
sider paths in L∞loc([0,∞), H) or L1

loc([0,∞), H)? Yes, we certainly could, how-
ever, trajectories over a bounded interval, will not be uniquely determined by
a dense set any more, in fact they are null-sets. This property is know as
“separability”.

A) Càdlàg versions are indistinguishable We show in this subsection
that all Lévy processes have càdlàg trajectories P-a.s. In order to fully appre-
ciate this fact we have to distinguish different forms of equality for stochastic
process.
The weakest form for our purposes is the identity of its finite-dimensional dis-
tributions.
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Definition 2.1.32. Let (Xt)t>0 be a stochastic processes with values in H
over (Ω,A,P) and (Yt)t>0 a stochastic process over the probability space
(Ω′,A′,P′). X and Y have the same finite dimensional distributions or
law, if for any n ∈ N, 0 < t1 < . . . < tn and A ∈ B(Rn) we have

P((Xt1 , . . . , Xtn) ∈ A) = P((Yt1 , . . . , Ytn) ∈ A).

in other words
L((Xt)t>0) = L((Yt)t>0).

EXERCISE 2.1.33. Construct an example of two stochastic processes X and
Y on the same probability space (Ω,A,P) with the same finite dimensional
distributions, but satisfying P(Xt = Yt) = 0 for any t > 0.

Definition 2.1.34. Let X and Y be two stochastic processes with values in H
over the same probability space (Ω,A,P). Y is called a version of X, if

P(Xt = Yt) = 1, t > 0.

Remark 2.1.35. Beware: There are in general uncountably many t and for
each of it there may be a different null set Nt ∈ B(H), but its intersection is
not necessarily a null set again.

The strongest version of identity is having P-a.s. for all t > 0 identical paths.

Definition 2.1.36. Let X and Y be two processes R over the same probability
space. Y is called indistinguishable from X, if

P(Xt = Yt ∀ 0 6 t <∞) = P(
⋂

t∈[0,∞)

{Xt = Yt}) = 1.

EXERCISE 2.1.37. Construct an example of two processes X and Y on the
same probability space (Ω,A,P) which are versions of each other but which are
not indistinguishable.

Remark 2.1.38. 1. Y , X indistinguishable =⇒ Y is a version of X.

2. Y is a version of X =⇒ L(X) = L(Y ).

Any version of a càdlàg process is indistinguishable from it.

Lemma 2.1.39. Let Y be a version of X and for both processes we have P-a.s.
for all t > 0 the right limits

lim
s↘t

Xs = Xt+ and lim
s↘t

Ys = Yt+

Then they are indistinguishable.
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EXERCISE 2.1.40. Show the previous lemma.
Note that the right limits of right-continuous functions are uniquely defined on
countable, dense subsets.

Lemma 2.1.41. Consider a Lévy process X and Y a version of X. Then Y
is also a Lévy process.

EXERCISE 2.1.42. Show the previous lemma.

B) Càdlàg versions of a R-valued Lévy process: In order to understand
the existence of right limits we need to understand when this limit does not
exist.
For any function f : [0,∞) → R we have the following. The limit from the
right

lim
s→t+

f(s) = f(t+)

does not exist if and only if, the value

ε := lim sup
s→t+

f(s)− lim inf
s→t+

f(s) > 0.

This is equivalent to the existence of a sequence (tj)j∈N, tj ↘ t as j →∞ such
that

|f(tj)− f(tj−1)| > ε

2
,

that is f has “infinitely many ε/2 oscillations” right to t0.

Definition 2.1.43. A function f : [0,∞)→ R has at least m ∈ N ε-oscillations,
ε > 0, in a set I ⊂ [0,∞), if there are values t0 < . . . < tm in I satisfying

|f(tj)− f(tj−1)| > ε j = 1, 2, . . . ,m.

We define the maximal number of ε-oscillations of f in an interval I ⊂ [0,∞)

Oscε(f ; I) := sup{m ∈ N0 | ∃ t0, . . . , tn ∈ I, tj−1 < tj : |f(tj)− f(tj−1)| > ε}.

Set Q+ := Q ∩ [0,∞).

The following lemma connects oscillations and the existence of limits.

Lemma 2.1.44. For any function f : Q+ → R the following statements are
equivalent:

1. The limit from the right and from the left

f(t+) := lim
Q+3s→t+

f(s) resp. f(t−) := lim
Q+3s→t−

f(s)

along values in Q+ exist for any t ∈ [0,∞).
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2. For any t ∈ [0,∞), ε > 0 and any bounded and closed set K ⊂ [0,∞) we
have

Oscε(f,K) <∞.

Lemma 2.1.45. For a Lévy process X with values in R and m ∈ N. Then
for any ε > 0 there exists a constant δ > 0 such that for any repartition
0 < t1 < . . . < tm satisfying tm − t1 < δ we have

max
k=1...n

P(|Xtk −Xt1 | > ε) <
1

6
.

and as a consequence we may infer

E[Osc6ε(X, {t1, . . . , tm})] 6 2,

which implies
Osc6ε(X, {t1, . . . , tm}) <∞, P− a.s.

This result is shown by deriving the recursion for ` ∈ N

P(Osc6ε(X, {t1, . . . , tm}) > `) 6
1

2
P(Osc6ε(X, {t1, . . . , tm} > `− 1)

using Etemadi’s maximal inequality and the formula

E[Osc6ε(X, {t1, . . . , tm})] =

∞∑
`=1

P(Osc6ε(X, {t1, . . . , tm} > `).

Theorem 2.1.46 (Etemadi). For an independent family of random variables
X1, . . . , Xn with values in R denote its partial sum

Sk :=

k∑
i=1

Xi, k = 1, . . . , n.

Then we have for all r > 0 that

P( max
k=1,...,n

|Sk| > 3r) 6 3 max
k=1,...,n

P(|Sk| > r).

A proof is given for instance in [6], Theorem M19.

Theorem 2.1.47. Consider a Lévy process X with values in R. Then there
exists a version Y of X with cádlág paths and hence indistinguishable.

Proof. Fix ε > 0. By the previous lemma we have for any sufficiently small
interval [s, s+ h] and any finite repartition {t1, . . . , tm} ⊂ [s, s+ h] that

E[Osc6ε(X, {t1, . . . , tm})] 6 2.
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The monotone convergence theorem implies

E[Osc6ε(X,Q ∩ [s, s+ h])) 6 2.

Since any interval [0, T ] can be covered by a finite number of intervals of the
shape [s, s+ h] we obtain

E[Osc6ε(X,Q ∩ [0, T ])] 6 E[

dTh e∑
k=1

Osc6ε(X,Q ∩ [k, k + h])) 6 2dT
h
e <∞.

Therefore the set

Ω̃ :=
⋂
T∈N

⋂
n∈N
{Osc 6

n
(X,Q ∩ [0, T ]) <∞}

is the countable intersections of events of probability 1 and P(Ω1) = 1. Hence

for all ω ∈ Ω̃ the limits

lim
Q3r↗t

Xr(ω) und lim
Q3r↘t

Xr(ω)

do exist and Lemma implies that

Yt(ω) :=

{
limQ3q↘tXt(ω) ω ∈ Ω̃

0 sonst.

is càdlàg for any ω ∈ Ω. By definition of Y we have a sequence (rj)j mit rj ↘ t
such that

Xrj −→ Yt

P-a.s. and hence also this convergence in probability. The continuity in prob-
ability implies

Xrj −→ Xt.

Since the limits of the convergence in probability is P-a.s. uniquely determined
we have that P(Xt = Yt) = 1, in other words Y is a modification of X with
cádlág paths.

We have seen that any Lévy process with values in R can be considered as a
random vector in the space D([a, b],R) of càdlàg functions.

The analogue remains true for all Lévy proces with values in Rd and any
separable Hilbert space H.
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C) The space of càdlàg functions:

Lemma 2.1.48 (Properties of the Skorohod space). For all any separable
Hilbert space H we have the following.

1. The space D([a, b], H) of all cádlag functions f : [a, b] → H is a vectors
space over R. It is called Skorohod space.

2. For f, g ∈ D([a, b],R) we have fg ∈ D([a, b],R).

3. For f ∈ D([a, b],R) with f(x) 6= 0 x ∈ [a, b] we have 1
f ∈ D([a, b],R)

4. D([a, b], H) ⊂ L∞loc([a, b], H), that is for any Ī ⊂ [a, b] we have that f1I
is an essentially bounded function.

5. For any f ∈ D([a, b], H) and κ > 0 the number #{s ∈ [a, b] | |∆sf | >
κ} <∞ and hence the number of discontinuities of f in the interval [a, b]
is at most countable.

6. On any finite interval càdlàg functions are uniformly right-continuous.

7. For any (fn)n∈N ⊂ D([a, b], H) and f : [a, b]→ H satisfying

lim
n→∞

sup
s∈[a,b]

|fn(s)− f(s)| = 0,

we have that f ∈ D([a, b], H).

8. Any càdlàg is Borel measurable and hence for any càdlàg f ∈ D([a, b], H)
there exists a sequence of step functions sn ∈ D([a, b], H), satisfying

lim
n→∞

sup
s∈[a,b]

|f(s)− sn(s)| = 0.

9. For f, g ∈ D([a, b], H) and Q̃ a dense countable set in R and f(q) = g(q)

for all q ∈ [a, b] ∩ Q̃. Then f = g.

EXERCISE 2.1.49. Show the previous lemma.

Remark 2.1.50. 1. The last item in Lemma 2.1.48 is the reason why
stochastic processes, which do not have continuous paths, are consid-
ered as random vector in D([a, b], H) instead of other spaces such as
L2([a, b], H) etc.

2. The space D([a, b], H) equipped with the uniform norm |f |∞ := sups∈[a,b]

|f(s)| is easily seen to be a Banach space. However, it is not a separable!
However, it is possible to introduce another metrics in D([a, b], H), the
so-called J1 metrics, see for instance [6].
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2.2 The strong Markov property and the mo-
ments of Lévy processes with bounded jumps

In the sequel we shall establish the property of independent increments, the
so-called strong Markov property, also for a class of random times, so-called
stopping times, which are “adapted” to the process X.

2.2.1 Stopping times and hitting times

A) Filtrations

Definition 2.2.1. On (Ω,A,P) let (Xt)t>0 be a Lévy process with values in
H and (Ft)t>0 be a filtration in A, that is a family of sub-sigma algebras
Ft ⊂ F satisfying

0 6 s 6 t ⇒ Fs ⊂ Ft.

Definition 2.2.2. We say that (Xt)t>0 is (Ft)-adapted if Xt ∼ Ft, that is
the set of preimages of B(H) via Xt satisfies X−1

t (B(H)) ⊂ Ft a sub-sigma
algebra.

Remark 2.2.3. 1. Note for any random vector Y : Ω → H the collection
of Y −1(B(H)) := {Y −1(B) |B ∈ B(H)} is a sigma algebra, in particular
Y −1(B(H)) is a sub-sigma-algebra of A. It is often denoted by σ(X).

2. Note that the union of sigma algebras is not a sigma algebra! For any
collection B̃ ⊂ 2Ω there is a unique smallest sigma algebra containing B̃.

σ(B̃) :=
⋂
H⊇B̃

H sigma algebra

H.

3. For a stochastic process X = (Xt)t>0 on (Ω,A,P) the family of sigma

algebras Ft := σ
(⋃

06s6tX
−1
s (B(H))

)
is a filtration in (Ω,A,P). It is

called the natural filtration of X. It is the smallest filtration such that
X is (Ft)t>0-adapted.

For later use we define the following property of filtrations.

Definition 2.2.4. 1. For a given filtration (Ft)t>0 in (Ω,A,P) the filtration
(Ft+)t>0 of

Ft+ :=
⋂
s>t

Fs

is called the right-continuous filtration of (Ft)t>0.
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2. A filtration (Ft>0)t>0 in (Ω,A,P) is called right continuous, if for all
t > 0

Ft = Ft+ :=
⋂
s>t

Fs.

Remark 2.2.5. Obviously Ft ⊂ Ft+ for all t > 0. Note that (Ft+)t>0 is right
continuous.

Definition 2.2.6. A filtration (Ft)t>0 in (Ω,A,P) is called P-complete if

NP ⊂ F0, where NP := {A ∈ A | P(A) = 0}.

Lemma 2.2.7. Let (Ft)t>0 be a filtration in (Ω,A,P). Then there exists a
minimal right continuous and P-complete filtration (F+

t )t>0 of (Ft)t>0 w.r.t.
inclusion, which is given by

F+
t :=

⋂
s>t

σ(NP ∪ Fs). (2.7)

It is called the enhanced canonical filtration.

EXERCISE 2.2.8. Verify the preceding lemma.

B) Stopping times

Definition 2.2.9. Let (Ft)t>0 be a filtration in (Ω,A,P). Then a (F ,B([0,∞])-
measurable random variable

T : Ω→ [0,∞]

is called (Ft)t>0-stopping time, if for all t ∈ [0,∞) we have

{T 6 t} ∈ Ft.

Remark 2.2.10. In other words, being a (Ft)t>0-time T means that T−1([0, t])
∈ Ft. Imagine the natural filtration (Ft)t>0 of a stochastic process X =
(Xt)t>0. That is Ft represents the sigma algebra of all ’known events’ of X on
the time interval [0, t]. Hence for any point in time t > 0 with the knowledge
of Ft it is ’known’ whether T has occurred so far or not.
If (Ft)t>0 is larger than the natural filtration, then at any time t there is more
“information” available to determine whether T has occurred so far or not.

Stopping times satisfy the following easy properties.

Lemma 2.2.11 (Properties of stopping times). For a filtration (Ft)t>0 in
(Ω,A,P) and T, S two (Ft)t>0 stopping times. Then the random variables
S + T , S ∧ T , S ∨ T , aT , a > 1 are also (Ft)t>0-stopping times.
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EXERCISE 2.2.12. Show Lemma 2.2.11.

Sequences of stopping times also define stopping times.

Lemma 2.2.13 (Properties of stopping times 2). For a filtration (Ft)t>0 in
(Ω,A,P) and (Tn)n∈N a family of (Ft)t>0-stopping times. Then the random
variables supn∈N Tn, infn∈N Tn, lim supn∈N Tn and lim infn∈N Tn are also (Ft)-
stopping times.

EXERCISE 2.2.14. Show Lemma 2.2.13.

Example 2.2.15. Any constant T (ω) = a is a stopping time w.r.t. any filtra-
tion.

However, the typical stopping times are the “hitting times” stochastic pro-
cesses, that is the “first” times a given stochastic process hits a given set. In
order to make this examples rigorous, we have to

Definition 2.2.16. Let (Ft)t>0 be a filtration in (Ω,A,P). We say that (Ft)t>0

satisfies the usual conditions in the sense of Protter [57] if it is a right-
continuous, complete filtration.

Proposition 2.2.17. Let (Ft)t>0 be a filtration in (Ω,A,P) satisfying the usual
conditions and T : Ω→ [0,∞] a (Ft)-random variable. Then the following are
equivalent:

1) T is a (Ft)t>0-stopping time.

2) We have {T < t} ∈ Ft ∀ t > 0.

EXERCISE 2.2.18. • Prove that 2) implies 1) using 2), the previous
lemma and the right continuity.

• Prove that 1) implies 2), this is the easy case.

We can now define the main class of examples of stopping times.

Definition 2.2.19. Let (Ft)t>0 be a filtration in (Ω,A,P) satisfying the usual
conditions and (Xt)t>0 be (Ft)-adapted càdlàg process with values in a separable
Hilbert space H.

1. For B ∈ B(H) open we call

TB(ω) := inf{t > 0 | Xt(ω) ∈ B}

the hitting time of B by X.
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2. For B ∈ B(H) closed, we call

TB(ω) := inf{t > 0 | Xt(ω) ∈ B or Xt−(ω) ∈ B}

the hitting time of B by X.

Lemma 2.2.20. Let (Ft)t>0 be a filtration in (Ω,A,P) satisfying the usual
conditions and (Xt)t>0 be (Ft)-adapted càdlàg process with values in a separable
Hilbert space H. Then we have the following

1. For any open set B ∈ B(Rd) the hitting time TB is a (Ft)-stopping time.

2. For any closed set B ∈ B(Rd) the hitting time TB is a (Ft)-stopping time.

Proof. 1. Let B be open. Since X has càdlàg trajectories, which are de-
termined by a countable dense set, such as Q we obtain the countable
union

{TB < t} =
⋃

s∈[0,t)

{Xs ∈ B} =
⋃

s∈[0,t)∩Q

{Xs ∈ B}︸ ︷︷ ︸
∈Fs

∈ Ft.

2. Let B be closed. Then the open neighborhoods Bn :=
⋃
x∈B B 1

n
(x) of B

are open and hence

{TB 6 t} = {TB = t} ∪ {TB < t}

= {Xt ∈ B}︸ ︷︷ ︸
∈Ft

∪{Xt− ∈ B}︸ ︷︷ ︸
∈Ft

∪
⋂
n∈N

⋃
s∈[0,t)∩Q

{Xs ∈ Bn}︸ ︷︷ ︸
∈Ft by (1)

∈ Ft.

Remark 2.2.21. The so-called Début theorem shows more generally that the
preceding result is true for any Borel-measurable set. In addition the require-
ment of càdlàg paths and adaptedness can be relaxed to the notion of (Ft)t>0-
progressive measurability. There is also an inverse of the theorem, saying that
any stopping time can be represented as a stopping time w.r.t. the appropriate
filtration and set.

Example 2.2.22. Consider a Lévy process (Xt)t>0 with this enhanced canon-
ical filtration (F+

t )t>0 given in (2.7). Then the hitting time

Tn := inf{t > 0 | |Xt| > n}

is a (F+
t )t>0-stopping time.
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C) Stopping time sigma algebras

Definition 2.2.23. Let (Ft)t>0 be a filtration in (Ω,A,P) and T a (Ft)t>0-
stopping time. Then

FT := {A ∈ A | {T 6 t} ∩A ∈ Ft for all t > 0}

is called the T -stopped sigma algebra.

Remark 2.2.24. This definition tells us, that all events A ∈ Ft known (or
available) up to time t which allow for the decision on A if T has occurred or
not on so far are gathered in FT .

Lemma 2.2.25. Let (Ft)t>0 be a filtration in (Ω,A,P) and S, T two (Ft)t>0-
stopping times. Then we have

FS∧T = FT ∩ FS .

This result is standard in stochastic analysis, a result can be found in [43].

2.2.2 Conditional expectation and a glimpse of martin-
gale theory

In order to prove the strong Markov property of a Lévy process we need some
basics on martingales. We follow the lines of Protter [57] and [45].

A) Discrete conditional expectation: We recall the elementary con-
ditional expectation. Let X : Ω → H be an H-valued random variable on
(Ω,A,P) with E[|X|] < ∞ and A ∈ A. Then the conditional expectation
of X w.r.t A is defined

E[X | A] :=

∫
Ω

X(ω)dP(ω |A) =
1

P(A)

∫
Ω

X(ω)1A(ω)dP(ω) =
E[X1A]

P(A)
.

We now extend this notion from events to sigma algebras. First we consider
the case that of a sub sigma algebra F ⊂ A which is countably generated.

Definition 2.2.26. Let X : Ω → H be an R-valued random variable on
(Ω,A,P) with E[|X|] < ∞ and F = σ((Bn)n∈N) for a disjoint measurable

decomposition Ω =
⋃̇∞
n=1Bn. We define the conditional expectation of X

under F by

E[X | F ](ω) :=
∑
n∈N

E[X | Bn]1Bn(ω)
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Remark 2.2.27. Note since the sets Bn are disjoint, theres is always exactly
one of the terms non zero.

Lemma 2.2.28. Let X : Ω → H be an random vector on (Ω,A,P) with
E[|X|] < ∞ and F = σ((Bn)n∈N) for a disjoint measurable decomposition

Ω =
⋃̇∞
n=1Bn. Then E[X | F ] has the following properties:

1. E[X | F ] is F-measurable.

2. E[|E[X | F ]|] <∞ and

E[X1A] = E[E[X | F ]1A] ∀A ∈ F .

EXERCISE 2.2.29. Prove the preceding lemma. Use the fact that E[X | F ] =
f ◦ g(ω) for some discrete function g.

EXERCISE 2.2.30. Consider X : [0, 1] → R, X(ω) = ω2, B1 = [0, 1/2),
B2 = [1/2, 3/4), B3 = [3/4, 1], P = dω. Calculate E[X | F ] for
F = σ(B1, B2, B3) and draw a sketch of the function ω 7→ E[X | F ].

B) General conditional expectations: For the more general case we
need the Theorem of Radon-Nikodym, which is a consequence of the Lebesgue
decomposition theorem for measures.

Theorem 2.2.31 (Radon-Nikodym). Let µ, ν : (Ω,A) → [0,∞) be two finite
measures. Then the following statements are equivalent:

1. µ is absolutely continuous w.r.t. ν, that is

∀ A ∈ A : ν(A) = 0 =⇒ µ(A) = 0.

2. µ has a density with respect to ν, that is there exists a (F ,B([0,∞))-
measurable map f : Ω→ [0,∞) with

µ(A) =

∫
A

f(ω)ν(dω) for all A ∈ F ,P(A) > 0.

A proof is given for instance in Klenke [45], Korollar 7.34.

Definition 2.2.32. Given (Ω,A,P) and a random vector X : Ω → H with
E[|X|] < ∞ and F ⊂ A a sub-sigma-algebra. A random vector Y : Ω → Rd is
called conditional expectation of X under F , if

1) Y is F-measurable and
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2) for any A ∈ F we have the identity

E[X1A] = E[Y 1A].

In this case we write E[X | F ] := Y .

Proposition 2.2.33. Given (Ω,A,P) and a random vector X : Ω → H
with E[|X|] < ∞ and F ⊂ A a sub-sigma-algebra. Then the random vector
E[X | F ] : Ω→ H exists and is P-a.s. unique.

Proof. We sketch the proof for X : Ω→ R.

Uniqueness: Consider two random variables Y, Y ′ both satisfying 1) and
2). Setting A = {Y > Y ′} we see by 1) that A ∈ F and by 2) that

0 = E[Y 1A]− E[Y ′1A] = E[(Y − Y ′)1A].

By construction (Y − Y ′)1A > 0 P-a.s. and hence also E[(Y − Y ′)1A] > 0.
Now, the monotonicity of the expectation (it is an integral!) then implies that
P(A) = 0, which proves Y 6 Y ′ P-a.s. Analogously we can also prove Y 6 Y ′

P-a.s.

Existence: We set X+ := X ∨ 0 and X− = −(X − X+) and define for
either case

Q±(A) := E[X±1A], A ∈ F .

this defines two finite measures on (Ω,F), which are both absolutely continuous
w.r.t. P. In this situation the Radon-Nikodym theorem 2.2.31 guarantees the
existence of a F-measurable density Y ± ∈ L1(Ω,F ,P) such that

Q±(A) = E[Y ±1A].

Finally set Y = Y + − Y −.

Definition 2.2.34. For any two random vectors X,Y : Ω→ H we set

E[X | Y ] := E[X | σ(Y )].

Proposition 2.2.35 (Properties of the conditional expectation: ).
Given (Ω,A,P), X,Y : Ω → H random vectors satisfying E[|X|],E[|Y |] < ∞
and G ⊂ H ⊂ F sub sigma algebras. Then we have two groups of properties:

1. Properties of an integral:
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a) Linearity: For all a, b ∈ R we have

E[aX + bY | H] = aE[X | H] + bE[Y | H] P− a.s.

b) Monotonicity: If X,Y are R-valued, and X 6 Y P-a.s., then

E[X | H] 6 E[Y | H] P− a.s.

c) Dominated convergence: If E[|Y |] < ∞, Y > 0 and (Xn)n∈N a
sequence of random vectors with |Xn| 6 Y P-a.s. for all n ∈ N and
Xn → X P-a.s.., then

lim
n→∞

E[Xn | H] = E[X | H] P− a.s. and in L1(P).

d) Conditional Jensen’s inequality If X : Ω → H, Φ : R → R is a
convex function and E[|Φ(X)|] <∞. Then

Φ
(
E
[
Φ(X) | G

])
6 E

[
Φ(X) | G

]
, P− a.s.

e) In the same spirit: conditional monotonic convergence, conditional
Minkowski’s inequality, conditional Hölder’s inequality, conditional
Young’s inequality.

2. Measurability properties:

a’) Triviality: If P(A) ∈ {0, 1} for all A ∈ H, then

E[X | H] = E[X] P− a.s.

b’) Global average: E[E[X | H]] = E[X] P-a.s.

c’) Independence: If X and H are independent, then we have

E[X | H] = E[X] P− a.s.

d’) Homogeneity for measurable factors: If X,Y are R-valued sat-
isfying E[|XY |] <∞ and Y ∼ H, then

E[XY |H] = Y E[Y | H] P− a.s.,

in particular E[Y | H] = Y P-a.s.

e’) Tower property: ”The coarser one wins.”

E[E[X | H] | G] = E[E[X | G] | H] = E[X | G] Pa.s.

Proofs are given for instance in Klenke [45], Kapitel 8, or Koshnevisan [48],
Chapter 8.

Remark 2.2.36. Conditional expectations can be understood in terms of op-
timal prediction or projection (on your preknowledge) in L2(Ω,A,P;H) onto
L2(Ω,F ,P;H). This is the topic for a proper course on stochastic processes.



58

C) Martingales Martingales are a class of stochastic processes, which merit
an entire class on itself. They are the natural objects with respect to which a
stochastic intgral is defined. In this course we shall only introduce the mere
definition and its connection to Lévy processes, since we shall use it in order
to establish for us the much more essential strong Markov property.

Definition 2.2.37. Let (Ft)t>0 be a filtration in (Ω,A,P) satisfying the usual
conditions and X = (Xt)t>0 be (Ft)-adapted càdlàg process with values in a
separable Hilbert space H satisfying E[|Xt|] <∞ for all t > 0. If X satisfies

E[Xt | Fs] = Xs P− a.s. for all t > s.

it is called a (Ft)t>0-martingale.

Remark 2.2.38. All martingales have constant expectation

E[Xt] = E[E[Xt |F0]] = E[X0] for all t > 0.

Example 2.2.39. 1. Let X be a (Ft)t>0-adapted Lévy process with E[|X1|] <
∞, then E[Xt]− E[Xt] is a (Ft)-martingale, since

E[Xt − E[Xt] | Fs] = E[Xt −Xs +Xs − tE[X1] | Fs]
= E[Xt −Xs] +Xs − tE[X1]

= E[Xt−s] +Xs − tE[X1] = Xs − sE[X1]

= Xs − E[Xs], P− a.s.

2. Let X be a (Ft)t>0-adapted Lévy process. Then for all u ∈ H we have

ei〈u,Xt〉

E[ei〈u,Xt〉]
= ei〈u,Xt−tη(u)〉

a C-valued (Ft)t>0-martingale, since

E[ei〈u,Xt〉−tη(u)] | Fs]] = E[ei〈u,Xt−Xs+Xs〉−tη(u)] | Fs]]
= E[ei〈u,Xt−Xs〉 | Fs]E[ei〈u,Xs ] | Fs]e−tη(u)

= E[ei〈u,Xt−Xs〉]ei〈u,Xs〉e−tη(u)

=
e(t−s)η(u)

etη(u)
ei〈u,Xs〉

= ei〈u,Xs〉−sη(u), P− a.s.

In other words for any t > s

E[ei〈u,Xt−Xs〉−(t−s)η(u)] | Fs] = 1, P− a.s..
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Theorem 2.2.40 (Optional stopping theorem). Given a filtration (Ft)t>0 in
(Ω,A,P) satisfying the usual conditions. Consider two (Ft)t>0-stopping times
S, T : Ω→ [0,∞] satisfying S ∨ T 6 K <∞ P-a.s. and X = (Xt)t>0 a cádlág
(Ft)t>0-martingale. Let S(ω), T (ω) 6 K < ∞ two (Ft)-stopping times and X
a càdlàg (Ft)-martingale. Then E[|XS |] <∞ and E[|XT |] <∞ and

E
[
XT | FS

]
= XT∧S P− a.s.

Proof. We show the result in the case of discrete time t ∈ N following Klenke
[45] for 0 6 S 6 T 6 K P-a.s.

XS = E[XS | FS ] = E[XK | FS ]

= E[E[XK | FT ] |FS ] = E[E[XT | FT ] |FS ] = E[XT |FS ], P− a.s.

Example 2.2.41. Let X be a (Ft)t>0-adapted Lévy process and T be a uni-
formly bounded (Ft)-stopping time. Then for any t > s > 0 we have that

E[ei〈u,XT+t−XT+s〉−(t−s)η(u)] | FT+s] = 1, P− a.s.

In other words, the process t 7→ ei〈u,XT+t−(T+t)η(u)〉 is a (FT+t)t>0-martingale.

2.2.3 The strong Markov property and the moments of
Lévy processes with bounded jumps

A) The strong Markov property. We are now in the position to prove
the strong Markov property with the help of Example 2.2.41.

Theorem 2.2.42. Consider an (Ft)-adapted Lévy process X and T a (Ft)
stopping time. On the event {T <∞} the process (Yt)>0 defined as

Yt := XT+t −XT

is a (Ht)t>0-Lévy process with Ht := FT+t. In addition Y is independent of
FT and X and Y have the same finite dimensional distributions.

Proof. This is a slight adaption of the proof given in [57].

• First assume that T (ω) 6 K for some constant K > 0 for all ω ∈ Ω.
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• Let A ∈ FT and (u0, . . . , un), (t0, . . . , tn) for some n ∈ N, where (un)n∈N
is the enumeration of a countable dense subset of H. Then

E
[
1A ei

∑n
j=1〈uj ,XT+tj

−XT+tj−1
〉
]

= E

1A

n∏
j=1

ei〈uj ,XT+tj
〉−(T+tj)η(uj)

ei〈uj ,XT+tj−1
−(T+tj−1)η(uj)〉

 n∏
j=1

φXtj (uj)

φXtj−1
(uj)

.

For the second factor we obtain

n∏
j=1

φXtj (uj)

φXtj−1
(uj)

=

n∏
j=1

(
etjη(uj) − etj−1η(uj)

)
=

n∏
j=1

e(tj−tj−1)η(uj) =

n∏
j=1

φXtj−Xtj−1
(uj).

For the first factor we calculate

E

1A

n∏
j=1

ei〈uj ,XT+tj
〉−(T+tj)η(uj)

ei〈uj ,XT+tj−1
−(T+tj−1)η(uj)〉


= E

E
1A

n∏
j=1

ei〈uj ,XT+tj
〉−(T+tj)η(uj)

ei〈uj ,XT+tj−1
−(T+tj−1)η(uj)〉

| FT+tn−1


= E

[
1A

n−1∏
j=1

ei〈uj ,XT+tj
〉−(T+tj)η(uj)

ei〈uj ,XT+tj−1
−(T+tj−1)η(uj)〉

E
[
ei〈uj ,XT+tn−XT+tn−1

〉−(tn−tn−1)η(uj) | FT+tn−1

] ]

= E

1A

n−1∏
j=1

ei〈uj ,XT+tj
〉−(T+tj)η(uj)

ei〈uj ,XT+tj−1
−(T+tj−1)η(uj)〉


= P(A).

Hence we have obtained

E
[
1A ei

∑n
j=1〈uj ,XT+tj

−XT+tj−1
〉
]

= P(A)

n∏
j=1

φXtj−Xtj−1
(uj).

Therefore the process (Yt)t>0 given by Yt = XT+t −XT is independent
form FT and has stationary and independent increments, with the same
finite dimensional distributions as X.
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• If T is unbounded, we may set Tm := T ∧ m for any m ∈ N. If then
A ∈ FT , then the formula is valid on Am := A ∩ {T 6 m}, that is
Am ∈ FT∧m. Since on the right-hand side P(Am) 6 P(A) for all m ∈ N
and

lim
m→∞

E
[
1Am ei

∑n
j=1〈uj ,XTm+tj

−XTm+tj−1
〉
]
6

n∏
j=1

φXtj−tj−1
(uj)

the dominated convergence theorem yields

E
[
1A∩{T<∞} e

i
∑n
j=1〈uj ,XT+tj

−XT+tj−1
〉
]

= P(A ∩ {T <∞})︸ ︷︷ ︸
=P(A)

n∏
j=1

φXtj−tj−1
(uj).

Remark 2.2.43. The result of Theorem 2.2.42 tells us that the law of a Lévy
process “restarted” at a (finite) stopping time has no memory of the past and
evolves with the same law as if started at time zero 0 from the stopped position.
In other words, the memory of this process is “thin” in the sense that the law
(the finite dimensional distributions) of the process only depend on the current
state.

This strong Markov property can be reformulated as follows:
First note that on a separable Hilbert space (H,B(H)) any probability distribu-
tion is uniquely determined by the collection of the values

{
∫
H

f(x)µ(dx) | f ∈ Cb(H,R)}

Note that
∫
f(x)µ(dx) = E[f(X)] for any random vector with X ∼ µ.

Definition 2.2.44. Given (Ft)t>0 a filtration in (Ω,A,P) satisfying the usual
conditions, and τ a (Ft)t>0-stopping time satisfying τ <∞ P-a.s. A (Ft)t>0-
adapted càdlàg process X = (Xt)t>0 satisfies the strong Markov property if
for any bounded continuous function f on path space, f ∈ Cb(D([0,∞), H),R)
we have

E
[
f(Xτ+·) | Fτ

]
= E

[
f(Xτ+·) | Xτ

]
P− a.s.

We also call X a (Ft)t>0-strong Markov process.
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Corollary 2.2.45. Given (Ft)t>0 a filtration in (Ω,A,P) satisfying the usual
conditions. Then any (Xt)t>0 an (Ft)t>0-adapted Lévy process is a strong
Markov process.

We shall see in Part II that the solutions of stochastic (partial) differential
equations driven by a Lévy process inherit this property from the Lévy process.
This property turns out crucial in order to determine the first exit problem in
Part III.

B) Moments of Lévy processes with bounded jumps. In this section
we use the property that Lévy processes with bounded jumps have all moments.

Proposition 2.2.46. Given (Ft)t>0 a filtration in (Ω,A,P) satisfying the usual
conditions, and X = (Xt)t>0 the càdlàg version of a (Ft)-Lévy proces with
uniformly bounded jumps, that is there exists a constant K > 0 such that

|∆tX| 6 K ∀ t > 0 P− a.s.

Then we have for all p > 0, that

E[|Xt|p] <∞.

Proof. We define the sequence of hitting times (Tn)n∈N

T1 := inf{t > 0 | |Xt| > K}

...

Tn+1 := 1{t > Tn | |Xt −XTn | > K}.

Since X has càdlàg paths and (Ft)t>0 satisfies the usual conditions (Tn)n∈N is a
sequence of (Ft)t>0-stopping times. Since the jumps |∆tX| 6 K and the paths
are right-continuous, we have that the sequence (Tn) is strictly increasing, that
is Tn − Tn−1 > 0, P-a.s. In addition we have |∆TL| for any (Ft)-stopping time
T . Therefore we obtain for the stopped process Xt∧Tn

sup
s∈[0,∞)

|Xs∧Tn | 6 sup
s∈[0,∞)

n∑
k=1

|Xs∧Tk −Xs∧Tk−1
| 6 2nK.

In other words, we have for all n ∈ N

P(|Xt| > 2nK) 6 P(t < Tn).

The (Ft)t>0-strong Markov property of X tells us that Tn−Tn−1 is independent
from FTn−1

and additionally that Tn − Tn−1 ∼ T1. The n-fold iteration of this
argument yields

E[e−Tn ] = E[e−
∑n
k=1(Tk−Tk−1)] = E[e−T1 ]n =: qn ∈ [0, 1).
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Now, Markov’s inequality yields

P(|Xt| > 2nK) 6 P(Tn < t) = P(e−Tn > e−t) 6
E[e−Tn ]

e−t
6 etqn

for all n ∈ N. We finally calculate

E[|Xt|p] = E[

∫ |Xt|
0

psp−1ds] = E[

∫ ∞
0

1{|Xt|>s}ps
p−1ds]

= p

∫ ∞
0

P(|Xt| > s)sp−1ds

6 p

∫ ∞
0

P(|Xt| > 2Kb s
2K
c)(2Kd s

2K
e)p−1ds

6 p(2K)p−1
∞∑
n=1

P(|Xt| > 2Kn)(n+ 1)p−1

6 et(2K)p−1
∞∑
n=1

qn(n+ 1)p−1 <∞.
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2.3 Representation in terms of Poisson random
measures

2.3.1 Motivation

In order to construct a general Lévy process on a given probability space we
introduce the concept of a Poisson random measure. What is Poisson random
measure?

Example 2.3.1. 1. Recall the uniform distribution U[−1,2] on the interval
([−1, 2],B([−1, 2])), which is defined as for any a < b by

U[−1,2]([a, b)) =

∫ b

a

1

3
1{[−1,2]}(x)dx =

∫ b

a

1

λ([−1, 2])
1{[−1,2]}(x)dx.

This construction is possible not only for [−1, 2] but for any Borel-set
A ∈ B(R) such that λ(A) <∞.

2. The obvious problem: there is no uniform distribution UR on the real
numbers R. Since for any uniform distribution since in this case

UR([a, b)) =

∫ b

a

1

λ(R)
dx = 0, since λ(R) =∞.

3. In many situations, however, we need a good “model” for an i.i.d. (Xn)n∈N
of “uniformly” distributed random points in R.

Idea: We change the perspective! Instead of looking at the “location” of
each single point x we only look at any arbitrary interval [a, b) and ask ourselves:
How many points are in there?

We denote the number of points by N([a, b)). What should it satisfy reason-
ably?

1. First of all, since it represents the number of elements of something we
have N([a, b)) ∈ {0, 1, 2, . . . } ∪ {∞}.

2. We should exclude to find infinitely many particles in any finite interval
[a, b).

3. We should exclude to find two particles in precisely the same location in
any finite interval [a, b).

4. Since it is a (surprise!) random number, the map ω → N([a, b))(ω) is a
random variable over a probability space (Ω,A,P).
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5. For [a, b) and [c, d) with b−a = d−c we should expect that the distribution
of the number of particles found in there is equal

N([a, b)) = N([c, d)).

6. The number we should expect to find there should be proportional to the
size of the set [a, b):

E[N([a, b))]

λ([a, b))
= const. indep. from [a, b) for any a < b.

7. If we have a set which is the union of two disjoint intervals: A = [a, b) ∪
[c, d) for a < b < c < d we should simply sum up the (random) numbers:

N([a, b)∪̇[c, d))(ω) = N([a, b))(ω) +N([c, d))(ω).

More generally, whenever there is a sequence (An)n∈N of disjoint events,
then

N(
⋃̇

n∈N
An) =

∑
n∈N

N(An), P− a.s.

8. Since we have a model of an i.i.d. sequence (Xn)n∈N the number of
particles in an interval [a, b) should be independent from the number of
any other interval [c, d), which is disjoint from [a, b) (since they cannot
share particles). In general, whenever there is a sequence (An)n∈N of
disjoint events, then the random variables

(N(An))n∈N

are an independent family of random variables.

Remark 2.3.2. Item 3) implies the following condition another should decay
more than linearly

lim
s→0+

P(N([t, t+ s)) > 2)/s = 0.
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If ε := lim sups→0
P(N(0,s])>2)

s > 0 then

P(“two particle on the same spot inside”[0, 1])

= lim
n→∞

P(

2n−1⋃
k=0

{N(k2−n, (k + 1)2−n]) > 2})

= 1− lim
n→∞

P(

2n−1⋂
k=0

{N((k2−n, (k + 1)2−n]) 6 1})

= 1− lim
n→∞

2n−1∏
k=0

P(N((k2−n, (k + 1)2−n]) 6 1)

= 1− lim
n→∞

(
1− 2nP(N((0, 2−n]) > 2)

2n

)2n

= 1− e−ε > 0,

by the exponential formula limn→∞(1− an
n )n = e−a for all sequences ak → a.

Remark 2.3.3. 1. Of course this is true not only for particles in the real
line, for any space, where we have a “volume”, for instance given by the
Lebesgue measure. For instance: (0,∞) or in R2 or in (0,∞)× Rd.

2. This construction does not only work for the Lebesgue measures,

λ([a, b)) = b− a,

but for any σ-finite measure ν, which satisfies, that finite intervals (or
balls) always have finite intensity.

3. Note that this construction already implies that N([a, b)) has a Poisson
distribution.

N([0, 1)) = N(

n⋃
k=1

[
k − 1

n
,
k

n
)) =

n∑
k=1

N([
k − 1

n
,
k

n
)) ≈ Bn, 1

n
−→ Poi1,

in distribution as n→∞.

2.3.2 Definition

Definition 2.3.4. Given σ-finite measure on ν on (H,B(H)) and a probability
space (Ω,A,P). Then we call a measurable mapping N : B(H)×Ω→ N0∪{∞}
a Poisson random measure with intensity measure ν if we have the
following:
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1. For each A ∈ B(H) with ν(A) < ∞ there is a random variable N(A) :
Ω→ N0 such that N(A) ∼ Poiν(A).

2. For any family (An)n∈N of pairwise disjoint events An ∈ B(H) the family
(N(An))n∈N is a family of independent random variables.

3. For any ω ∈ Ω the map A 7→ N(A)(ω) is a measure on (H,B(H)), that
is for all ω ∈ Ω we have that N(∅)(ω) = 0 and for (An)n∈N pairwise
disjoint we have N(

⋃
n∈NAn)(ω) =

∑
n∈NN(An)(ω).

Does such a hybrid object always exist?

Construction of a Poisson random measure on probability space.

Lemma 2.3.5. Given (H,B(H), ν) a measure space with a finite measure ν.
On (Ω,A,P) carrying a family of an i.i.d. sequence Z = (Zn)n∈N of random
vectors Zn : Ω→ H with Z1 ∼ ν

ν(H) and a Poisson random variable π : Ω→ N0

with π ⊥ Z there exists a Poisson random measure N for the intensity measure
ν̄.

Proof. This proof is given in Sato [61], we provide it for convenience. For ν = 0
associate N(A)(ω) = 0. For short we write νd = ν(H). Define

N(A)(ω) :=

π(ω)∑
k=1

1A(Zk(ω)) =

π(ω)∑
k=1

δZk(ω)(A), ω ∈ N, A ∈ B(H). (2.8)

For each ω ∈ Ω this is a counting measure and hence satisfies 3). Now, for

j > 2 and pairwise disjoint sets A1, . . . , Aj ∈ B(H) such that
⋃j
`=1A` = H

and k1, . . . , kj ∈ N0 with
∑j
`=1 k` = k. Then we have

P(N(A1) = k1, . . . , N(Aj) = kj)

= P(N(A1) = k1, . . . , N(Aj) = kj | N(H) = k)P(N(H) = k)

= P
( k∑
`=1

1A1
(Z`) = k1, . . . ,

k∑
`=1

1Aj (Z`) = kj

)
e−νd

νkd
k!

=

(
k1, . . . , kj

k

)(ν(A1)

νd

)k1

. . .
(ν(Aj)

νd

)kj
e−νd

νkd
k!

=
k!

k1! . . . kj !

(ν(A1)

νd

)k1

. . .
(ν(Aj)

νd

)kj
e−νd

νkd
k!

=

k∏
`=1

e−ν(A`)
ν(A`)

k`

k`!
.
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Summing over k2, . . . , kj we obtain

P(N(A1) = k1) =
∑

k2,...,kj∈N0

P(N(A1) = k1, . . . , N(Aj) = kj)

=
∑

k2,...,kj∈N0

k∏
`=1

e−ν(A`)
ν(A`)

k`

k`!

= e−ν(A1) ν(A1)k1

k1!
.

Therefore we also satisfy 1) and 2).

The same can be carried out for a σ-finite intensity measure ν.

Lemma 2.3.6. Given (H,B(H), ν) a measure space with a σ-finite measure ν
with repartition of H =

⋃∞
k=0Bk such that ν(Bk) <∞. On (Ω,A,P) carrying

a family of an i.i.d. sequence Z = (Zkn)n∈N of random vectors Zkn : Ω → H

with Zkn ∼
ν(·∩Bk)
ν(Bk) and a Poisson random variable π : Ω → N0 with π ⊥ Z

there exists a Poisson random measure N for the intensity measure ν.

EXERCISE 2.3.7. Show the preceding lemma with the help of the Borel-
Cantelli lemma.

Example 2.3.8. For λ being the Lebesgue measure we define ν([a, b)) :=
βλ([a, b)) for some β > 0 and any 0 6 a < b on [0,∞) we have the repar-
tition of Bi = [i, i + 1). Note that for any 0 6 a < b we have ν([a, b)) < ∞.
Hence we have for Zkn ∼ U([k, k + 1))

N([a, b)) ∼ Poiβ(b−a)

Now a Poisson process was defined via the i.i.d. sequence of waiting times
(τk)k∈N with τk ∼ Expβ and the arrival times Tk = τ1 + · · ·+ τk

πt(ω) =

∞∑
k=1

1{Tk(ω) 6 t} =

∞∑
k=1

1{Tk(ω) ∈ [0, t]} = N([0, t]).

This is a Poisson random measure for intensity β and intensity measure ν = δ1.

Example 2.3.9.

Consider N being a Poisson random measure on [0,∞) × H with intensity
measure ν̄(dt, dz) = dt ⊗ ν(dz) on a probability space (Ω,A,P) for some jump
increment distribution ν.
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2.3.3 Integrating functions with Poisson random measures

A) The Poisson random integral: Consider a measurable function f :
[0,∞)×H → R and N being a Poisson random measure on a probability space
(Ω,A,P) for intensity measure ν̄(dt, dz) = dt⊗ν(dz) on ([0,∞)×H,B([0,∞)×
H)).

Rewrite the Poisson random measure: For [a, b) × A and ω ∈ Ω we
rewrite

N([a, b)×A)(ω) =:

∫
(0,∞)×H

1[a,b)×A(s, z) N(dsdz)(ω).

B) The Poisson random integral for step functions: For any simple

function f(s, z) :=
∑k
`=1 c`1[a`,b`)×A`(s, z) we obtain by linearity

∫
[0,∞)×H

f(s, z) N(dsdz)(ω) =

∫
[0,∞)×H

k∑
`=1

c`1[a`,b`)×A`(s, z) N(dsdz)(ω)

=

k∑
`=1

c`

∫
[0,∞)×H

1[a`,b`)×A`(s, z) N(dsdz)(ω)

=

k∑
`=1

c`N([a`, b`)×A`)(ω)

and hence

E
[ ∫

(0,∞)×H
f(s, z) N(dsdz)

]
= E

[ k∑
`=1

c`N([a`, b`)×A`)
]

=

k∑
`=1

c`E
[
N([a`, b`)×A`)

]
=

k∑
`=1

c`ν̄([a`, b`)×A`)

=

∫
(0,∞)×H

f(s, z)ν̄(ds, dz).

C) General scalar measurable functions: Any measurable f : H → R
can be decomposed into the difference of nonnegative functions f = f+ − f−
for f+ = max{f, 0} and f− = f − f+.
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D) General scalar nonnegative functions: For any measurable, non-
negative function f there exists a sequence of simple functions (fn)n∈N with
fn(s, x)↗ f(s, x) for Lebesgue almost all (s, x) ∈ [0,∞)⊗H. In this case we
may define for any ω ∈ Ω by monotone convergence (Beppo-Levi)

∫
(0,∞)×H

f(s, z) N(dsdz)(ω) := lim
n→∞

∫
(0,∞)×H

fn(s, z) N(dsdz)(ω).

In particular we obtain again by monotonic convergence

E
[ ∫

(0,∞)×H
f(s, z) N(dsdz)

]
= E

[ ∫
(0,∞)×H

lim
n→∞

fn(s, z) N(dsdz)
]

= E
[

lim
n→∞

∫
(0,∞)×H

fn(s, z) N(dsdz)
]

= lim
n→∞

E
[ ∫

(0,∞)×H
fn(s, z) N(dsdz)

]
= lim
n→∞

∫
H

fn(s, z)ν̄(ds, dz)

=

∫
(0,∞)

∫
H

lim
n→∞

fn(s, z)ν̄(ds, dz)

=

∫
(0,∞)

∫
H

f(s, z)ν̄(ds, dz).

E) The special case of essentially time homogeneous functions: Now
let f(s, z) = 1[0,t]×A(s, z)f(z) for some measurable function f : H → R. We
shall study the Poisson random integrals of type

Nf
t (A) :=

∫ ∞
0

∫
H

f(z)N(ds, dz) =

∫ t

0

∫
A

f(z)N(ds, dz).
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We use the approximation by simple functions fn(s, z) = 1[0,t]×A(s, z)f(z) =
1[0,t]×A(s)

∑n
i=1 ci1Bi∩A(z) to calculate its law via the characteristic function

E
[
exp

(
i〈u,

∫ t

0

∫
A

f(z)N(ds, dz)〉
)]

= E
[

exp
(
i〈u,

n∑
j=1

cjN([0, t], Bj ∩A)〉
)]

=

n∏
j=1

E [exp(i〈u, cj〉N([0, t], Bj ∩A))]

=

n∏
j=1

exp(tν(Bj ∩A)(ei〈u,cj〉−1))

= exp(t

∫
A

(ei〈u,f(z)〉 − 1)ν(dz))

= exp(t

∫
f(A)

(ei〈u,z〉 − 1)(ν ◦ f−1)(dz)).

This is the characteristic function of a compound Poisson process with Lévy
measure ν ◦ f−1. In other words

E
[

exp
(
i〈u,

∫
B

f(z)N([0, t], dz)︸ ︷︷ ︸
Nft (B)

〉
)]

= exp(t

∫
B

(ei〈u,f(z)〉 − 1)ν(dz)).

Example 2.3.10. For f : H → H and f(z) = z we have that

φNf (A)(u) = E
[
exp

(
i〈u,

∫ t

0

∫
A

f(z)N(ds, dz)〉
)]

= exp(t

∫
A

(ei〈u,z〉 − 1)ν(dz)),

in other words, the process

Nf
t (A) =

∫ t

0

∫
A

zN(ds, dz) =

∫
A

zN([0, t], dz)

is a compound Poisson process with intensity λ(A) and jump measure ν(·∩A)
ν(A) .

Properties of Nf
t (A):

1. (Nf
t (B))t>0 is a compound Poisson process with

intensity λf (B) := (ν◦f−1)(f(B)) and jump distributionM 7→ ν(M∩f(B))
λf (B)

.
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2. (Nf
t (B1))t>0, . . . , (N

f
t (Bn))t>0 are independent

for disjoint B1, . . . , Bn with λf (B1) + · · ·+ λf (Bn) <∞

3. If
∫
B
|f(z)|ν(dz) <∞

E[Nf
t (B)] = t

∫
B

f(z)ν(dz)

4. If
∫
B
|f(z)|2ν(dz) <∞

V[Nf
t (B)] = t

∫
B

|f(z)|2ν(dz)

5. For f : H → R such that the Laplace transform satisfies for any u > 0

E
[

exp(−uNf
t )
]

= exp
(
− t
∫
H

(1− euf(z))ν(dz)
)
.

6. For f : H → R such that
∫
H

(eu0f(z) − 1)ν(dz) < ∞ for some u0 > 0 we
have the exponential moment of for all u 6 u0 that

E
[

exp(uNf
t )
]

= exp
(
t

∫
H

(euf(z) − 1)ν(dz)
)
.

Exponential moments for general integrals: We will apply the follow-
ing result.

Lemma 2.3.11. For a measurable function f : [0,∞)×H → [0,∞) satisfying∫ t

0

∫
H

(eu0f(s,z) − 1)ν(dz)ds <∞ for some u0 > 0.

we have

E
[

exp(u

∫ t

0

∫
H

f(s, z)N(ds, dz))
]

= exp
(∫ t

0

∫
H

(euf(s,z) − 1)ν(dz)ds
)
.

F) Construction of the Poisson random integral from a given com-
pound Poisson process: Consider a compound Poisson process (Ct)t>0

with C1 ∼ Cpp(λ, ν). By definition there are a Poisson process π = (πt)t>0

and an i.i.d. family (Zk)k∈N with Zk ∼ ν satisfying π ⊥ Z such that

Ct =

πt∑
k=1

Zk, P-a.s., t > 0.
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Denote the arrival times of π by (Tk)k∈N . Then the waiting times of π between
the arrival times tk = Tk−Tk−1 are an i.i.d. family (tk)k∈N of random variables
with distribution Exp(λ). That is the event {πt = k} = {Tk 6 t < Tk+1} and
by definition Zk = CTk −CTk− = ∆TkC. Therefore given a compound Poisson
process (Ct)t>0 we write for t > 0

Ct =

πt∑
k=1

∆TkC =

πt∑
k=1

(∆TkC)1H(∆TkC) =

πt∑
k=1

(∆TkC) δ(∆Tk
C)(H).

By construction (2.8) we have for the corresponding Poisson random measure
N given by

N((a, b]×A) :=

πb∑
k=πa+1

δ(∆Tk
C)(A)

on (H,B(H)) that

Ct =

∫
H

zN([0, t], dz) = N id
t (H).

2.3.4 Paths of a Lévy process: the Lévy-Itô decomposi-
tion

We consider given an adapted Lévy process (Xt)t>0 with values in H on
(Ω,A,P) with càdlàg paths and characteristic triplet (b,Q, ν).

We shall remove more and more jumps of X and construct from these jumps
a new pure jump process X̃ with known characteristic function. Comparing
it with the Lévy-Khinchin decomposition of X we can identify the process X
path-by-path.

A) Subtracting large jumps: By Lemma 2.1.48 we have for any κ > 0

#{s ∈ [0, T ] | |∆sX| > κ} <∞, P− a.s.

We consider the compound Poisson process defined by the jumps beyond the
threshold κ by ∫

|z|>κ
zN([0, t], dz) =

∑
06r6t

(∆rX)1{|∆rX|>κ}

and remove the large jumps of the process X by subtracting them

Xκ
t := Xt −

∫
|z|>κ

zN([0, t], dz).
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B) The remainder process (Xκ
t )t>0 is still a Lévy process: We check

stationarity and independence of the increments: Since

Xκ
t −Xκ

s

= Xt −
∑

06r6t

(∆rX)1{|∆rX|>κ} −Xs −
∑

06r6s

(∆rL)1{|∆rX|>κ}

= Xt −Xs +
∑
s<r6t

(∆rX)1{|∆rX|>κ}

d
= Xt−s +

∑
0<r6t−s

(∆rX)1{|∆rX|>κ} = Xκ
t−s.

Hence it is measurable with respect to the σ-algebra

σ({Xr −Xq | s 6 q 6 r 6 t}),

and independent from Fs := σ({Xr | 0 6 r 6 s}). Therefore we have obtained
a Lévy process and by construction it has bounded jumps |∆tX

κ| 6 κ. The
processes

(Xκ
t )t>0 and

(∫
|z|>κ

zN([0, t], dz)

)
t>0

are independent.

The consequence of a Lévy processes with bounded jumps having
any moment: By Proposition (2.2.46) we know that Xκ has any moment
of order p > 0 for any t > 0 finite: E[|Xκ

t |p] <∞ .
In can be shown more generally, that for any submultiplicative function f :

H → R the existence of moments E
[
|f(Lt)|

]
<∞ is equivalent to the integra-

bility of the tail ∫
|z|>κ

|f(z)|ν(dz) <∞.

See Sato [61].
Now, since any Lévy measure ν on Bcκ(0) is a finite measure by the Lévy-
Khinchin representation and for measures with additional bounded support we
have that they exhibit finite polynomial and even exponential moments the
result is somehow less surprising.

Nevertheless we have encountered here a breach between the “small” jump
integrable part of a Lévy process and the “large” jump part, which we will
exploit in the third part of these lecture notes. More precisely we can always
divide the Lévy measure ν in a part ν

∣∣
Bκ(0)

and ν
∣∣
Bcκ(0)

with very different

behavior. While the first one is an infinite measure, however, with exponential
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moments, the second one is a finite measure with only some or no moments at
all. For a given pure jump Lévy processes L this corresponds to the fact that we
can rewrite it as the sum Lt = Lκt +Cκt of a process Lκ with infinitely many κ-
bounded jumps from above with exponential moments and a compound Poisson
process Cκ with κ-bounded jumps from below with only some moments.

C) Compensated Poisson random measure We define the compensated
Poisson measure for any A ∈ B(H) such that ν(A) <∞ by

Ñ([0, t], A) := N([0, t], A)− tν(A)

and for any f : H → H measurable such that
∫
A
|f(z)|ν(dz) <∞ we define

Ñf
t (A) :=

∫
A

f(z) Ñ([0, t], dz) =

∫
A

f(z)N([0, t], dz)− t
∫
A

f(z)ν(dz).

Properties of compensated Poisson random measures:

1. For disjoint B1, . . . , Bn with λf (B1) + · · · + λf (Bn) < ∞, λf (B) :=
λ(f−1 ◦ f(Bi)) we have that the family of processes(

(Ñf
t (B1))t>0, . . . , (Ñ

f
t (Bn))t>0

)
is independent.

2. (Ñ([0, t], A)t>0 defines a compensated Poisson process at intensity λA =
ν(A) <∞.

3. Since E[Nf
t (A)] = t

∫
A
f(z)ν(dz), whenever the right-hand side is finite,

we have that
∫
A
|f(z)|ν(dz) <∞ implies that E[Ñf

t ] = 0.

4. In addition, if ν(A) <∞ the (Ñ([0, t], A))t>0 is a square integrable mar-
tingale with respect to its augmented, right-continuous natural filtration
with finite variation paths.
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5. ”Itô’s Isometry”: If
∫
B
|z|2ν(dz) <∞

V
(∫

B

z Ñ([0, t], dz)
)

= E
[∣∣ ∫

B

z Ñ([0, t], dz)
∣∣2]

= E
[∣∣ ∫

B

z N([0, t], dz)− t
∫
B

zν(dz)
∣∣2]

= E
[∣∣ ∫

B

z N([0, t], dz)− E
[ ∫

B

z N([0, t], dz)
]∣∣2]

= V
[∫

B

z N([0, t], dz)

]
= t

∫
B

|z|2ν(dz).

6. Similarly, we calculate its characteristic function

E
[
ei〈u,

∫
B
f(z)Ñ([0,t],dz)〉

]
= E

[
ei〈u,

∫
B
f(z)N([0,t],dz)−t

∫
B
f(z)ν(dz)〉

]
= E

[
ei〈u,

∫
B
f(z)N([0,t],dz)

]
e−i〈u,t

∫
B
f(z)ν(dz)〉

= et
∫
H

(ei〈u,z〉−1)ν(dz)e−i〈u,t
∫
B
f(z)ν(dz)〉

= exp(t

∫
B

(ei〈u,f(z)〉 − 1− i〈u, f(z)〉)ν(dz)).

D) Remove more and more compensated jumps Recenter Lκ

X̃κ
t := Xκ

t − E[Xκ
t ].

Add up compensated small jumps: For ε0 = κ and εn ↘ 0 the convergence
in L2 is obvious since by the Itô isometry

E

[( m∑
n=1

∫
εn−1<|z|6εn

zÑ([0, t], dz)
)2]

=

m∑
n=1

E

[( ∫
εn−1<|z|6εn

zÑ([0, t], dz)
)2]

= t

m∑
n=1

∫
εn−1<|z|6εn

|z|2ν(dz) 6 t

∫
Bκ(0)

|z|2ν(dz) <∞.

The right-hand side is independent of m and we can pass to the limit m→∞.
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The P-a.s. convergence: Denote by

ηm :=
( ∞∑
n=m+1

∫
εn−1<|z|6εn

|z|2ν(dz)|
) 1

4 ↘ 0,m→∞.

Hence the Chevbyshev inequality yields

P(|
∞∑

n=m+1

∫
εn−1<|z|6εn

zÑ([0, t], dz)| > ηm)

6
1

η2
m

E

[( ∞∑
m=1

∫
εn−1<|z|6εn

zÑ([0, t], dz)
)2]

6
1

η2
m

t

∞∑
n=m+1

∫
εn−1<|z|6εn

|z|2ν(dz)

= tη2
m −→ 0 as m→∞.

Now, since |z|2ν(dz) is a finite measure we may choose εn ↘ 0 converging fast
enough such that

∞∑
m=1

ηm <∞.

The Borel-Cantelli lemma then yields

∞∑
m=1

P(|
∞∑

n=m+1

∫
εn−1<|z|6εn

zÑ([0, t], dz)| > ηm) 6
∞∑
m=1

ηm <∞,

such that

0 = P
(

lim sup
m→∞

{|
∞∑

n=m+1

∫
εn−1<|z|6εn

zÑ([0, t], dz)| > ηm}
)

= P
(

#{|
∞∑

n=m+1

∫
εn−1<|z|6εn

zÑ([0, t], dz)| > ηm} =∞
)
.

In other words we have a random variable m∗ : Ω→ N such that P-a.s.

lim
m→∞

|
m∑
n=1

∫
εn−1<|z|6εn

zÑ([0, t], dz)|

6 |
m∗∑
n=1

∫
εn−1<|z|6εn

zÑ([0, t], dz)|+ ηm∗ <∞.
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Therefore we obtain P-a.s.

X̄κ
t =

∞∑
n=1

∫
εn−1<|z|6εn

zÑ([0, t], dz) =

∞∑
n=1

∫
εn−1<|z|6εn

zÑ([0, t], dz).

Subtracting all remaining small jumps X̄κ
t of X̃κ

Xc
t := X̃κ

t − X̄κ
t ,

we know by construction that Xc is a continuous process. With the same
stationarity and independence argument for the increments as for the indepen-
dence of X−

∫
|z|>κ yN([0, t], dz) ⊥

∫
|z|>κ zN([0, t], dz) we have that it is a Lévy

process. In addition, we have Xc ⊥ X̃d.

E) Xc
t is a Brownian motion with drift We now identify the law of Xc

via the Lévy-Khinchin representation. Since X̃d ⊥ X̃ −Xd and

E
[
ei〈u,X̃

κ
t 〉
]

= exp

(
t

∞∑
n=1

∫
εn+1<|z|6εn

(ei〈u,z〉 − 1− i〈u, z〉)ν(dz)

)

= exp

(
t

∫
0<|z|61

(ei〈u,z〉 − 1− i〈u, z〉)ν(dz)

)
. (2.9)

Looking back what have we achieved? The process

Xc
t = Xt −

∫
|z|>κ

zN([0, t], H)︸ ︷︷ ︸
Xκt

−E[Xκ
t ]

︸ ︷︷ ︸
X̃κt

−
∫
|z|6κ

zÑ([0, t]× dz)

is a continuous Lévy process and

E
[
ei〈u,Xt−

∫
|z|>κ yN([0,t],dz)−E[Xκt ]−

∫
|z|6κ zÑ([0,t],dz〉

]
= E

[
ei〈u,Xt−tE[Xκ1 ]−(

∫
|z|>κ yN([0,t],dz)+

∫
|z|6κ zÑ([0,t],dz)〉

]
= et(i〈b−E[Xκ1 ],u〉− 1

2 〈u,Qu〉).

Hence Xc
t is a Brownian motion with drift.
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The Lévy-Itô representation of a Lévy process: As a consequence, we
have proved the following result.

Theorem 2.3.12 (Lévy-Itô representation of a Lévy process). For a given
Levy process (Xt) on (Ω,A,P) in H with canonical triplet (b,Q, ν) there is

• a vector b̃ = E[X1 −
∫
|z|61

zN([0, 1], dz)]

• a Q-Brownian motion (Bt)t>0 and

• a pure jump process (X̃t)t>0 corresponding to the Lévy measure ν

such that
Xt = b̃t+Bt + X̃t for all t > 0 P-a.s.

with

X̃t :=

∫
|z|61

zÑ([0, t], dz) +

∫
|z|>1

zN([0, t], dz)

In addition, the processes X̃ and B are independent.
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2.4 Quadratic variation and Burkholder’s inequal-
ity

2.4.1 The quadratic variation of a compensated Poisson
random integral:

A) The total and the quadratic variation of a Lévy process: Denote
for T > 0 by Π([0, T ]) the set of all finite partitions 0 = t0 < t1 < . . . tn 6 T ,
n ∈ N.

The total variation of a function f : [0, T ]→ H is given as

|f |T := sup
π∈Π([0,T ])

sup
ti∈π
|f(ti+1)− f(ti)| ∈ [0,∞]

and describes the total “length” of the image f([0, T ]) in H and can well be
infinite.

The quadratic variation of a function f : [0, T ]→ H is given as

[f ]T := sup
π∈Π([0,T ])

∑
ti∈π
|f(ti+1)− f(ti)|2 ∈ [0,∞]

EXERCISE 2.4.1. Check that f(s) := bs for some b ∈ H we have

|f |T = |b|T and [f ]T = 0.

Remark 2.4.2. The quadratic or more generally the p-variation for p > 1
measures different types of “infinite” path lengths.

Remark 2.4.3. For any Lévy process X the quadratic variation is finite P-a.s.

Theorem 2.4.4 (Lévy). The quadratic variation of a Q-Brownian motion in
H satisfies

[B]t := sup
π∈Θ([0,t])

∑
ti∈π
|Bti+1

−Bti |2 = t trace(Q) P− a.s. for all t > 0.

See for instance [57].

Example 2.4.5. For a pure jump process this is easier to calculate. For a
compound Poisson process Ct =

∫ t
0

∫
H
zN(ds, dz) with C1 ∼ Cpp(λ, µ) we have

|C|t =

πt∑
k=1

|Zk| <∞.
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and

[C]t =

πt∑
k=1

|Zk|2 <∞.

Note that these representations themselves are Poisson random integrals:

|C|t =

∫ t

0

∫
H

|z|N(ds, dz) and |C|t =

∫ t

0

∫
H

|z|2N(ds, dz).

For a pure jump Lévy process X in H we have

Xt :=

∫
|z|61

zÑ([0, t], dz) +

∫
|z|>1

zN([0, t], dz)

we have

[X]t 6 [

∫
|z|61

zÑ([0, ·], dz)]t + [

∫
|z|>1

zN([0, ·], dz)]t

For the second term we know by the preceding example that

[

∫
|z|>1

zN([0, ·], dz)]t =

∫ t

0

∫
H

|z|2N(ds, dz).

For the first term we see that in case of
∫
|z|61

|z|ν(dz) <∞ we can write∫ t

0

∫
|z|61

zÑ(ds, dz) =

∫ t

0

∫
|z|61

zN(ds, dz)−
∫ t

0

∫
|z|61

zν(dz)ds

and hence

[

∫ ·
0

∫
|z|61

zÑ(ds, dz)]t = [

∫ ·
0

∫
|z|61

zN(ds, dz)−
∫ t

0

∫
|z|61

zν(dz)ds]t

= [

∫ ·
0

∫
|z|61

zN(ds, dz)]t

=

∫ t

0

∫
|z|61

|z|2N(ds, dz).

The right-hand side is finite P-a.s. since

E
[ ∫ t

0

∫
|z|61

|z|2N(ds, dz)
]

=

∫ t

0

∫
|z|61

|z|2ν(dz)ds <∞
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for any Lévy measure. By (2.9) we have for a general pure jump Lévy process
for any m ∈ N and 0 < εn+1 < εn < . . . < κ with εn ↘ 0 as n→∞ that

E

[[ m∑
n=1

∫
εn+1<|z|6εn

zÑ([0, ·], dz)
]
t

]

= E

[
m∑
n=1

[ ∫
εn+1<|z|6εn

zÑ([0, ·], dz)
]
t

]

=

m∑
n=1

E

[[ ∫
εn+1<|z|6εn

zÑ([0, ·], dz)
]
t

]

= t

m∑
n=1

∫
εn+1<|z|6εn

|z|2ν(dz) 6 t

∫
Bκ(0)

z|2ν(dz) <∞.

The right-hand side is independent of m and we can pass to the limit and
obtain that

E

[[ ∫
0<|z|6κ

zÑ([0, ·], dz)
]
t

]
= t

∞∑
n=1

∫
εn+1<|z|6εn

|z|2ν(dz) = t

∫
Bκ(0)

|z|2ν(dz).

For later purpose in Part III we need the following natural generalization. For
a pure jump Lévy process X

Xt :=

∫
|z|6κ

zÑ([0, t], dz)

and a measurable function f : [0,∞)×H → [0,∞) we obtain

Lemma 2.4.6. Under the previous assumptions we obtain for all P-a.s. for
all t > 0

[

∫ ·
0

∫
|z|6κ

f(s, z)Ñ(ds, dz)]t =

∫ t

0

∫
|z|6κ

|f(s, z)|2N(ds, dz).

2.4.2 The Burkholder-Davis-Gundy inequality

The following result links the expected the supremum of a Poisson random
integral to its the expectation of the square root of its quadratic variation.

Theorem 2.4.7. Let X be a pure jump Lévy process with values in a separable
Hilbert space H given as

Xt =

∫ t

0

∫
|z|61

zÑ(ds, dz), P− a.s. for all t > 0.
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and a measurable function f : [0,∞)×H → H → H. Then there is a constant
C > 0 such that for any p > 1 such that for all T > 0

E
[

sup
t∈[0,T ]

|
∫ t

0

∫
|z|61

f(s, z)Ñ(ds, dz)|p
]

6 CpE
[
[

∫ ·
0

∫
|z|61

f(s, z)Ñ(ds, dz)]
p
2

T

]
= CpE

[( ∫ T

0

∫
|z|61

|f(s, z)|2N(ds, dz)
) p

2
]
.

Remark 2.4.8. This result is much more general than stated here, for a proof
see for instance [55]. In particular, the inverse inequality is also true for an-
other constant. In addition it remains true if T is replaced by a (Ft)t>0-stopping
time τ .

Remark 2.4.9. In particular for p = 2 we obtain the useful inequality

E
[

sup
t∈[0,T ]

|
∫ t

0

∫
|z|61

f(s, z)Ñ(ds, dz)|2
]
6 C2

∫ T

0

∫
|z|61

|f(s, z)|2ν(dz)ds.

Recently the field of a pathwise approach of stochastic integration associated to
the integration theory of rough paths has given rise to many interesting insights.
This theory is associated to Terry Lyons, Martin Hairer (Fields medal 2014)
and Massimo Gubinelli.

In 2015 Siorpaes and Beiglböck [62] proved a path-by-path version of the
Burkholder Davis Gundy inequality, which can be formulated in our language
of compensated Poisson random measures as follows.

Theorem 2.4.10 (Siorpaes/Beiglböck). Given a pure jump (Ft)-adapted Lévy
process X = (Xt)t>0 over (Ω,A,P) with values in H and with Lévy-Itô decom-
position

Xt =

∫ t

0

∫
|z|6ρ

zÑ(ds, dz), t > 0,

for some ρ > 0 and (Ψt)t>0 an (Ft)-adapted càdlàg process. Then the stochastic
process

Mt :=

∫ t

0

∫
|z|6ρ

eas〈Ψs−, z〉Ñ(ds, dz)
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satisfies P-a.s. for any T > 0

sup
t∈[0,T ]

|Mt| 6 6
√

[M ]T +

∫ T

0

Hs−dMs

= 6

√∫ T

0

∫
|z|6ρ

e2as〈Ψs−, z〉2N(dsdz)

+

∫
|z|6ρ

Hs−e
as〈Ψs−, z〉Ñ(ds, dz),

where Ht := Mt/
√

[M ]t + sups6t |Ms|2 ∈ [−1, 1].



Part II

The Allen-Cahn equation
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Chapter 3

The deterministic
Allen-Cahn equation and
its dynamics

3.1 The state space

We consider the following function spaces over interval J = (0, 1), which will
serve as the state space. The “spatial variable” will be throughout out the text
denoted by ζ ∈ J .

L2(J) := {x : J → R | measurable and

∫
J

x(ζ)2dζ <∞},

equipped with the seminorm

|x|∼ :=
( ∫

J

x(ζ)2dζ
) 1

2 .

We denote by ∼ the equivalence relation

x1 ∼ x2 :⇐⇒ x1(ζ) = x2(ζ) for Lebesgue almost all ζ ∈ J.

The Lebesgue space of square integrable functions is then defined by

L2(J) := L2(J)
/
∼

and

|x| := |x̃|∼, for any representative x̃ of the equivalence class of x.
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We define the following bilinear form on L2(J)

〈x, y〉 :=

∫
x(ζ)y(ζ)dζ, x, y ∈ L2(J).

EXERCISE 3.1.1. 1. Show that | · |∼ defines seminorms in L2(J).

2. Show that | · |2 define a norm in L2(0, 1).

3. Show that 〈·, ·〉 defines an inner product with associated norm | · | and
verify the parallelogram identity

|x+ y|2 + |x− y|2 = 2|x|2 + 2|y|2, x, y ∈ L2(J).

4. Show that the normed space (L2(J), | · |) with inner product 〈·, ·〉 is com-
plete, in other words, it is a Hilbert space.

Analogously we define the space

L∞(J) := {x : J → R | measurable and sup
ζ∈J
|x(ζ)| <∞}

equipped with the seminorm

|x|∞,∼ := sup
ζ∈J
|x(ζ)|.

We set

L∞(J) := L∞(J)
/
∼

and for the same equivalence relation ∼ as before we set

|x|∞ := |x̃|∞,∼, for any representative x̃ of the equivalence class of x.

EXERCISE 3.1.2. 1. Show that | · |∞,∼ defines a seminorm in L∞(J).

2. Show that | · |∞ defines a norm in L∞(J).

3. Show that the normed space (L∞(J), | · |∞) is complete, in other words,
it is a Banach space.

However, the true state space will be a subspace of L2(J) with “smoother”
elements. Define

C1
0(J) := {x ∈ C1(J,R) ∩ C(J̄ ,R)|x(0) = x(1) = 0}.

This space is a normed space with the norm

|x|1 := sup
ζ∈J
|x(ζ)|+ sup

ζ∈J
|x′(ζ)|
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EXERCISE 3.1.3.

Show that (C1
0(J), | · |1) is a normed space.

Show that (C1
0(J), | · |1) is complete, in other words, it is a Banach space.

Since all continuous functions C(J̄ ,R) are square integrable, we have for all
x, y ∈ C1

0(J) the integration by parts formula

〈x, y〉 = x(1)Y (1)− x(0)Y (0)− 〈x′, Y 〉 = 〈x′, Y 〉, (3.1)

where Y (ζ) =
∫ ζ

0
y(r)dr+C for some constant C ∈ R. Therefore we can define

the space of all functions x ∈ L2(J) which have some “weak” derivative x′ ∈
L2(J) such that equation (3.1) is satisfied for all “test functions” y ∈ C1

0(J):

H := H1
0 (J) := {x ∈ L2(J) | ∃x′ ∈ L2(J) : ∀ψ ∈ C∞c (J) | 〈ψ′, x〉 = −〈x′, ψ〉}.

We consider on this space the bilinear form

〈〈x, y〉〉0 := 〈x, y〉+ 〈x′, y′〉.

EXERCISE 3.1.4. 1. Show that (H, ‖ · ‖0), ‖x‖0 :=
√
〈〈x, x〉〉0 defines a

normed space with the inner product 〈〈·, ·〉〉0.

2. Show that (H, ‖ · ‖0) is complete, that is it forms together with the inner
product 〈〈·, ·〉〉0 a Hilbert space.

EXERCISE 3.1.5. 1. Use the fundamental theorem of calculus and
Hölder’s inequality to show that for all C1

0(J) we have the so-called
Poincaré inequality

|x|2 6 |x′|2 (3.2)

and infer that H1
0 (J) ↪→ L2(J).

2. Show that
‖x‖ :=

√
〈x′, x′〉, x ∈ H1

0 (J)

is an equivalent norm on H to ‖ · ‖0 and hence

(H, ‖ · ‖, 〈〈·, ·〉〉)

is a Hilbert space.

A special case of the Sobolev embedding yields H ⊂ C0(J̄).

EXERCISE 3.1.6. Show that for all x ∈ H we have

|x|∞ 6 ‖x‖.

and infer H1
0 (J) ↪→ C0(J̄). It works analogously to inequality (3.2).

We summarize our results:

(H1
0 (J), ‖ · ‖, 〈〈·, ·〉〉) ↪→ (C0(J̄), | · |∞) ↪→ (L∞(J), | · |∞) ↪→ (L2(J), | · |, 〈·, ·〉).
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3.2 The linear heat equation

A) The linear heat equation: In this section we provide the results for
the scalar linear heat equation with Dirichlet boundary conditions and initial
values in x ∈ H or x ∈ L2(0, 1)

d
dtu(t, ζ) = ∂2

∂ζ2u(t, ζ) t > 0, ζ ∈ (0, 1)

u(0, ζ) = x(ζ) ζ ∈ (0, 1)

u(t, 0) = u(t, 1) = 0 t > 0.

(3.3)

The operator A := − ∂2

∂ζ2 is an unbounded operator on a densely defined do-

main A : D(A) → H, with D(A) := C2
0(J), where C2

0(J) := C2(J,R) ∩ {x ∈
C(J̄ ,R)|x(0) = x(1) = 0}.
The sequence of eigenvalues (λk)k∈N and eigenvectors (wk)n∈N of A in L2(0, 1)
are given as

λk = (πk)2, and wk(ζ) =
√

2 sin(kπζ), for all k ∈ N.

Note that the eigenvectors are extremely regular, that is wk ∈ C∞0 (J) :=
C∞(J) ∩ C0(J̄) for all k ∈ N.

EXERCISE 3.2.1. 1. Verify that (λk)k∈N and (wk)k∈N are the sequence
of eigenvalues and eigenvectors in C2

0 .

2. The sequence (wn)n∈N is an orthonormal basis in L2(J).

B) The semigroup: Since 〈Ax, x〉 = 〈x′, x′〉 for any x ∈ C2
0 we have by

(3.2) that there is a constant Λ0 such that

〈Ax, x〉 6 Λ0|x|2, x ∈ H,x 6= 0

for any t > 0.
Solving equation (3.3) for initial condition wk we obtain the ordinary linear
differential equation

d

dt
u(t;wk) = −λku(t;wk), u(0;wk) = wk

That is u(t;wk) = e−λktwk. Since (wk)k∈N is an orthonormal basis in L2(J)
and the linearity of equation (3.3) we have vor any x ∈ H that

u(t;x) = u(t;
∑
k∈N
〈x,wk〉wk) =

∑
k∈N
〈x,wk〉u(t;wk) =

∑
k∈N

e−λkt〈x,wk〉wk.



91

Since the operator A acts as −λk on the eigenspace Lin(wk) we may rewrite
u(t;x) as

u(t;x) := eAtx :=
∑
k∈N

e−λkt〈x,wk〉wk.

In addition we note that d
dζx = x′ = A

1
2x. Therefore the orthogonality of

(wk)k∈N implies for any x ∈ H that

‖x‖2 = |A 1
2x|2 = |

∑
k∈N

λ
1
2

k 〈x,wk〉wk|
2 =

∑
k∈N

λk|〈x,wk〉|2 <∞.

Remark 3.2.2. The solution operator H 3 x 7→ u(t;x) ∈ H defines a strongly
continuous semigroup on L2(0, 1) and H, called the heat semigroup. For
notational convenience we shall denote S(t) := eAt. See for instance [22, 65].

For an construction of the semigroup S starting with the problem on R instead
of J = (0, 1) by the so-called method of images we refer to section 1.3 and 1.4
of [11]. In the sequel we shall stick to this setting.

Properties of the semigroup S: The semigroup S is contracting on
L2(0, 1) and H

|S(t)x| 6 e−Λ0t|x|, x ∈ L2(0, 1) (3.4)

‖S(t)x‖ 6 e−Λ0t‖x‖, x ∈ H, (3.5)

and as a consequence the operator norm satisfies

‖S(t)‖ 6 e−Λ0t, t > 0. (3.6)

EXERCISE 3.2.3. Prove (3.4), (3.5) and (3.6) with the help of the basis
(wk)k.

The semigroup is very regularizing in the sense that between between the spaces
H ⊂ C0([0, 1])∩L∞(0, 1) ⊂ L2(0, 1) as follows. There is a constant C > 0 such
that for all t > 0

‖S(t)x‖ 6 C
e−Λ0t

t1/2
|x|, x ∈ L2(0, 1)

|S(t)x|∞ 6 C
e−Λ0t

t1/4
|x|, x ∈ L2(0, 1).

We refer to Proposition A.12 in [22].
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3.3 The deterministic Allen-Cahn equation

A) The Allen-Cahn equation: We consider following nonlinear partial
differential equation. For t > 0, x ∈ H and ζ ∈ J consider

∂
∂tu(t, ζ) = ∂2u

∂ζ2 (t, ζ) + f(u(t, ζ))

u(t, 0) = u(t, 1) = 0 Dirichlet boundary conditions

u(0, ζ;x) = x(ζ) initial value x,

(3.7)

where the non-linearity f is given for some λ > 0 by

f(r) := −λ(r3 − r), r > 0. (3.8)

B) Weak solutions: There is some freedom of choice for the space of the
initial conditions x. Our aim is the establishment of a dynamical system in H,
since formally if u ∈ H we obtain most conveniently

〈∂
2u

∂ζ2 , u〉 = −〈∂u
∂ζ
,
∂u

∂ζ
〉 = −‖u‖2.

In [65], III.1.1 it is shown via Faedo-Galerkin approximations that equation
(3.7) has a unique weak solution in the sense that

d

dt
〈u, v〉+ 〈〈u, v〉〉 − 〈f(u), v〉 = 0, for all v ∈ H ∩ L4(J).

For this prove it is used mainly the polynomial structure of the nonlinearity.
In addition it is shown there that for all x ∈ H any T > t0 > 0

u ∈ C([0, T ], H) ∩ L2((0, T ], H2(J)).

C) Mild solutions: In the sequel we shall establish mild solutions. For this
aim we note the following:

Lemma 3.3.1. For any χ > 0 we have constants K1,χ,K2,χ > 0 such that

|f(r1)− f(r2)| 6 K1,χ|r1 − r2| r1, r2 ∈ R with |r1|, |r2| 6 χ

‖f(x)− f(y)‖ 6 K2,χ‖x− y‖ x, y ∈ H with ‖x‖, ‖y‖ 6 χ.

Proof. The proof is found in [63], Chapter 5.1.1., and in [20], Lemma 2.1. The
first inequality is obvious for polynomials. We show the second inequality.
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Step 1: f is locally Lipschitz from L2(0, 1) to H. We start with x, y ∈
Bχ(0) ⊂ H ↪→ L∞(0, 1). Due to |x|∞ 6 |∇x| for all x ∈ H, we have
|x|∞, |v|∞ 6 χ. In particular for each ζ ∈ (0, 1), θ ∈ [0, 1]

|f ′(x(ζ) + θ(y(ζ)− x(ζ)))| 6 sup
y∈Bχ(0)

|f ′(y)|∞ =: K1,χ <∞, (3.9)

|f ′′(x(ζ) + θ(y(ζ)− x(ζ)))| 6 sup
y∈Bχ(0)

|f ′′(y)|∞ =: K2,χ <∞.

Hence due to the mean value theorem

|f(x)− f(y)|2L2 =

∫ 1

0

(f(x(ζ))− f(y(ζ)))2 dζ

=

∫ 1

0

∣∣( ∫ 1

0

f ′(x(ζ) + θ(y(ζ)− x(ζ))) dθ
)
(x(ζ)− y(ζ))

∣∣2 dζ

6 K2
1,χ|x− y|2L2 6 K2

1,χ‖x− y‖2.

Step 2: f is locally Lipschitz from H to H For x, y ∈ Bχ(0) ⊂ H we
may calculate

‖f(x)− f(y)‖2

= |f ′(x)x′ − f ′(y)y′|2L2

6 2|f ′(x)x′ − f ′(y)x′|2L2 + 2|f ′(y)x′ − f ′(y)y′|2L2

6 2|f ′(x)− f ′(y)|2‖x‖2 + 2|f ′(y)|2‖x− y‖2

6 2K ′
2
2,χR

2|x− y|2 + 2K2
1,χ‖x− y‖2 6 2

(
(K1,χχ)2 +K ′

2
2,χ

)
︸ ︷︷ ︸

=:Kχ,R

‖x− y‖2.

A mild solution of the Allen-Cahn equation (3.7) satisfies the following
variation of constants formula in the space H.

u(t;x) = S(t)x+

∫ t

0

S(t− s)f(u(s;x))ds.

This equation has unique and well-posed weak and mild solutions in L2(0, 1)
and H (cf. [20, 65]). The solutions are most regular for any t > 0 and x ∈
L2(0, 1), that is u(t;x) ∈ C∞(0, 1) ∩ C0[0, 1].
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3.4 The dynamics of the Allen-Cahn equation

A) Gradient structure: It is well-known that equation (3.7) enjoys the
nonnegative potential function V(x) =

∫
J

(
(∇x(ζ))2 + F (x(ζ))

)
dζ on H for

F (r) =
∫ r
r0
f(s)ds for some r0 and is rewritten as the following gradient system

∂

∂t
u(t, ζ) = −(DV)(u(t, ζ)) with u(0, ζ;x) = x(ζ) for x ∈ H.

See for instance Brassesco [11]. As a consequence, V serves as a Lyapunov
function and yields the following result (cf. [32, 34]). The level sets of V
remain bounded in H and positive invariant under the dynamical system (3.7).

Ur := {x ∈ H | V(x) 6 d(r)}, d(r) := inf{r′ > 0 | Br(0) ⊆ Ur
′
}, r > 0.

Proposition 3.4.1. Denote by P ⊆ H the set of fixed points of (3.7). Then
0 < |P| < ∞ and for any x ∈ H there exists a stationary state φ ∈ P of the
system (3.7) such that limt→∞ u(t;x) = φ.

B) Generic parameters and domains of attraction: In [14, 33] it is
shown that the dynamical system u has the Morse-Smale property, when-
ever λ 6= (2πn)2, that is there are only finitely many critical points φ ∈ H

∂2φ

∂ζ2 (ζ) + f(φ(ζ)) = 0, ζ ∈ (0, 1)

and the (unbounded) linearization of the right-hand side

ψ 7→ ∂2ψ

∂ζ2 + f ′(φ)ψ, ζ ∈ (0, 1)

has all eigenvalues different from zero. In addition, the infinite-dimensional
stable and the finite-dimensional unstable manifolds are known to intersect
transversally.
For φ ∈ P we denote the domain of attraction

D(φ) := {x ∈ H | lim
t→∞

u(t;x) = φ}.

The subset P− of all φ ∈ P such that D(φ) contains an open ball in H is
the set of stable states. For φ± ∈ P− we denote its domain of attraction
D± = D(φ±) and the separating manifold between them by S := H \

⋃
±D

±.
For λ 6= (2πn)2, n ∈ N, the Morse-Smale property implies that S is a closed
C1-manifold without boundary in H of codimension 1 separating all elements of
(D±)φ±∈P− called separatrix and containing all unstable fixed points P \P−
(cf. [59]).
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C) The dissipativity: We shall see that the solution of equation (3.7) is
uniformly absorbed in a large ball. That is, there are constants κ∗ > 0
and r∗ > 0 such that such that t > κ∗ implies that the solution satisfies
supx∈H ‖u(t;x)‖ 6 r∗.
In order to see this we have to recall the following non-linear version of Gron-
wall’s lemma.

Lemma 3.4.2. Let a : (0,∞)→ (0,∞) be a measurable and absolutely contin-
uous function satisfying

da

dt
+ γap 6 δ

for some p > 1 and δ > 0. Then for t > 0 we have

a(t) 6

(
δ

γ

)1/p

+
1

(γ(p− 1)t)1/p−1
.

Remark 3.4.3. Note that the right-hand side does not depend on a(0).

EXERCISE 3.4.4. Prove the Lemma 3.4.2.

Consider the ordinary differential equation

d

dt
u = −λ(u3 − u), u(0) = x ∈ R.

Then multiplying the equation with 1
2u we obtain

1

2
(
d

dt
u)u =

d

dt
u2 = −λ(u4 − u2) = −λ

(
(u2)2 − u2

)
.

Hence for all initial values x ∈ R such that x2 > 2 we have

d

dt
u2 = −λ(u4 − u2) 6 −λ

2
u4 + C. (3.10)

EXERCISE 3.4.5. Check inequality (3.10) and determine the constant C >
0.

Lemma 3.4.2 applied to inequality (3.10) for the values p = 2, δ = C, γ = λ
2

and a(t) = u(t)2 yields

u2(t) 6

(
2C

λ

)1/2

+
2

λt
∀ t > 0.

This argument is the core of the same argument given in the space H. This
argument can be made rigorous for u(t, x(ζ)) for Lebesgue all ζ ∈ J and hence
leads to the same result in L∞(J). Now we can use the mild solution and the
regularization from L∞(J) to H and obtain the following dissipativity result.
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Proposition 3.4.6. There exist constants κ∗, r∗ > 0 such that for all t > κ∗

and x ∈ H we have

‖u(t;x)‖ 6 r∗.

A complete proof is given in Section 4.1 of [20]. Another point of view on the
dissipativity is the following.

EXERCISE 3.4.7 (Dissipativity in finite dimensions = blow up in finite back-
ward time).

1) Solve the ordinary differential equation

du

dt
= u2, u(0) = x ∈ R

explicitly (separation of variables). What can you say about the life time
of the solution t 7→ u(t;x)?

The time reversal t 7→ −t leads to the equation

dv

dt
= −v2, v(0) = x ∈ R.

2) What does the first result imply for the convergence of the solution t 7→
v(t;x) for different initial values to the unit ball?

D) The fine dynamics justifies reduced domains of attractions: We
summarize our knowledge so far.

Dissipativity: There are a finite time κ > 0 and a radius r∗ > 0 such that
uniformly for all initial values x ∈ H the solution t 7→ u(t;x) has entered
a ball of Br∗(0) before time t = κ.

Gradient structure: Inside this ball there all finitely many but at least one
critical state. For λ > π2 there are at least three critical states, precisely
or two of them (denoted by φ+ and φ−) are stable and all the others (the
zero solution and always pairs) are unstable. The deterministic Allen-
Cahn equation is a gradient system, that is no state visited once can
be visited again, since the “energy” along the trajectory t 7→ V(u(t;x))
decreases excluding loops. The stable states φ± are the only local minima.
All other critical states are saddle points.
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The global picture of the state space: The state spaceH is divided com-
pletely into two open domains of attraction of the stable states φ+ and
φ− separated by a smooth unbounded manifold without borders of codi-
mension 1, which is the complement of the domains of attraction. While
the stable states are trivially inside the respective domains of attraction,
the unstable states all sit on the separating manifold.

The Morse-Smale property: The Allen-Cahn equation has generically the
Morse-Smale property, that is, excluding the values λ 6= (πn)2, n ∈ N all
critical points have linearizations with eigenvalues whose real parts are
zero, that is there are no purely imaginary eigenvalues. In addition, the
eigenvectors of the eigenspaces with positive real part and negative part
of the linearization linearly independent in H.

The local dynamics close to a stable state: The dynamics close (that is
in a small ball of radius δ > 0, say) to the stable state is topologically
equivalent to the dynamics of the linearization with only negative eigen-
values. Hence we encounter an exponential attraction to the stable state
with an exponential rate given by the largest negative eigenvalue of the
linearization.

Therefore we obtain the following upper bound starting in a ball of radius
δ centered in the stable state but out side a ball of radius εγ for some
ε, γ > 0 (δ > εγ) to reach the ball Bεγ (φ±). There is a constant κ′ > 0
such that for all x ∈ Bδ(φ±)\Bεγ (φ±) the condition t > κ′γ| ln(ε)| yields
that u(t;x) ∈ Bεγ (φ±).

The local dynamics close to an unstable state inside a d.o.a.: This
dynamics is a bit more subtle. As a consequence of the Morse-Smale
property, the linearization of any unstable state has exactly one eigen-
vector, which transversally points into the domain of attraction of the
stable states (in one of the domain of attraction, while by symmetry its
negative points to the opposed domain of attraction). More precisely, the
projection of the unstable eigenvector in normal direction to the separat-
ing manifold is non zero.

Starting close to an unstable state (that is in a ball of fixed radius δ > 0,
say) but inside of a domain of attraction (that is not sitting the separating
manifold) we obtain the repulsion of the solution t 7→ u(t;x) from the
unstable state in the following sense.

Let n̄ be the normal vector of the (smooth) separating manifold at an
unstable state φ and Λ∗ > 0 be the eigenvalue of the unstable eigenvector
which is inward pointing to the domain of a stable attraction.
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Starting inside the small ball Bδ(φ) but outside a small ball Bεδ(φ) ⊂
Bδ(φ) of radius εγ , ε, γ > 0 with δ > εγ we have that

‖u(t;x)− φ‖ > e
Λ∗
2 t|〈〈x− πS(x), n̄〉〉| > e

Λ∗
2 tεγ .

Hence δ > e
Λ∗
2 tεγ implies the existence of a constant κ′′ > 0 such that

for all t > κ′′γ| ln(ε)| we have that u(t;x) /∈ Bδ(φ).

Note that we are interested in the exit from a domain of attraction of a sta-
ble state D±. Taking into account the mentioned ingredients we will reduce
D± slightly to all initial values x ∈ D± such that for times t > 0 we have
dist(u(t;x),S) > εγ for arbitrarily small ε > 0. This set will be denoted
D±1 (εγ). By construction it is a subset of D± and it is positive in variant under
the solution flow, that is x ∈ D±1 (εγ) implies u(t;x) ∈ D±1 (εγ) for all times
t > 0. Its formal definition is given in Definition 3.4.9.
Now, we are in the position to sketch the following “worst case” trajectory
t 7→ u(t;x).

Global relaxation to a bounded set: Starting in some point x ∈ D±1 (εγ)
the solution enters the large ball Br∗(0)∩D±1 (εγ) in at most a time κ > 0
inside of which all critical states are found.

Traveling from ball to ball between the unstable states: We fix
once and for all a sufficiently small radius δ > 0 and consider all δ-balls
centered in the (finitely many) critical states. Now we count the times
the trajectory u(t;x) needs at most to visit the maximal amount of these
balls inside the positive invariant set D±1 (εγ).

Due to the fact that the solution operator of x 7→ u(t;x) is regularizing in
the sense that bounded sets are sent to compact sets, there is a finite time
t1(δ) until u enters the δ-ball around the “first” unstable state. By our
discussion of the local dynamics of close to unstable states u leaves this
ball in at least time κ′γ| ln(ε)| but staying inside the positive invariant
(reduced) domain of attraction D±1 (εγ).

There exists a uniform time t2(δ) until u enters the “second” ball of radius
δ around the another unstable state. This ball is left before another time
κ′γ| ln(ε)| again staying inside the positive invariant (reduced) domain of
attraction D±1 (εγ).

However, this procedure can be repeated only finitely many times since
there are only finitely many unstable states. Hence we take the maximum
of the “local” constants t2(δ) and κ′. In addition, having a gradient sys-
tem prevents that the solution “returns” to a previously visited unstable
state.
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Travel between the “last” unstable state to the stable state: Finally
there is an absolute time t3(δ) that u travels from any of the balls of ra-
dius δ around the unstable states to the δ-ball around the stable state of
the respective domain of attraction.

Local convergence to the stable state: Having reached the δ-ball around
the stable state φ± we need a time at most κ′′γ| ln(ε)| until reach a ball
of εγ around the stable state.

Remark 3.4.8. Summing up the upper bounds of the time we obtain the fol-
lowing. Let m = |P| then for x ∈ D±(εγ) we obtain the rather crude but
qualitatively correct (with respect to its logarithmic growth for small ε) bound
that

t > κ+ t1(δ) +m(t2 + κ′γ| ln(ε)|) + t3 + κ′′γ| ln(ε)|

implies that u(t;x) ∈ Bεγ (φ±). All the previous heuristics can be made rigorous
via the rather technical construction of the stable and the unstable manifold. For
the proofs we refer to Chapter 2 in [20].

Definition 3.4.9. Define for δ1 > 0

D±1 (δ1) := {x ∈ D± |
⋃
t>0

Bδ1(u(t;x)) ⊆ D±}. (3.11)

In finite dimensions, where the dynamical system t 7→ u(t;x) also exists for
negative times, these reductions have a much more natural shape, see Appendix
in [36].

In the light of Remark 3.4.8 we obtain the following result.

Proposition 3.4.10. For any generic choice of f such that (3.7) is Morse
Smale there exist constants κ0, κ1 > 0 (depending only on f) which satisfy the
following. For any monotonically growing function γ· : (0, 1] → (0, 1) with
limε→0 γε = 0 there is a constant ε0 ∈ (0, 1] such that for each ε ∈ (0, ε0] the
conditions t > κ0 + κ1| ln γε| and x ∈ D±1 (γε) imply ‖u(t;x)− φ±‖ < 1

4γε.

E) Further reduction of the domains of attraction: We have seen that
in order to capture the main dynamics of u and steer clear for all times from
sticky unstable fixed point it is appropriate to introduce the reduced domain
of attraction D±1 (δ1).

In order to account also for small perturbations of u we introduce the following
nested further reduced domains of attraction with positive invariance proper-
ties. For perturbations ψ ∈ D ∩ L∞([0,∞), H) and x ∈ H we consider the
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unique càdlàg mild solution vψ of the equation
∂vψ
∂t

(t, ζ) =
∂2vψ
∂ζ2 (t, ζ) + f(vψ(t, ζ) + ψ(t, ζ)) for t > 0, ζ ∈ (0, 1)

vψ(t, 0) = vψ(t, 1) = 0 Dirichlet b. c.

vψ(0, ζ) = x(ζ) initial condition x.

(3.12)
We define for δi > 0, i = 1, . . . , 4 and χ > 0 sufficiently large the following
reductions of D± (and D±1 (δ1)):

D±1 (δ1, χ) := {x ∈ D± |
⋃
t>0

Bδ1(u(t;x)) ⊆ D± ∩ Uχ},

D±2 (δ1, δ2, χ) := {x ∈ D±1 (δ1, χ) | ∀ ψ ∈ D([0,∞), H) with sup
t>0
‖ψ(t)‖ 6 δ2 :⋃

t>0

Bδ2(vψ(t;x)) ⊆ D±1 (δ1, χ) },

D±3 (δ1, δ2, δ3, χ) := {x ∈ D±2 (δ1, δ2, χ) | for all ψ ∈ D([0,∞), H)

with sup
t>0
‖ψ(t)‖ 6 δ3 :

⋃
t>0

Bδ3(vψ(t;x)) ⊆ D±2 (δ1, δ2, χ) },

D±4 (δ1, δ2, δ3, δ4, χ) := {x ∈ D±3 (δ1, δ2, δ3, χ) | v ∈ Bδ4(x) ∈ D±3 (δ1, δ2, δ3, χ) }.
(3.13)

The reduced domains of attractions are nested by construction and for all
δ ∈ (0, 1) we have D± =

⋃
δ∈(0,1]D

±
3 (δ, δ, δ, δ) (cf. [19]). For any δ0 ∈ (0, 1] such

that φ± ∈ D±(δ0) and δ ∈ (0, δ0] we have the positive invariance of the reduced
domains of attraction under the dynamical system (3.7). For convenience we
set D±2 (δ) := D±2 (δ, δ), D±3 (δ) := D±3 (δ, δ, δ) and D±4 (δ) analogously.
These properties are shown in [19] Chapter 2.

EXERCISE 3.4.11 (Properties of the associated scalar system). We study
for a parameter λ > 0 the ordinary differential equation

du

dt
= −λ(u3 − u), u(0) = x ∈ R.

1) What can you say about existence and uniqueness of the solution t 7→
u(t;x)?

2) Calculate the stationary states and determine its stability.

3) Calculate a lower bound κ0 such that t > κ0 implies for any x ∈ R that
u(t;x) ∈ B2(0).
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4) What can you say about the role of the parameter λ > 0?

5) Consider a stable state φ of the previous system. Consider 0 < ε < δ for
δ < 1

10 , say. Compare the original system to the linearized system and
calculate a lower bound κ > 0 such that t > κ and x ∈ Bδ(φ) implies
u(t;x) ∈ Bε(φ). How does that constant grow in terms of ε?
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Chapter 4

The Allen-Cahn equation
perturbed by additive pure
jump Lévy noise

4.1 The stochastic convolution

Given a filtered probability space Ω = (Ω,A,P, (Ft)t>0) satisfying the usual
conditions in the sense of Protter [57] let L = (L(t))t>0 be a càdlàg version of a
pure jump Lévy process in (H,B(H)), that is the characteristic triplet satisfies
b = 0 and Q = 0 and 0 6= ν ∈M0(H). By the Lévy-Itô decomposition given in
Theorem 2.3.12 we have seen that there exists an associated Poisson random
measure N on Ω such that

L(t) =

∫ t

0

∫
‖z‖61

zÑ(ds, dz) +

∫ t

0

∫
‖z‖>1

zN(ds, dz), P− a.s. for all t > 0.

(4.1)

The stochastic convolution w.r.t. the square-integrable martingale
part of (4.1): We denote the first term of L(t) by L̃(t) and consider the
linear equation

dX(t) =
∂2

∂ζ2
X(t)dt+ εd̃L(t), X(0) = x ∈ H. (4.2)

Theorem 4.1.1. The stochastic differential equation (4.2) has a unique mild

103
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solution satisfying

X̃(t) = S(t)x+

∫ t

0

∫
‖z‖61

S(t− s)εzÑ(ds, dz), P− a.s. t > 0, (4.3)

where S is the heat semigroup given in Section 3.2. In addition, the property
(3.6) implies that the process X̃ has a càdlàg version in H. The transition

probabilities of the process X̃ define a Feller family and imply the strong Markov
property in H w.r.t. the enhanced natural filtration (Ft)t>0. That is for any
bounded continuous function f : H → R and any (Ft)t>0-stopping times σ 6 τ
P-a.s. we have

E
[
f(X̃(τ)) | Fσ

]
= E

[
f(X̃(τ)) | X(σ)

]
, s 6 t,P− a.s.

The interlacing of the compound Poisson part of (4.1): Note that

the second term, which we will denote by η in (4.1) ηt :=
∫ t

0

∫
‖z‖>1

zN(ds, dz)

is a compound Poisson process, that is we know

ηt =

∞∑
k=1

Wk1{t1 + · · ·+ tk < t}

for an i.i.d. family (Wk)k∈N of random vectors with distribution
ν(·∩Bc1(0))
ν(Bc1(0)) and

(tk)k∈N the i.i.d. family of waiting times between the jumps with distribution
Expν(Bc1(0)). Then the solution of

dX(t) =
∂2

∂ζ2
X(t)dt+ εdL(t), X(0) = x ∈ H. (4.4)

is constructed as follows. Set the arrival times Ti := t1 + · · ·+ ti.

• On [0, T1) we have X(t) = X̃(t) = X̃1(t) that is it follows the dynamic
by (4.2).

• At the moment t = T1 we set X(T1) = X̃1(T1) +W1.

• On (T1, T2), the system starts in X(T1) evolves according to the dynamics
in (4.2) however, with respect to the noise Lt+T1 − LT1 . We denote this

process by X̃2.

• At the moment t = T2 we set X(T2) = X̃2
T2

+W2

• On (T1, T2), the system starts in X(T2) evolves according to the dynamics
in (4.2) however, with respect to the noise Lt+T2 − LT2 . We denote this

process by X̃3.
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• At the moment t = T3 we set X(T3) = X̃3
T3

+W3

• etc.

Remark 4.1.2. Since the processes L̃ and η are independent, the strong Markov
property and the càdlàg property remain untouched.

An estimate of the stochastic Lévy convolution: In the spirit of the
inequality by Siorpaez [62] there are path-by-path estimates of the stochastic
convolution (4.3) given recently by Salavati and Zangeneh in Theorem 6 of [64].

Theorem 4.1.3 (Salavati and Zangeneh). Fix ρ > 0 and let L = (Lt)t>0 be
the H-valued càdlàg version of a Lévy process given by

Lt =

∫ t

0

∫
|z|6ρ

zÑ(ds, dz).

Under the previous assumptions on S and H we denote the process

X(t) = S(t)x+

∫ t

0

∫
‖z‖6ρ

S(t− s)zÑ(ds, dz), P− a.s. t > 0. (4.5)

Then we have P-a.s. for all t > 0

‖X(t)‖2 6 e−2Λ0t‖x‖2 + 2

∫ t

0

∫
‖z‖6ρ

e−2Λ0(t−s)〈〈Xs−, z〉〉Ñ(ds, dz)

+

∫ t

0

∫
‖z‖6ρ

e−2Λ0‖z‖2N(ds, dz).

4.2 The solution of the stochastic reaction dif-
fusion equation

Given a filtered probability space Ω = (Ω,A,P, (Ft)t>0) satisfying the usual
conditions in the sense of Protter [57] let L = (L(t))t>0 be a càdlàg version of
a pure jump Lévy process in (H,B(H)).
Consider the formal stochastic reaction diffusion equation for t > 0, x ∈ H, ζ ∈
J and ε ∈ (0, 1]

dXε(t, ζ) =
( ∂2

∂ζ2
Xε(t, ζ) + f(Xε(t, ζ))

)
dt+ εdL(t, ζ))

with Xε(t, 0) = Xε(t, 1) = 0 and Xε(0, ζ) = x(ζ),

(4.6)
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in the sense that

dL(t, ζ) =

∫
|z|61

z(ζ))Ñ(dtdz) +

∫
|z|>1

z(ζ)N(dtdz).

Proposition 4.2.1. Then for any mean zero càdlàg L2(P;H)-martingale ξ =
(ξ(t))t>0, T > 0, and initial value x ∈ H equation (4.6) driven by εdξ instead of
εdL has a unique càdlàg mild solution (Y ε(t;x))t∈[0,T ]. The transition kernels
of the solution process Y ε induce a homogeneous Markov family satisfying the
Feller property and hence the strong Markov property.

The proof relies on the local Lipschitz continuity of f : H → H. A proof for
dissipative polynomials f is given in [58], Chapter 10, and for Allen-Cahn in
[19]. By interlacing of large jumps this notion of solution is extended to the
heavy-tailed process L.

Corollary 4.2.2. For x ∈ H equation (4.6) has a global càdlàg mild solution
(Xε(t;x))t>0, which satisfies the strong Markov property.
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Chapter 5

The specific hypotheses and
the main results

5.1 The asymptotic first exit problem

The main object of study: For γ, ε ∈ (0, 1] and χ > 0 sufficiently large,
x ∈ D±2 (εγ , χ) and the càdlàg mild solution (Xε(t;x))t>0 of (4.6) we define the
first exit time from the reduced domain of attraction D±2 (εγ , χ)

τ±x (ε) := inf{t > 0 | Xε(t;x) /∈ D±2 (εγ , χ)}.

Specific Hypotheses:

(D) The function f satisfies λ 6= (πn)2 and λ > π2.

(S.1) The Lévy measure ν ∈ M0(H) is regularly varying with index −α, α >
0 and limit measure µ ∈ M0(H). We denote h the regularly varying
function h(r) = r−α`(r) such that

lim
r→∞

ν(rBc1(0))

h(r)
= µ(Bc1(0)).

We refer to Subsection 1.2.5 for further explanations.

The limit measure of relevant increments: We define the set of es-
sential increment vectors z ∈ H sending x ∈ H to the set U ∈ B(H)
as

J U (x) := {z ∈ H | x+ z ∈ U}, x ∈ H,
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and the asymptotic essential increment measure

m±(A) := µ(J A(φ±)) for A ∈ B(H) with 0 /∈ Ā

and

hε := h(
1

ε
) for ε ∈ (0, 1].

We further assume the joint non-degeneracy of µ and the dynamical system.

(S.2) For all φ± ∈ P− we have m±((D±)c) > 0.

(S.3) For all φ± ∈ P− and η > 0 there are δ, χ > 0 such that

m±(H \ (D+
4 (δ, χ) ∪D−4 (δ, χ)) < η.

We define the characteristic exit rate λ±ε of system (4.6) from D± by

λ±ε := ν
(1

ε
J (D±)c(φ±)

)
, ε ∈ (0, 1]. (5.1)

Then (S.1) implies
λ±ε
hε

=
λ±ε

εα`( 1
ε )

ε→0+−→ m±((D±)c).

The exit time result: The main exit time result theorem reads as follows.

Theorem 5.1.1. Let Hypotheses (D) and (S.1-3) be satisfied. Then there is
a EXP(1)-distributed family of random variables (s±(ε))ε∈(0,1] on Ω satisfying
the following. For any C > 0 and θ ∈ (0, 1) there are χ > 0 and ε0, γ ∈ (0, 1]
such that ε ∈ (0, ε0] implies

sup
x∈D±3 (εγ ,χ)

E
[
eθ|λ

±
ε τ
±
x (ε,χ)−s±(ε)|

]
6 1 + C.

As a consequence, we have the convergence of all moments

lim
ε→0

sup
x∈D±3 (εγ ,χ)

E[|λ±ε τ±x (ε, χ)|n] ∈ [n!− C, n! + C]

and the following polynomial behavior

sup
x∈D±3 (εγ ,χ)

E
[
τ±x (ε, χ)

]
∈ [

1− C
λ±ε

,
1 + C

λ±ε
]

⊆ [
1− 2C

εα`( 1
ε )m±((D±)c)

,
1 + 2C

εα`( 1
ε )m±((D±)c)

].

The supremum in the previous expressions can be changed to the infimum.

In terms of [10] the memorylessness of s(ε) describes the “unpredictability” of
the exit times with a “polynomial” loss of memory as opposed to a Gaussian
“exponential” loss of memory.
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The flow decomposition: For the statement of the main result about the
exit loci we write ∆tL := L(t) − L(t−), t > 0 for L given as the pure jump
Lévy process in Section 4.2 and (S.1). For ρ ∈ (0, 1) and ε ∈ (0, 1] we construct
large jump times of L by

T0(ε) := 0, Tk(ε) := inf
{
t > Tk−1(ε)

∣∣ ‖∆tL‖ > ε−ρ
}
, k > 1, (5.2)

and large jump increments byWk(ε) := ∆Tk(ε)L, k ∈ N. The family (Wk(ε))k∈N
is i.i.d. with

P(εWk ∈ A) =
ν(A ∩Bc

ε−ρ(0))

ν(Bc
ε−ρ(0))

, where βε := ν(Bc
ε−ρ(0))

behaves as
βε

(ρε)−α`(ρε)

ε→0+−→ m±(Bc
1(0)).

The exit locus result:

Theorem 5.1.2. Let Hypotheses (D) and (S.1-3) be satisfied. Then there is

a family of random variables (k∗(ε))ε∈(0,1] on Ω with k∗(ε) being GEO(
λ±ε
βε

)
distributed and satisfying the following. For any C > 0 and 0 < p < α there
are χ > 0 and γ, ρ, ε0 ∈ (0, 1] such that ε ∈ (0, ε0] implies

sup
x∈D±3 (εγ ,χ)

E
[
‖Xε(τ±x (ε, χ);x)− (φ± + εWk∗(ε))‖p

]
6 C

and in particular for any U ∈ B(H) with m±(U) > 0 and m±(∂U) = 0 we
have

sup
x∈D±3 (εγ ,χ)

∣∣∣P(Xε(τ±(ε, χ);x) ∈ A)− m±(A ∩ (D±)c)

m±((D±)c)

∣∣∣ 6 C.

The second result follows from the first one since limε→0 P(εWk∗(ε)(ε) ∈ A) =
µ(A∩(D±)c)
µ((D±)c) for any A ∈ B(H). In fact we will only prove in the first result the

convergence in probability. In order to infer convergence in Lp, p ∈ (0, α) it is
only necessary to prove uniform integrability. This is carried out in the more
general setting of multiplicative noise in [35].

5.2 Understanding the models of the exit times
and exit loci

We now construct on (Ω,A,P) the random variables (s±(ε))ε∈(0,1] of Theorem
5.1.1 and (k∗(ε))ε∈(0,1] of Theorem 5.1.2.
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Definition 5.2.1. For given scales ρ· and γ· in (6.1), B�j (ε) := {εWj ∈
J (D±)c(φ±)} and the arrival times Tk of Wk given in (6.2) we define

s±(ε) :=

∞∑
k=1

Tk

k−1∏
j=1

(1− 1(B�j ))1(B�k), ε ∈ (0, 1],

and

k∗(ε) :=

∞∑
k=1

(k − 1)

k−1∏
j=1

(1− 1(B�j ))1(B�k).

Lemma 5.2.2. For given scale ρ· in (6.1) the random variables s±(ε) is ex-
ponentially distributed with rate λ±ε and any of the random variables k∗(ε) is

geometrically distributed with rate P(B�) =
λ±ε
βε

. In particular s̄±(ε) := λ±ε s
±(ε)

is exponentially distributed with rate 1.

Proof. Since the family (Wk)k∈N is i.i.d. and B�k = {εWk ∈ (D±)} we have

that k∗(ε) is geometrically distributed by construction with rate P(B�) =
λ±ε
βε

.

Let θ > 0. We calculate the Laplace transform of s±(ε)

E
[
e−θs

±(ε)
]

= E
[
e−θ

∑∞
k=1 Tk

∏k−1
j=1 (1−1(B�j ))1(B�k)

]
= E

[ ∞∏
k=1

e−θTk
∏k−1
j=1 (1−1(B�j ))1(B�k)

]

=

∞∑
k=1

E

e−θTk k−1∏
j=1

(1− 1(B�j ))1(B�k)


=

∞∑
k=1

E

k−1∏
j=1

e−θtj (1− 1(B�j ))e−θtk1(B�k)

 .

Exploiting the independence of (Wk)k∈N and (Tk)k∈N as well as the stationarity
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of (Wk)k∈N each summand takes the form

E

k−1∏
j=1

e−θtj (1− 1(B�j ))e−θtk1(B�k)


=

k−1∏
j=1

E
[
e−θtj (1− 1(B�j ))

]
E
[
e−θtk1(B�k)

]
=
(
E
[
e−θt1

]
(1− P(B�1))

)k−1 E
[
e−θt1

]
P(B�1)

=

(
βε

θ + βε
(1− λ±ε

βε
)

)k−1
βε

θ + βε

λ±ε
βε
.

Finally we conclude

E
[
e−θs

±(ε)
]

=

∞∑
k=1

(
βε

θ + βε
(1− λ±ε

βε
)

)k−1
βε

θ + βε

λ±ε
βε

=
βε

θ + βε

λ±ε
βε

1

1− βε
θ+βε

(1− λ±ε
βε

)
=

λ±ε
βε

1
θ+βε
βε
− (1− λ±(ε)

βε
)

=
λ±ε

θ + λ±ε
= ̂EXP(λε)(θ).
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Chapter 6

Deviations of the small
noise solution

This section is devoted to a large deviations type estimate for the stochastic
convolution on the time scale of the waiting time between consecutive large
jumps [Ti, Ti+1). Due to the strong Markov property it turns out that it is
sufficient to treat the time interval [0, T1). In this section we quantify the fact,
that in the time interval strictly between two adjacent large jumps the solution
of (4.6) is perturbed by only the small noise component and deviates from the
solution of the deterministic equation by only a small ε-dependent quantity,
with probability converging to 1 exponentially in the small noise limit ε→ 0.

Time scales: For the correct understanding of the role of the different scales
we should avoid cancelations and therefore formulate and prove our results for
the following abstract scale functions

ρ· : (0, 1]→ [1,∞), lim
ε→0+

ρε =∞, lim
ε→0+

ερε = 0

γ· : (0, 1]→ (0, 1], lim
ε→0+

γε = 0+

T · : (0, 1]→ [1,∞), lim
ε→0+

T ε =∞.

(6.1)

before choosing them numerically in Proposition 6.2.1. We assume that all
expressions appearing in (6.1) are monotonic.

In this section we shall use the language of Poisson random measures introduced
in Section 2.3.
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The flow decomposition of L: We recall the following notation for the
abstract scales of (6.1)

T0 := 0, Tk := inf
{
t > Tk−1

∣∣ ‖∆tL‖ > ρε
}
, Wk := ∆TkL, k > 1. (6.2)

We define the compound Poisson ηε process of L which consists only of large
jumps with intensity βε := ν

(
Bc
ρε(0)

)
and the jump probability measure by

P(Wk ∈ A) = ν(A ∩Bc
ρε(0))/βε, in other words

ηεt :=

∫ t

0

∫
‖z‖>ρε

zN(ds, dz) =

∞∑
k=1

Wk1{Tk<t}, t > 0,

The complementary small jumps process ξε := L− ηε has the following shape

ξεt =

∫ t

0

∫
‖z‖61

zÑ(ds, dz) +

∫ t

0

∫
1<‖z‖6ρε

zN(ds, dz)

=

∫ t

0

∫
‖z‖6ρε

zÑ(ds, dz) +

∫ t

0

∫
1<‖z‖6ρε

zν(dz)ds.

Due to its uniformly bounded jump size the process ξε has exponential moments
for any ε ∈ (0, 1] and ξε − t

∫
1<‖z‖6ρε zν(dz) is a mean zero F-martingale in

H.
The i.i.d. family of EXP(βε)-distributed waiting times between successive large
jumps of ηεt is given by t0 = 0 and tk := Tk − Tk−1, for k > 1. Denote by
the process L between the waiting times ξε,k(t) := Lt+Tk−1

− LTk−1
for t ∈

[0, tk). In particular, the i.i.d. families (tk)k∈N, (Wk)k∈N, (ξε,k(t))t∈[0,tk),k∈N
are independent.

The small jumps solution before the first large jump T1: Denote for
ε ∈ (0, 1], y ∈ H, t > 0 and ζ ∈ J by Y ε the mild solution of

dY ε(t, ζ) =
(
∂2Y ε

∂ζ2 (t, ζ) + f(Y ε(t, ζ))
)
dt+ εdξε(t, ζ) t > 0, ζ ∈ (0, 1)

Y ε(t, 0; y) = Y ε(t, 1; y) = 0 Dirichlet b.c.

Y ε(0, ζ; y) = y(ζ) initial value y ∈ H.
(6.3)

In the following two subsections we derive all results on the stochastic convo-
lution w.r.t. to ξε up to the hitting time of Y ε leaving a large ball. We shall
get rid of that artificial time horizon in the proof of Proposition 6.2.3 showing
that the process Y ε at time σ is inside the large ball on the event of small noise
convolution. For χ > 0, ε ∈ (0, 1] and y ∈ D±2 (γε, χ) set

σ1 := σ1
χ,y(ε) := inf{t > 0 | Y ε(t; y) /∈ Uχ}. (6.4)
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6.1 Exponential estimate of a stochastic convo-
lution with bounded jumps

In this subsection we show that on a time interval [0, T ε], T ε ↗ ∞, ε ↘ 0,
the stochastic convolution with respect to εdξε(s) is very small (i.e. of order
6 γqε for some q > 1) with exponential probability in terms of γε tending to 1
as long as Y ε and the stochastic convolution remain inside the sublevel set Uχ
containting a (large) ball of radius χ > 0.

The stochastic small noise convolution: For the solution Y ε of (6.3)
with y ∈ D±2 (γε, χ) we consider the stochastic convolution process

Ψε
t :=

∫ t

0

S(t− s)d
(
εξε(s)

)
=

∫ t

0

∫
0<‖z‖6ρε

S(t− s)εzÑ(ds, dz) +

∫ t

0

∫
1<‖z‖6ρε

S(t− s)εzν(dz)ds

=: Ψ̃ε
t + bεt .

The process (Ψε
t )t>0 is a F-adapted càdlàg process. For χ > 0, ε ∈ (0, 1] and

y ∈ D±2 (γε, χ) set

σ2 := σ2
χ(ε) := inf{t > 0 | Ψε

t /∈ Uχ} and σ := σ1 ∧ σ2. (6.5)

Proposition 6.1.1. Let the Hypotheses (D) and (S.1-3) be satisfied. The
functions ρ·, γ· and T · given by (6.1) satisfy for some q > 1 the limit relation

lim
ε→0

Γ(ε) = 0, where Γ(ε) :=
ερε

γ4q+3
ε

T ε is monotonic . (6.6)

Then there are χ > 0 and ε0 ∈ (0, 1] such that ε ∈ (0, ε0] implies

P( sup
s∈[0,σ∧T ε]

‖Ψε
s‖ > γqε ) 6 exp(−(5γε)

−1). (6.7)

Proof. The plan of the proof is as follows. First we get rid of the drift bε (Step

0). In order to control Ψ̃ε we start with the exponential Kolmogorov inequality
where we introduce the free parameters λ and c. We estimate the stochastic
convolution by a result of Salavati and Zangeneh and derive an exponential
version of the Burkholder-Davis-Gundy inequality (Step 1). Then we optimize
over the free parameters and use the Campbell representation of the Laplace
transform of the quadratic variation of Poisson random integrals and a Camp-
bell type estimate given in Lemma 6.1.2. This allows for a comparison principle
for the characteristic exponent of Ψε (Step 2) and allows to conclude (Step 3).
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Step 0: Drift estimate. We show there are χ > 0 and ε0 ∈ (0, 1] such that
ε ∈ (0, ε0] implies

‖bεσ∧T ε‖ <
1

2
γqε .

The triangular inequality and the norm estimate of the heat semigroup S yield

‖bεσ∧T ε‖ 6 ‖
∫ σ∧T ε

0

∫
16‖z‖6ρε

S(σ ∧ T ε − s)εzν(dz)ds‖

6
∫ σ∧T ε

0

∫
16‖z‖6ρε

‖S(σ ∧ T ε − s)εz‖ν(dz)ds

6
∫ σ∧T ε

0

∫
16‖z‖6ρε

e−Λ0(σ∧T ε−s)‖εz‖ν(dz)ds

= ε

∫ σ∧T ε

0

e−Λ0(σ∧T ε−s)ds

∫
16‖z‖6ρε

‖z‖ν(dz)

6
ν(Bc

1(0))

Λ0

ερε

γε
6 C0

ερε

γε
.

Note that the right side is independent of the size of σ. We assume C0 > 1
without loss of generality. The limit (6.6) implies the existence of a constant
ε0 ∈ (0, 1] such that for ε ∈ (0, ε0] we have ερε 6 C1

2C0
γ3
ε 6 C1

2 γ
2
ε and hence

satisfies the claim.

We start the proof of main estimate.

Step 1: Exponential estimate of the stochastic convolution: For ε0

of Step 0 and ε ∈ (0, ε0] we have

P( sup
t6σ∧T ε

‖Ψε
t‖ > γqε ) 6 P( sup

t6σ∧T ε
‖Ψ̃ε

t‖ >
1

2
γqε ) + P(‖bεσ‖ >

1

2
γqε )

= P( sup
t6σ∧T ε

‖Ψ̃ε
t‖ >

1

2
γqε ).

Kolmogorov’s exponential inequality yields for the free parameter λ > 0

P( sup
t6σ∧T ε

‖Ψ̃ε,y
t ‖ >

1

2
γqε ) = P(λ sup

t6σ∧T ε
‖Ψ̃ε,y

t ‖2 > λ
1

4
γ2q
ε )

6 exp(−λ1

4
γ2q
ε )E

[
exp(λ sup

t6σ∧T ε
‖Ψ̃ε,y

t ‖2)
]
. (6.8)

Note that (M
(1)
t )t∧σ defined as M

(1)
t := εξεt =

∫ t
0

∫
0<‖z‖6ρε εzÑ(ds, dz) is a

F-martingale. The pathwise estimate of the stochastic convolution shown by
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Salavati and Zangeneh in Theorem 6 of [64] yields the P-a.s. inequality (Ψ̃ε
0 = 0)

for any n ∈ N and t > 0 with multiplicative integrand

‖Ψ̃ε
t‖2n =

(
‖Ψ̃ε

t‖2
)n

6

(
2

∫ t

0

e−2Λ0(t−s)〈〈Ψ̃ε
s−, dM

(1)
s 〉〉

+
∑

06s6t

e−2Λ0(t−s)(‖Ψ̃ε
s‖2 − ‖Ψ̃ε

s−‖2 − 2〈〈Ψ̃ε
s−,∆sM

(1)〉〉
))n

= e−2nΛ0t

(
2

∫ t

0

∫
‖z‖6ρε

e2Λ0s〈〈Ψ̃ε
s−, εz〉〉Ñ(ds, dz)

+

∫ t

0

∫
‖z‖6ρε

e2Λ0s‖εz‖2N(ds, dz)

)n
=: e−2nΛ0t

(
M

(2)
t +M

(3)
t

)n
.

Therefore we obtain

sup
t∈[0,σ∧T ε]

‖Ψ̃ε
t‖2n 6 e−2nΛ0(σ∧T ε)

(
sup

t∈[0,σ∧T ε]
|M (2)

t |+ sup
t∈[0,σ∧T ε]

|M (3)
t |
)n

= e−2nΛ0(σ∧T ε)
(

sup
t∈[0,σ∧T ε]

|M (2)
t |+M

(3)
σ∧T ε

)n
.

Using the pathwise Burkholder-Davis-Gundy inequality by Siorpaes [62] we

continue for Hs := M
(2)
s /

(√
[M (2)]s + supr∈[0,s](M

(2)
r )2

)−1
, s > 0 (which sat-

isfies P-a.s. |Hs| 6 1) the inequality(
sup

t∈[0,σ∧T ε]
|M (2)

t |+M
(3)
σ∧T ε

)n
6

(
6
√

[M (2)]σ∧T ε −
∫ σ∧T ε

0

Hs−dM
(2)
s +M

(3)
σ∧T ε

)n
and furthermore

E
[

sup
t∈[0,σ∧T ε]

‖Ψ̃ε
t‖2n

]
6 E

[
e−2nΛ0(σ∧T ε)

(
6
√

[M (2)]σ∧T ε −
∫ σ∧T ε

0

Hs−dM
(2)
s +M

(3)
σ∧T ε

)n]
.

We continue the estimate of the exponential factor on the right side of (6.8).
With the help of the monotone convergence theorem and the elementary esti-
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mate abcd 6 1
4 (a4 + b4 + c4 + d4) we obtain

E
[

exp(λ sup
t6σ∧T ε

‖Ψ̃ε
t‖2)

]
= E

[ ∞∑
n=0

λn

n!
sup

t6σ∧T ε
‖Ψ̃ε

t‖2n
]

=

∞∑
n=0

λn

n!
E
[

sup
t6σ∧T ε

‖Ψ̃ε
t‖2n

]
6
∞∑
n=0

E
[
λn

n!
e−2nΛ0(σ∧T ε)

(
6
√

[M (2)]σ∧T ε −
∫ σ∧T ε

0

Hs−dM
(2)
s +M

(3)
σ∧T ε

)n]
= E

[
exp

(
λe−2Λ0(σ∧T ε)

(
6
√

[M (2)]σ∧T ε −
∫ σ∧T ε

0

Hs−dM
(2)
s +M

(3)
σ∧T ε

))]
6 E

[
exp

((3λ

c2
e−4Λ0(σ∧T ε)[M (2)]σ∧T ε

)
+ 3λc2

− λe−2Λ0(σ∧T ε)
(∫ σ∧T ε

0

Hs−dM
(2)
s − e−2Λ0(σ∧T ε)M

(3)
σ∧T ε

))]
6

1

4
E
[

exp
(12λ

c2
e−4Λ0(σ∧T ε)[M (2)]σ∧T ε

)]
+

1

4
exp

(
12λc2

)
+

1

4
E
[

exp
(
− 4λe−2Λ0(σ∧T ε)

∫ σ∧T ε

0

Hs−dM
(2)
s

)]
+

1

4
E
[

exp
(

4λe−4Λ0(σ∧T ε)M
(3)
σ∧T ε

)]
=: J1(ε) + J2(ε) + J3(ε) + J4(ε).

Step 2: Campbell’s formula and Optimization over the free parame-
ters. The idea is now to choose the free parameters λ and c as ε-dependent
functions λε := 1

γ2q+1
ε

and cε = γq+1
ε such that on the right side of (6.8) the

term structure we obtain reads

exp(−λε
1

4
γ2q
ε )
(
J1(ε) + J2(ε) + J3(ε) + J4(ε)

)
,

from which we extract the desired estimate. Note that

exp(−λε
1

4
γ2q
ε ) = exp(−1

4

1

γε
)

which gives the desired convergence in ε as long as the terms Ji(ε) remain
uniformly bounded. We estimate the terms J1 − J4 one by one.
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J1: Note that P-a.s. we have

[M (2)]σ∧T ε =
[
2

∫ ·
0

∫
‖z‖6ρε

e2Λ0s
(
〈〈Ψ̃ε

s−, εz〉〉
)
Ñ(ds, dz)

]
σ∧T ε

= 4

∫ σ∧T ε

0

∫
‖z‖6ρε

e4Λ0s
(
〈〈Ψ̃ε

s−, εz〉〉
)2

N(ds, dz)

6 C1

∫ σ∧T ε

0

∫
‖z‖6ρε

e4Λ0s‖Ψ̃ε
s−‖2‖εz‖2N(ds, dz)

6 C2

∫ T ε

0

∫
‖z‖6ρε

e4Λ0s‖εz‖2N(ds, dz).

Campbell’s formula for Poisson random measures yields

E
[

exp
(λε
c2ε
e−4Λ0(σ∧T ε)12[M (2)]σ∧T ε

)]
6 E

[
exp

( C3

γ4q+3
ε

∫ σ∧T ε

0

∫
‖z‖6ρε

e4Λ0(s−σ∧T ε)‖εz‖2N(ds, dz)
)]

6 E
[

exp
( C3

γ4q+3
ε

∫ T ε

0

∫
‖z‖6ρε

‖εz‖2N(ds, dz)
)]

= E
[

exp
(
T ε
∫
‖z‖6ρε

(
exp

(C3‖εz‖2

γ4q+3
ε

)
− 1
)
ν(dz)ds

)]
.

The limit (6.6) implies then

sup
s∈[0,σ∧T ε]

sup
‖z‖6ρε

‖εz‖2

γ4q+3
ε

6
(ερε)2

γ4q+3
ε

−→ 0, as ε→ 0.

Hence for ε0 ∈ (0, 1] such that ε ∈ (0, ε0] implies (ερε)2

γ4q+3
ε

6 1 and ρε >∫
‖z‖61

‖z‖2ν(dz)/ν(Bc
1(0)) using the estimate (er−1) 6 (e−1)r for all r ∈ [0, 1]
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we obtain

E
[

exp
(
T ε
∫
‖z‖6ρε

(
exp

(C3‖εz‖2

γ4q+3
ε

)
− 1
)
ν(dz)ds

)]
6 E

[
exp

(
(e− 1)T ε

∫
‖z‖6ρε

C3‖εz‖2

γ4q+3
ε

ν(dz)
)]

6 E
[

exp
(
C3(e− 1)T ε

ε2

γ4q+3
ε

∫
‖z‖6ρε

‖z‖2ν(dz)
)]

6 E
[

exp
(
C3(e− 1)

ε2T ε

γ4q+3
ε

(∫
‖z‖61

‖z‖2ν(dz) + ρεν(Bc
1(0))

))]
6 exp

(
2C3C4

(ερε)2T ε

γ4q+3
ε

)
= exp

(
2C3C4Γ(ε)

)
for C4 =

∫
‖z‖61

‖z‖2ν(dz) + ν(Bc
1(0)). The limit (6.6) yields the result. Note

that the right-hand side is estimated only by monotonicity. We have thus
obtained for ε ∈ (0, ε0]

exp(−λε
1

4
γ2q
ε )J1(ε) 6 exp(− 1

γε

1

4
)J1(ε)

6
1

4
exp(− 1

γε

1

4
+ Γ(ε)) 6

1

4
exp(− 1

γε

1

5
).

J2: Trivially, there is ε0 ∈ (0, 1] such that for ε ∈ (0, ε0] we have

exp(−λε
1

4
γ2q
ε )J2(ε) 6

1

4
exp(− 1

γε

1

4
+ 6λεc

2
ε)

=
1

4
exp(− 1

γε

1

4
+ 6γε) 6

1

4
exp(− 1

γε

1

5
).

J3: Recall that

J3(ε) =
1

4
E
[

exp
(
− 4λεe

−2Λ0(σ∧T ε)
∫ σ∧T ε

0

Hs−dM
(2)
s

)]
6

1

4
E
[

exp
(

2e−2Λ0(σ∧T ε)λ2
ε

( ∫ σ∧T ε

0

Hs−dM
(2)
s

)2
+ 2
)]

6 2E
[

exp
(

2e−2Λ0(σ∧T ε)λ2
ε

( ∫ σ∧T ε

0

Hs−dM
(2)
s

)2)]

and

M
(2)
t = 2

∫ t

0

∫
‖z‖6ρε

e2Λ0s〈〈Ψ̃ε
s−, εz〉〉Ñ(ds, dz).
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For the function h(s−, εz) := e2Λ0s−Hs−〈〈Ψ̃ε
s−, εz〉〉 we have∫ σ∧T ε

0

Hs−dM
(2)
s = 2

∫ σ∧T ε

0

∫
‖z‖6ρε

h(s−, εz)Ñ(ds, dz).

Note that for s ∈ [0, σ ∧ T ε], z ∈ H and ε ∈ (0, 1] we have

|h(s−, εz)| 6 d(χ)e2Λ0sε‖z‖

and hence the limit (6.6) yields P-a.s. as ε→ 0+

sup
s∈[0,σ∧T ε]

sup
‖z‖6ρε

2λ2
εe
−2Λ0(σ∧T ε)|h(s−, εz)| 6 2d(χ)

ερε

γ
2(2p+1)
ε

→ 0.

Lemma 6.1.2 yields that there is ε0 ∈ (0, 1] such that ε ∈ (0, ε0] implies

E
[

exp
(

2e−2Λ0(σ∧T ε)λ2
ε

( ∫ σ∧T ε

0

Hs−dM
(2)
s

)2)]
6 2.

and hence

J3(ε) 6 4.

This yields for slightly reduced ε0 ∈ (0, 1) and ε ∈ (0, ε0] the estimate
exp(−λε 1

4γ
2q
ε )J3(ε) 6 1

4 exp(− 1
γε

1
5 ).

J4: This case resembles the one of J1(ε). Since we have only positive jumps
we have P-a.s.

M
(3)
σ∧T ε =

∫ σ∧T ε

0

∫
‖z‖6ρε

e2Λ0s‖εz‖2N(ds, dz)

leading to

E
[

exp
(

4λεe
−2Λ0(σ∧T ε)M

(3)
σ∧T ε

)]
= E

[
exp

(∫ σ∧T ε

0

∫
‖z‖6ρε

(
exp(4λεe

−2Λ0((σ∧T ε)−s)‖εz‖2)− 1
)
ν(dz)ds

)]
.

Analogously to J1(ε) we obtain with the help of the limit (6.6) that for ε→ 0+
we have P-a.s.

sup
m∈N

sup
s∈[0,σ∧T ε]

sup
‖z‖6ρε

λεe
−2Λ0((σ∧T ε)−s)‖εz‖2 6 λε(ερ

ε)2 6
(ερε)2

γ2q+1
ε

→ 0.
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The additional choice of ε0 ∈ (0, 1] such that ε ∈ (0, ε0] implies 2 (ερε)2

γ2q+1
ε

6 1 and

ρε >
∫
‖z‖61

‖z‖2ν(dz)/ν(Bc
1(0)) ensures

J4(ε) 6
1

4
E
[

exp
(∫ σ∧T ε

0

∫
‖z‖6ρε

(
exp

(
2λεe

−2Λ0((σ∧T ε)−s)‖εz‖2
)
− 1
)
ν(dz)ds

)]
6

1

4
E
[

exp
(

(e− 1)2C6

∫ σ∧T ε

0

e−2Λ0((σ∧T ε)−s)dsλε(ερ
ε)2
)]

6
1

4
exp

( (e− 1)C6

Λ0

(ερε)2

γ2q+1
ε

)
−→ 1

4
, as ε→ 0 + .

Step 3: We conclude for ε0 ∈ (0, 1] chosen sufficiently small that ε ∈ (0, ε0]
yields

P( sup
t∈[0,σ∧T ε]

‖Ψε,y
t ‖ > γqε ) 6 exp(−λε

1

4
γ2q
ε )E

[
exp(λε sup

t6σ∧T ε
‖Ψ̃ε,y

t ‖2)
]

6 exp(
1

5γε
).

Lemma 6.1.2 (A Campbell type estimate). Under the notation of Step 2 of
the proof of the preceding theorem there is ε0 ∈ (0, 1] such that ε ∈ (0, ε0]
implies

E
[

exp(λεe
−2Λ0(t∧σ)Z2

t∧σ)
]
6 2.

Proof. Recall the notation h(s−, εz) := e2Λ0s−Hs−〈〈Ψ̃ε,x
s− , G(Y (s−), εz)〉〉 and

∫ σ∧T ε

0

Hs−dM
(2)
s =

∫ σ∧T ε

0

∫
‖z‖6ρε

h(s−, εz)Ñ(dsdz).

Consider for any z ∈ H the process an (Ft)t>0-predictable process (H(t, z))t>0

Zt :=

∫ t

0

∫
‖z‖6ρε

h(s−, εz)Ñ(ds, dz).
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Then Itô’s formula for Poisson random measures yields P-a.s.

exp(λεe
−2Λ0tZ2

t )

= 1 +

∫ t

0

exp(λεe
−2Λ0s−Z2

s−)λε2Zs−e
−Λ0s−dZs

− 2Λ0

∫ t

0

exp(λεe
−2Λ0sZ2

s )e−Λ0sλεZ
2
sds

+
∑

0<s6t

(
exp(λεe

−2Λ0sZ2
s )− exp(λεe

−2Λ0s−Z2
s−)

− exp(λεe
−2Λ0s−Z2

s−)λεe
−2Λ0s−2Zs−∆sZ

)
= 1 +

∫ t

0

exp(λεe
−2Λ0s−Z2

s−)λεe
−2Λ0s−2Zs−h(s−, εz)Ñ(dsdz)

+

∫ t

0

exp(λεe
−2Λ0sZ2

s )λεe
−2Λ0s(−2Λ0)Z2

sds

+

∫ t

0

∫
‖z‖6ρε

(
exp(λεe

−2Λ0s(Zs− + h(s−, εz))2)

− exp(λεe
−2Λ0s−Z2

s−)
)
Ñ(dsdz)

+

∫ t

0

∫
‖z‖6ρε

(
exp(λεe

−2Λ0s(Zs− + h(s−, εz))2)− exp(λεe
−2Λ0s−Z2

s−)

− exp(λεe
−2Λ0s−Z2

s−)λεe
−2Λ0s−2Zs−h(s−, εz)

)
ν(dz)ds.

Let σ be the (Ft)t>0-stopping time σ defined in (6.4) and (6.5) then the optimal
stopping theorem yields

E
[

exp(λεe
−2Λ0(t∧σ)Z2

t∧σ)
]

= 1− 2Λ0λεE
[ ∫ t∧σ

0

exp(λεe
−2Λ0s(Zs− + h(s−, εz))2)e−2Λ0sZ2

sds
]

+ E
[ ∫ t∧σ

0

∫
‖z‖6ρε

(
exp(λεe

−2Λ0s(Zs− + h(s−, εz))2)− exp(λεe
−2Λ0s−Z2

s−)

+ exp(λεe
−2Λ0s−Z2

s−)λεe
−2Λ0s−2Zs−h(s−, εz)

)
ν(dz)ds

]
.
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Due to the nonnegativity of the second term we obtain

E
[

exp(λεe
−2Λ0(t∧σ)Z2

t∧σ)
]

6 1 + E
[ ∫ t∧σ

0

∫
‖z‖6ρε

(
exp(λεe

−2Λ0s(Zs− + h(s−, εz))2)− exp(λεe
−2Λ0s−Z2

s−)

+ exp(λεe
−2Λ0s−Z2

s−)λεe
−2Λ0s−2Zs−h(s−, εz)

)
ν(dz)ds

]
.

Taylor’s formula yields(
exp(λεe

−2Λ0s(Zs− + h(s−, εz))2)− exp(λεe
−2Λ0s−Z2

s−)

+ exp(λεe
−2Λ0s−Z2

s−)λεe
−Λ0s−2Zs−h(s−, εz)

)
6 2(1 + 2λεe

−2Λ0s‖Zs−‖2)λεe
−2Λ0s exp(λεe

−2Λ0s(Zs−)2)
1

2
‖h(s−, εz)‖2.

On the event s 6 σ and having in mind that λεερ
ε −→ 0 by the limit (6.6) as

ε→ 0 we have(
exp(λεe

−2Λ0s(Zs− + h(s−, εz))2)− exp(λεe
−2Λ0s−Z2

s−)

+ exp(λεe
−2Λ0s−Z2

s−)λεe
−2Λ0s−2Zs−h(s−, εz)

)
6 4d(χ)2g2

1(χ) exp(λεe
−2Λ0s(Zs−)2) λ2

εε
2‖z‖2.

Hence

E
[

exp(λεe
−2Λ0(t∧σ)Z2

t∧σ)
]

6 1 + 4d(χ)2g2
1(χ)E

[ ∫ t∧σ

0

∫
‖z‖6ρε

exp(λεe
−2Λ0s(Zs−)2) λ2

εε
2‖z‖2ν(dz)ds

]
6 1 + 4d(χ)2g2

1(χ)λ2
εε

2

∫
‖z‖6ρε

‖z‖2ν(dz)

∫ t

0

E
[

exp(λεe
−2Λ0s(Zs−∧σ)2)

]
ds

6 1 + 4d(χ)2g2
1(χ) (

∫
‖z‖61

‖z‖2ν(dz) + ν(Bc1(0))(λεερ
ε)2

·
∫ t

0

E
[

exp(λεe
−2Λ0s(Zs−∧σ)2)

]
ds.

For φ(t) = E
[

exp(λεe
−2Λ0(t∧σ)Z2

t∧σ)
]

we obtain Gronwall-Bellman inequality

φ(t) 6 1 +Kε

∫ t

0

φ(s)ds,
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and hence

φ(t) 6 exp(tKε).

For t 6 T ε with T ε(ερελε)
2 → 0 there is ε0 ∈ (0, 1] such that ε ∈ (0, ε0] implies

φ(T ε) 6 exp(T εKε) 6 2.

6.2 Exponential estimates of the deviations of
the small jump equation

For ε, γ ∈ (0, 1], y ∈ H, t > 0 we define the event of a small stochastic
convolution

Et,y(γ, ε) := { sup
s∈[0,t]

‖Ψε,y
s ‖ 6 γ} (6.9)

Ey(γ, ε) := { sup
s∈[0,T1]

‖Y ε(s; y)− u(s; y)‖ 6 γ}. (6.10)

We suppress the dependence on ε ∈ (0, 1]. This subsection is dedicated to the
proof the following estimate used in the proof of the main result.

Proposition 6.2.1. Let the Hypotheses (D) and (S.1) be satisfied and the
functions γ·, ρ

· given by (6.1). Then there exists a constant q > 1 such that if
γ·, ρ

· satisfy in condition (6.6) for q we obtain there is χ >0 such that for any
θ ∈ (0, 1) there is a constant ε0 ∈ (0, 1] such that ε ∈ (0, 1] satisfies

sup
x∈D±2 (γε,χ)

E
[
eθλ
±(ε)T11(Ec

x)
]
6 2 exp(

1

5γε
). (6.11)

In addition, the scales can be chosen as follows

γε := εγ
′
, ρε := ε−ρ

′
, βε = ν(ρεBc

1(0)) = O((ρε)−α)ε→0T
ε := e−θ̃ (6.12)

satisfying (1 + 2α)ρ′ + (4q + 3)γ′ < and θ̃ = 2αρ′.

Remark 6.2.2. In this case the scales satisfy (6.6) and T εβε ↗∞ as ε↘ 0.
Without loss of generality we set γ′ < αρ′.
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The proof strategy consists in the estimate the event of Ey by Ey,T1 . For this
effect we introduce the nonlinear residuum Rε of the randomness in Y ε

Rε,xt := Y ε(t;x)−u(t;x)−Ψε,x
t , t > 0, x ∈ D±2 (γε, χ), ε ∈ (0, 1]. (6.13)

The quantity we have to control in Ex has the shape Y ε − u = Ψε + Rε. By
Proposition 6.1.1 we have a good estimate of Ψε. It is therefore natural to
control Rε in terms of Ψε, which is done first for large initial values (of Y ε)
on small time scales and then for initial values (of Y ε) close to the stable state
and large time scales.

Proposition 6.2.3. Let the Hypotheses (D) and (S.1) be satisfied and the
functions γ·, ρ

·, T · given by (6.1). Then there exists a constant q > 1 such that
if γ·, ρ

· satisfy in condition (6.6) for q such that there are constants χ > 0 and
ε0 ∈ (0, 1] such that ε ∈ (0, ε0] and x ∈ D±2 (γε, χ) imply

ET1,x(γqε ) ⊆ { sup
t∈[0,T1]

‖Y ε(t;x)− u(t;x)‖ 6 (1/2)γε}, P-a.s. (6.14)

Proof. of Proposition 6.2.1: Due to the independence of Y ε and T1 and Propo-
sition 6.2.3 we estimate

sup
x∈D±2 (εγ ,χ)

E
[
eθλ
±
ε T11(Ec

x)
]

6
∫ T ε

0

sup
x∈D±2 (γε,χ)

P(sup
t6s
‖Ψε,x

t ‖ > γε)βεε
−βεsds+

∫ ∞
T ε

βεε
−βεsds

6 sup
x∈D±2 (γε,χ)

P( sup
t∈[0,T ε]

‖Ψε,x
t ‖ > γqε ) + e−T

∞βε 6 exp(− 1

5γε
) + exp(− 1

εαρ
)

6 2 exp(− 1

5γε
)

Lemma 6.2.4. Let the Hypotheses (D) and (S.1) be satisfied and the functions
γ·, ρ

· given by (6.1). Then are χ > 0 and ε0 ∈ (0, 1] and q > 0 such that for
any K > 0, ε ∈ (0, ε0] and x ∈ D±(γε, χ) and for all functions T : (0, 1] →
R monotonically increasing and satisfying T ε → ∞ as ε ↘ 0 we have the
following. The bound T ε 6 κ0+κ1| ln(γε)| (given in Proposition 3.4.10) implies
on the event ET ε∧σ(γqε ) that

sup
t∈[0,T ε∧σ]

‖Rε,xt ‖ 6 Kγε. (6.15)

Proof. Fix χ > 0 sufficiently large and and ε ∈ (0, 1] and x ∈ D±(γε, χ). Then
the positive invariance of Uχ and D±(γε, χ) ⊂ Uχ yield

sup
x∈D±2 (γε,χ)

sup
t>0
‖u(t;x)‖ 6 sup

y∈Uχ
‖y‖ = d(χ).
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The process Rε,xt satisfies formally for all x ∈ H and ε ∈ (0, 1]

dRε,xt
dt

= ∆Rε,xt + f(Y ε(t;x))− f(u(t;x)), Rε,x0 = 0. (6.16)

Recall that f : H → H is locally Lipschitz continuous. Hence it is globally
Lipschitz continuous on Uχ and we obtain for y, u ∈ H

‖f(y)− f(u)‖ 6 `(y, u)‖y − u‖,

for ` : H ×H → (0,∞), (y, u) 7→ `(y, u) being some continuous function. The
mild formulation of (6.16) and the identity Y ε(T ;x) − u(t;x) = Rε,xt + Ψε,x

t

imply the estimate

‖Rε,xt ‖ 6
∫ t

0

e−Λ0(t−s)‖f(Y ε(s;x))− f(u(s;x))‖ ds

6
∫ t

0

e−Λ0(t−s)`(Y ε(s;x), u(s;x)) ‖Rε,xs −Ψε,x
s ‖ds.

We define the stopping time σ′(ε) := inf{t > 0 | ‖Rε,xt ‖ > 1} ∧ σ. Then we
obtain on the events {t 6 T ε ∧ σ′} ∩ ET ε∧σ′(γqε ) for some fixed but unknown
q > 1 and which we determine at the end of the proof the boundedness

‖Y ε(t;x)‖ 6 ‖u(t;x)‖+ ‖Ψε,x
t ‖+ ‖Rε,xt ‖ 6 d(χ) + 2.

Due to x ∈ Uχ the positive invariance of u(t;x) ∈ Uχ for all t > 0 the events
ET ε∧σ′(γqε ) and t 6 T ε ∧ σ′ imply for `χ := sup(y,u)∈(Bd(χ)+2(0))2 `(y, u) < ∞
the estimate

eΛ0t‖Rε,xt ‖ 6 `χ

(∫ t

0

eΛ0s‖Rε,xs ‖ds−
∫ t

0

eΛ0s‖Ψε,x
s ‖ds

)
.

Hence Gronwall’s lemma with eΛ00Rε,x0 = 0 yields on Eσ′(γqε ) and t 6 T ε ∧ σ

eΛ0t‖Rε,xt ‖ 6
∫ t

0

e`χ(t−s)
∫ s

0

eΛ0r‖Ψε,x
r ‖drds

6 sup
r∈[0,t]

‖Ψε,x
r ‖

∫ t

0

∫ s

0

e`χ(t−s)eΛ0rdrds.

The elementary calculus∫ t

0

∫ s

0

e`χ(t−s)eΛ0rdrds =
e`χt

`χ(`χ − Λ0)
+

1

Λ0`χ
− eΛ0t

Λ0(`χ − Λ0)
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yields for κ := `χ − Λ0 > 0 the estimate

‖Rε,xt ‖ 6
eκt

κ2
sup
r∈[0,t]

‖Ψε,x
r ‖

for t 6 T ε ∧ σ′ on ET ε∧σ′(γqε ). Setting q := κ1κ + 2 we obtain for any K > 0
a value ε0 ∈ (0, 1] sufficiently small such that ε ∈ (0, ε0] implies for T ε :=
κ0 + κ1| ln(γε)| on the event ET ε∧σ′(γaκ+1

ε ) the desired estimate

sup
t∈[0,T ε∧σ]

‖Rε,xt ‖ 6
eκT

ε

κ2
γaκ+2
ε 6 Kγε. (6.17)

If ε0 ∈ (0, 1] is additionally small enough such that Kγε < 1 for ε ∈ (0, ε0] we
have on the event ET ε∧σ′(γqκ+1

ε )

inf{t > 0 | ‖Rε,xt ‖ > 1} > T ε ∧ σ,

which implies (6.15).

Lemma 6.2.5. Let the Hypotheses (D) and (S.1) be satisfied and the functions
γ·, ρ

· given by (6.1). Then for all φ± ∈ P− there exist constants χ, δ0, δ1,K0 >
0 such that for all x ∈ Bδ0(φ±) and ε ∈ (0, 1] we have on the event Eσ(δ2) the
inequality

sup
t∈[0,σ]

‖Rε,xt ‖ 6 K0 sup
r∈[0,σ]

‖Ψε,x
r ‖. (6.18)

Proof. As before we fix an arbitrary time scale T · : (0, 1] → (0,∞) satisfying
w.l.o.g. T ε →∞ monotonically as ε→ 0.

The stability of φ± yields that the linearization ∆v+f ′(φ±)v of ∆u+f(u) in φ±

has strictly negative maximal eigenvalues −Λ1 < 0, in that 〈∆v+f ′(φ±)v, v〉 6
−Λ1|v|2 for v ∈ H. We fix δ0 ∈ (0, 1) such that additionally

sup
v,w∈Bδ0 (φ±)

‖f ′(v)−f ′(w)‖ 6 Λ1

4
and sup

v∈Bδ0 (φ±)

‖f ′(v)‖ 6 2‖f ′(φ±)‖ =: C ′.

The stability also implies the existence of δ1 ∈ (0, 1) such that for x ∈ Bδ1(φ±)

u(t;x) ∈ B δ0
4

(φ±) t > 0.

Denote for x ∈ Bδ1(φ±)

σ′ := inf{t > 0 | ‖Rε,xt ‖ >
δ0
4
} ∧ σ.
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With the help of the decomposition (6.13) the mean value theorem applied to
(6.16) yields

dRε,xt
dt

= ∆Rε,xt + f(Y ε(t;x))− f(u(t;x))

= ∆Rε,xt +

∫ 1

0

f ′(u(t;x) + θ(Rε,xt + Ψε,x
t ))dθ(Rε,xt + Ψε,x

t )

= ∆Rε,xt + f ′(φ±)Rε,xt +

∫ 1

0

(
f ′(u(t;x) + θ(Rε,xt + Ψε,x

t ))− f ′(φ±)
)
dθRε,xt

+

∫ 1

0

f ′(u(t;x) + θ(Rε,xt + Ψε,x
t ))dθΨε,x

t .

Multiplying with Rε,xt in L2(0, 1), integration by parts and Young’s inequality
yield for any δ1 <

δ0
4 on {t 6 T ε ∧ σ′} ∩ ET ε∧σ′(δ1)

1

2

d

dt
|Rε,xt |2+Λ1|Rε,xt |2 6

Λ1

4
|Rε,xt |2+C0|Rε,xt ||Ψ

ε,x
t | 6

Λ1

2
|Rε,xt |2+

(C0)2

Λ0
|Ψε,x
t |2

such that
d

dt
|Rε,xt |2 + Λ1|Rε,xt |2 6

2(C0)2

Λ1
|Ψε,x
t |2.

Hence Gronwall’s lemma with the initial condition Rε,x0 = 0 yields

|Rε(s;x)|2 6
2(C0)2

Λ1
|Ψε,x
t |2 (6.19)

on {t 6 σ′ ∧ T ε} ∩ Eσ′∧T ε(δ1). In order to obtain an estimate in H we use the
smoothing property of the heat semigroup S and the mean value theorem as
well as (6.19) on {t 6 T ε ∧ σ′} ∩ ET ε∧σ′(δ1)

‖Rε,xt ‖ 6 C1

∫ t

0

e−Λ0(t−s)
√
t− s

|f(Y ε,xs )− f(u(s;x))|ds

6 C1(C0 +
Λ0

4
)

∫ t

0

e−Λ0(t−s)
√
t− s

(|Rε,xs |+ |Ψε,x
s |)ds

6 C1(C0 +
Λ0

4
)
(

2
(C0)2

Λ0
+ 1
)∫ t

0

e−Λ0(t−s)
√
t− s

ds sup
r∈[0,t]

|Ψε,x
r |

6 C2 sup
r∈[0,t]

‖Ψε,x
r ‖,

where K1 = C2 = C1(C0 + Λ0

4 )
(

2(C′)2

Λ0
+1
) ∫∞

0
exp(−Λ0r)√

r
dr <∞. If in addition

δ1 <
1
K1

we get inf{t > 0 | ‖Rε,xt ‖ > δ0
4 } > T ε ∧ σ on ET ε∧σ(δ1). In addition,

we have not used any specific property of T ε. This finishes the proof.
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We combine the previous two lemmas.

Lemma 6.2.6. Let the Hypotheses (D) and (S.1) be satisfied and the functions
γ·, ρ

· given by (6.1). For the constant q > 1 obtained in Lemma 6.2.4 let γ·, ρ
·

additionally satisfy condition (6.6).
Then there are constants χ > 0 and ε0 ∈ (0, 1] such that for any ε ∈ (0, ε0] and
x ∈ D±2 (γε, χ) we have on the event Eσ(γqε ) the inequality

sup
t∈[0,σ]

‖Rε,xt ‖ 6
1

4
γε. (6.20)

Proof. As in the previous lemmas we prove the result for an arbitrary scale
T · : (0, 1] → [1,∞) with limε→0 T

ε = ∞ monotonically. Recall the constants
κ0, κ1 > 0 from Proposition 3.4.10 and denote by

sε := κ0 + κ1| ln(γε)|.

Assume ε0 ∈ (0, 1] sufficiently small such that γε 6 δ0 and γqε < δ1 given in
Lemma 6.2.5 . For T ε 6 sε for all ε ∈ (0, 1] the result follows immediately by
Lemma 6.2.4 for K = 1

4 . For T ε > sε for all ε ∈ (0, 1]. Fix ε0 ∈ (0, 1] sufficiently

small such that ε ∈ (0, ε0] implies for x ∈ D±2 (γε, χ) on {t 6 T ε∧σ}∩ET ε∧σ(γqε )
both

‖u(t;x)− φ±‖ 6 1

4
γε for t > sε and (6.21)

sup
s∈[0,t]

‖Rε,xs ‖ 6
1

9
γε for t 6 sε. (6.22)

Then we obtain by Lemma 6.2.4 for K = 1
9 on the event ET ε∧σ(γqε )

‖Y ε(sε;x)−φ±‖ 6 ‖u(sε;x)−φ±‖+‖Rε,xsε ‖+‖Ψε,x
sε ‖ 6

(1

4
+

1

9

)
γε+γqε 6

1

2
γε.

By Lemma 6.2.5 for all x ∈ Bδ0(φ) the solution u(t;x) ∈ Bδ1(φ) for all t > 0.
In addition, there is `0 ∈ (0, 1] such that

‖u(t;x)− u(t; y)‖ 6 `0‖x− y‖, for all x, y ∈ Bδ0(φ), t > 0.

Hence we have for ε ∈ (0, ε0] and x ∈ D±2 (γε, χ) on the event {t 6 T ε ∧ σ} ∩
ET ε∧σ(γqε )

‖u(t;x)− u(t− sε;Y ε(sε;x))‖ 6 ‖u(sε;x)− Y ε(sε;x)‖

6 ‖Rε,xsε ‖+ ‖Ψε,x
sε ‖ 6

1

9
γε + γqε .
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and thus

‖Rε,xt ‖ = ‖Y ε(t− sε, sε, Y ε(sε;x))− u(t− sε;u(sε;x))−Ψε,x
t ‖

6 ‖Y ε(t− sε, sε, Y ε(sε;x))− u(t− sε;Y ε(sε;x))−Ψ
ε,Y ε(sε;x)
t−sε,sε ‖

+ ‖u(t− sε;u(sε;x))− u(t− sε;Y ε(sε;x))‖+ ‖Ψε,x
t ‖+ ‖Ψε,Y ε(sε;x)

t−sε,sε ‖
6 sup
sε6t6T ε∧σ

‖Rε,xt ‖+ sup
t∈[0,sε∧σ]

‖Ψε,x
t ‖+ 2γqε

6
2

9
γε + 3γqε 6

1

4
γε.

Since we have not used any specific property of T ε this finishes the proof.

Proof. (of Proposition 6.2.3). Let the assumptions of Lemma 6.2.6 be satisfied
for some χ > 0 and q > 1 given by Lemma 6.2.4. We consider a time scale
T · : (0, 1] → R satisfying limε→0 T

ε = ∞ monotonically. Without loss of
generality we assume T ε > sε. By Lemma 6.2.6 there exists ε0 ∈ (0, 1] such
that for all ε ∈ (0, ε0] and x ∈ D±2 (γε, χ) we have

{ sup
t∈[0,T ε∧σ]

‖Y ε(t;x)− u(t;x)‖ > γε
2
}

= { sup
t∈[0,T ε∧σ]

‖Rε,xt + Ψε,x
t ‖ >

γε
2
}

⊆ { sup
t∈[0,T ε∧σ]

‖Rε,xt ‖ >
γε
4
} ∪ { sup

t∈[0,T ε∧σ]

‖Ψε,x
t ‖ >

γε
4
}

⊆ { sup
t∈[0,T ε∧σ]

‖Rε,xt ‖ >
γε
4
} ∪ EcT ε∧σ,x(γqε ) = EcT ε∧σ,x(γqε ).

Note that by limit (6.6) we have for ε0 ∈ (0, 1] sufficiently small, ε ∈ (0, ε0]
and x ∈ D±2 (γε, χ) ⊂ Uχ−2γε that ‖ε∆σξ

ε‖ 6 ‖ε∆σξ
ε‖ 6 ερε 6 γε. Choose

in addition ε0 ∈ (0, 1] small enough such that 2γε < χ − γε for all ε ∈ (0, ε0].
Then by definition of σ, since u(t;x) ∈ B 1

2γε
(φ±) for t > sε and D±2 (γε, χ) this

implies that

ET ε∧σ(γqε ) ∩ {σ < T ε} = Eσ(γqε ) ∩ { sup
t∈[0,σ]

‖Y ε(t;x)− u(t;x)‖ 6 (1/2)γε}

∩ {Y ε(t;x) ∈ D±1 (γε, χ) for all t ∈ [0, σ)}

∩ {Y ε(t;x) ∈ Bγε(φ) for all t ∈ [0, σ)}

∩ {Y ε(σ−;x) ∈ B2γε(φ
±)}

∩ {Y ε(σ−;x) + ε∆σξ
ε ∈ (D± ∩ Uχ) \D±1 (γε, χ)}

⊆ {Y ε(σ;x) ∈ B2γε(φ
±)} ∩ {Y ε(σ;x) /∈ Bχ−γε(0)} = ∅.

(6.23)
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In addition, ET ε∧σ,x(γqε ) ⊆ ET ε,x(γqε + 1
2γ

q
ε ) ⊆ {Ψε,x

s ∈ Uχ for all s ∈ [0, T ε]} by
definition. Together with (6.23) this implies on the event ET ε∧σ(γqε ) that P-a.s.
we have σ > T ε. Since T ε was chosen arbitrary this finishes the proof.



Chapter 7

The large jump dynamics

7.1 Exit events and their estimates

Recall the arrival times Tk = t1 + · · · + tk of Wk from (6.2). The following
events are the building blocks of the first exit times. For j ∈ N, x ∈ H, χ > 0
sufficiently large and a given rate γ : (0, 1) → (0, 1) with γε → 0 as ε → 0 we
define

Ax := {Y ε(t;x) ∈ D±2 (γε, χ) for t ∈ [0, t1], Y ε(t1;x) + ε∆tjL ∈ D±2 (γε, χ)}

A−x := {Y ε(t;x) ∈ D±2 (γε, χ) for t ∈ [0, t1], Y ε(t1;x) + ε∆tjL ∈ D±3 (γε, χ)}

Bx := {Y ε(t;x) ∈ D±2 (γε, χ) for t ∈ [0, t1], Y ε(t1;x) + ε∆tjL ∈ D±2 (γε, χ)}

Cx := {Y ε(t;x) /∈ D±2 (γε, χ) for some t ∈ [0, t1)}.

The shift operator Θs : D([0,∞), H) → D([0,∞), H) by s > 0 is defined as
ψ(t) ◦Θs := ψ(t+ s) for s, t > 0. It is applied to the event Ajx by

Ajx ◦Θs = {Y ε(t+ s;Y ε(s;x)) ∈ D±2 (γε, χ) for all t ∈ (s, tj + s) and

Y ε(tj + s;Y ε(s;x)) + ε∆tj+sL) ∈ D±2 (γε, χ)}.

In particular, since tj ◦ΘTj−1
= Tj we obtain

Ajx := Ax ◦ΘTj−1

= {Y ε(t, Y ε(Tj−1;x)) ◦ΘTj−1 ∈ D±2 (γε, χ) for all t ∈ (Tj−1, Tj) and

Y ε(Tj ;x) + ε∆TjL ∈ D±2 (γε, χ)} (7.1)

135
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and the analogous expressions for Bjx, Cjx and Ejx defined in (6.10) by the shift
(7.1) respectively. By construction we have the representations

{τx = Tk} =

k−1⋂
j=1

Ajx ∩Bkx and {τx ∈ (Tk−1, Tk)} =

k−1⋂
j=1

Ajx ∩ Ckx .

(7.2)

7.2 Proof of Theorem 5.1.1

In this section we prove two results which are not congruent to Theorem 5.1.1
and Theorem 5.1.2. In Proposition 7.2.1 we show the statement of Theorem
5.1.1 and additionally the convergence in probability of the first exit loci of
Theorem 5.1.2.

Proposition 7.2.1. For any θ ∈ (0, 1) there are ε0, γ ∈ (0, 1] and χ > 0 such
that ε ∈ (0, ε0] implies for any U ∈ B(H) with m±(∂U) = 0 that

sup
x∈D±3 (εγ ,χ)

E
[
eθ|λ

±
ε τ
±
x (ε,χ)−s̄±(ε)|

(
1 + |1{Xε(τ ;x) ∈ U} − 1{Wk∗(ε) ∈

1

ε
J U∩(D±)c(φ±)}|

)]
6 1 + C.

The statement of Proposition 7.2.1 directly implies the statement of Theorem
5.1.1.

Proof. The proof is organized in four consecutive steps. First, the strong
Markov property reduces the main expression to four geometric sums, whose
limit consists of expressions involving certain events, which are estimated in
step 2. As a next step we estimate the resulting expressions using all the
previous results available.

Step 0: Conventions and assumptions. Fix C ′ ∈ (0, 1
2 (1 − θ)), χ > 0

large enough and δ ∈ (0, 1] sufficiently small such that P ⊆ Uχ and satisfying

m±
(
D \D±4 (δ, χ)

)
<
C ′

5
. (7.3)

This is possible due to Hypothesis (S.3). We keep the scales (6.12), which
satisfy (6.6). In addition assume ε0 ∈ (0, 1] sufficiently small such that γε 6 δ.
Due to the ubiquitous dependence of all quantities of ε, ± and χ we drop these
dependencies. For convenience we write Di = D±i (γε, χ).
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Step 1: Reduction to expressions based on events on (0, T1]. We
identify

sup
x∈D3

E
[
eθ|λετy−s̄|

(
1 + |1{Xε(τ ;x) ∈ U} − 1{Wk∗ ∈

1

ε
J U∩D

c

(φ)}|
)]

6 S11 + S12 + S2 + S3,

where

S11 :=

∞∑
k=1

sup
y∈D2

E
[
eθλε|τy−Tk|1{τy = Tk} ∩ {s = Tk}

(
1 + |1{Xε(τ ; y) ∈ U} − 1{Wk∗ ∈

1

ε
J U∩D

c

(φ)}|
)]
,

S12 := 2

∞∑
k=1

sup
y∈D3

E
[
eθλε|τy−Tk|1{τy ∈ (Tk−1, Tk)} ∩ {s = Tk}

]
,

S2 := 2

∞∑
k=1

k−1∑
`=1

sup
y∈D3

E
[
eθλε|τy−Tk|1{τy ∈ (T`−1, T`]} ∩ {s = Tk}

]
,

S3 := 2

∞∑
k=1

∞∑
`=k+1

sup
y∈D3

E
[
eθλε|τy−Tk|1{τy ∈ (T`−1, T`]} ∩ {s = Tk}

]
.

In the sequel we estimate the preceding expressions using the representations
in (7.2) and the strong Markov property with respect to the F-stopping times
Tk.

The main term S11: This expression treats the case that the large jumps
of Xε and of the model are totally synchronized, that either both do not trigger
an exit or both do. It is served first since it is the only one of order O(1)ε→0 all
other expressions are o(1)ε→0. We denote the symmetric difference E14E2 :=
(E1 \E2)∪ (E2 \E1) for events E1, E2. In the sequel we repeatedly use strong
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Markov estimates of the following type

E
[
1
(
{τy = Tk} ∩

k−1⋂
j=1

A�j ∩B�k
)

(
1 + |1{Xε(Tk; y) ∈ U} − 1{Wk ∈

1

ε
J U∩D

c

(φ)}|
)]

6 E
[
1
( k−1⋂
j=1

Ajy ∩A�j ∩Bky ∩B�k
)

(
1 + 1{Xε(Tk; y) ∈ U} 4 {Wk ∈

1

ε
J U∩D

c

(φ)}
)]

= E
[
1
( k−1⋂
j=1

Ajy ∩A�j
)

E
[
1
(
Bky ∩B�k

)(
1 + 1{Xε(Tk; y) ∈ U} 4 {Wk ∈

1

ε
J U∩D

c

(φ)}
)
| FTk−1

]]
= E

[
1
( k−1⋂
j=1

Ajy ∩A�j
)

EXε(Tk−1;y)

[
1
(
Bk· ∩B�k

)(
1 + 1{Xε(Tk; y) ∈ U} 4 {Wk ∈

1

ε
J U∩D

c

(φ)}
)]]

6 E
[
1
( k−1⋂
j=1

Ajy ∩A�j
)]

sup
y∈D2

E
[
1
(
By ∩B�

)(
1 + 1{Xε(Tk; y) ∈ U} 4 {Wk ∈

1

ε
J U∩D

c

(φ)}
)]
.

The (k − 1)-fold iteration of this argument yields

S11 6
∞∑
k=1

sup
y∈D2

P(Ay ∩A�)k−1

sup
y∈D2

E
[
1
(
By ∩B�

)(
1 + 1{Xε(Tk; y) ∈ U} 4 {Wk ∈

1

ε
J U∩D

c

(φ)}
)]

=
supy∈D2

E
[
1
(
By ∩B�

)(
1 + 1{Xε(Tk; y) ∈ U} 4 {Wk ∈ 1

εJ
U∩Dc

(φ)}
)]

1− supy∈D2
P(Ay ∩A�)

.

(7.4)

The diagonal error S12: This term describes that the large jumps of the
solution Xε and the model are synchronized up to the last jump, where the
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error occurs. The remaining diagonal term is estimated as follows

S12 6 2

∞∑
k=1

sup
y∈D3

E
[
eθλεtk1

( k−1⋂
j=1

(
Ajy ∩A�j

)
∩
(
Cky ∩B�k

)]
.

For k = 1 we obtain the term

sup
y∈D3

E
[
eθλεT11

(
Cy ∩B�

)]
.

For k > 2 we take into account that the event Ay represents the non-exit from
D2. However, in order to dominate Cy we need initial values in D3 (see estimate
7.11), for which we take the last large jump before. The error made by this
jump to stay within D3 instead of D2 turns out to be negligible by Hypothesis
(S.4). First obtain by the analogous strong Markov arguments arguments as
for the term S11

sup
y∈D3

E
[
eθλεtk1

( k−1⋂
j=1

(
Ajy ∩A�j

)
∩
(
Cky ∩B�k

))]
6 sup
y∈D2

P(Ay ∩A�)k−2 sup
y∈D2

E
[
1(A1

y ∩A�1)eθλεt21(C2
y ∩B�2)

]
,

such that

S12 6 2 sup
D3

E
[
eθλεT11

(
Cy ∩B�

)]
+ 2

∞∑
k=2

sup
D2

P(Ay ∩A�)k−2 sup
D2

E
[
1(A1

y ∩A�1)eθλεt21(C2
y ∩B�2)

]

6 2 sup
y∈D3

E
[
eθλεT11

(
Cy
)]

+
2 supy∈D2

E
[
1(A1

y ∩A�1)eθλεt21(C2
y ∩B�2)

]
1− supy∈D2

P(Ay ∩A�)
.

(7.5)

The off-diagonal error of first kind S2: This term describes that the
error that the jumps the model trigger the first exit before the those of the Xε.
The estimate of {τy ∈ (T`−1, T`]} and the representation of {s = Tk} yield

S2 6 2

∞∑
k=1

k−1∑
`=1

sup
y∈D3

E
[
eθλε(t`+···+tk)1

( k−1⋂
j=`+1

A�j ∩B�k
)

1
( `−1⋂
j=1

(
Ajy ∩A�j

)
∩
(
(B`y ∪ C`y) ∩A�`

))]
.
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For each of the summands k ∈ N and ` = 1 we combine the mutual indepen-
dence of the families (Tk)k∈N and (Wk)k∈N with the analogous strong Markov
estimate

sup
y∈D3

E
[
eθλε(t1+···+tk)1

( k−1⋂
j=2

A�j ∩B�k
)
1
((
By ∪ Cy

)
∩A�

)]
6 (1− P(A�)) sup

y∈D2

P
(
(By ∪ Cy) ∩A�

)
E
[
eθλεT1

]k
P(A�)k−1.

For k ∈ N and k − 1 > ` > 2 we obtain

sup
y∈D3

E
[
eθλε(t`+···+tk)1

( k−1⋂
j=`+1

A�j ∩B�k
)
1
( `−1⋂
j=1

(
Ajy ∩A�j

)
∩
(
B`y ∪C`y

)
∩A�`

)]
6 (1− P(A�)) sup

y∈D2

P
(
(A1

y ∩A�1) ∩
(
(B2

y ∪ C2
y

))
E
[
eθλεT1

]k−1P(A�)k−2

sup
y∈D2

P(Ay ∩A�)`−2
(
E
[
eθλεT1

]
P(A�)

)−(`−2)

.

Monotonicity yields

sup
y∈D2

P(Ay ∩A�) 6 E
[
eθλεT1

]
P(A�),

such that

k−1∑
`=2

sup
y∈D2

P(Ay ∩A�)`−2
(
E
[
eθλεT1

]
P(A�)

)−(`−2)

6 k − 2,

and hence

S2 6 2P(B�) sup
y∈D3

P
(
(By ∪ Cy) ∩A�

)
E
[
eθλεT1

] ∞∑
k=1

E
[
eθλεT1

]k−1P(A�)k−1

+ 2P(B�) sup
y∈D2

P
(
(A1

y ∩A�1) ∩
(
(B2

y ∪ C2
y) ∩A�2

))
E
[
eθλεT1

] ∞∑
k=1

(k − 1)E
[
eθλεT1

]k−2P(A�)k−2

= 2P(B�)
supy∈D3

P
(
(By ∪ Cy) ∩A�

)(
1− E

[
eθλεT1

]
P(A�)

)
+ 2P(B�)

supy∈D2
P
(
(A1

y ∩A�1) ∩
(
(B2

y ∪ C2
y) ∩A�2

))(
1− E

[
eθλεT1

]
P(A�)

)2 . (7.6)
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The off-diagonal error of second kind S3: This term describes that the
error that the jumps of Xε trigger the first exit before the model does. Due to
the doubly infinite summation this turns out the most cumbersome case:

S3 6 2

∞∑
k=1

∞∑
`=k+1

sup
y∈D3

E
[
eθλε(tk+···+t`)

1
( k−1⋂
j=1

(
Ajy ∩A�j

))
1
(
Aky ∩B�k

)
1
( `−1⋂
j=k+1

Ajy ∩
(
B`y ∪ C`y

))]
.

The strong Markov estimates as in S11 yield for ` = k + 1 the estimate

sup
y∈D3

E
[
eθλε(tk+tk+1)1

( k−1⋂
j=1

(
Ajy ∩A�j

))
1
(
Aky ∩B�k

)
1
(
Bky ∪ Cky

)]
6 sup
y∈D2

P
(
Ay ∩A�

)k−1
sup
y∈D2

E
[
eθλε(t1+t2)

((
A1
y ∩B�1

)
∩
(
B2
y ∪ C2

y

))]
.

For ` > k + 2 we obtain the summands

sup
y∈D3

E
[
eθλε(tk+···+t`)1

( k−1⋂
j=1

(
Ajy∩A�j

))
1
(
Aky∩B�k

)
1
( `−1⋂
j=k+1

Ajy∩
(
B`y∪C`y

))]
6 sup
y∈D2

P
(
Ay ∩A�

)k−1
sup
y∈D2

P
(
Ay ∩B�

)
sup
y∈D2

E
[
eθλεT11(Ay)

]`−1−k

sup
y∈D2

E
[
eθλε(t2+t1)1(A1

y)1(B2
y ∪ C2

y)
]
.
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Assuming supy∈D2
E
[
eθλεT11(Ay)

]
< 1 for ε ∈ (0, ε0] for ε0 ∈ (0, 1] small

enough which we verify in Step 3 we obtain

S3/2

6
∞∑
k=1

sup
D2

P
(
Ay ∩A�

)k−1
(

sup
D2

E
[
eθλε(t1+t2)1

(
A1
y ∩B�1 ∩

(
B2
y ∪ C2

y

))]
+ sup

D2

P
(
Ay ∩B�

)
E
[
eθλε(t1+t2)1

((
A1
y ∩B�1

)
∩
(
B2
y ∪ C2

y

))]
∞∑

`=k+2

sup
D2

E
[
eθλεT11(Ay)

]`−1−k
)

=

(
sup
D2

E
[
eθλε(t1+t2)1

(
A1
y ∩B�1 ∩

(
B2
y ∪ C2

y

))]
+

supD2
E
[
eθλεT11(Ay)

]
supD2

P(Ay ∩B�)
1− supD2

E
[
eθλεT11(Ay)

]
· sup
y∈D2

E
[
eθλε(t1+t2)1

(
A1
y ∩B�1 ∩

(
B2
y ∪ C2

y

))])/(
1− sup

D2

P(Ay ∩A�)
)

6
supD2

E
[
eθλε(t1+t2)1

(
A1
y ∩B�1 ∩

(
B2
y ∪ C2

y

))]
1− supD2

P(Ay ∩A�)

·
(

1 +
supD2

E
[
eθλεT11(Ay)

]
supD2

P(Ay ∩B�)
1− supD2

E
[
eθλεT11(Ay)

] )
.

(7.7)
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Step 2: Precise estimates of the events on (0, T1]. First note the
following inclusions, which are valid by construction

JD2(Bγε(φ)) ⊆ JD(φ)

JD
c
2(Bγε(φ)) ⊆ JD

c
3(φ) and Dc

3 ⊆ Dc ∪ (D \D3(γε)) ∪ (Uχ−3γε)c

JD2\D3(Bγε(φ)) ⊆ JD\D4(φ).

We prove the following event estimates.

Claim 1: For y ∈ D2 we have

1(Ay) 6 1{εW1 ∈ JD(φ)}+ 1{|εW1| > εΥ1}1{T1 < κ0 + κ1| ln(γε)|}+ 1(Ec
y),

(7.8)

1(A−y ) 6 1(Ay)

6 1(A−y ) + 1{εW1 ∈ JD\D4(φ)}+ 1{|εW1| > εΥ1}1{T1 < κ0 + κ1| ln(γε)|}
+ 1{T1 < εΥ1}+ 1(Ec

y), (7.9)

1(By) 6 1{εW1 ∈ JD
c
3(φ)}+ 1{|εW1| > εΥ1}1{T1 < κ0 + κ1| ln(γε)|}

+ 1{T1 < εΥ1}+ 1(Ec
y). (7.10)

The stronger condition y ∈ D3 implies

1(Cy) 6 1(Ec
y). (7.11)
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The first estimates of 1(Ay) and 1(By) since for y ∈ D2 we have

1(Ay) 6 1(Ay)1(Ey) + 1(Ec
y)

6 1(Ay)1(Ey)1{|εW1| > εΥ1}+ 1{|εW1| 6 εΥ1}+ 1(Ec
y)

6 1(Ay)1(Ey)1{|εW1| > εΥ1}1{T1 > κ0 + κ1| ln(γε)|}
+ 1{|εW1| > εΥ1}1{T1 < κ0 + κ1| ln(γε)|}
+ 1{|εW1| 6 εΥ1}+ 1(Ec

y)

6 1(Ay)1(Ey)1{|εW1| > εΥ1}1{T1 > κ0 + κ1| ln(γε)|}
+ 1(Ay)1(Ey)1{|εW1| > εΥ1}1{T1 < κ0 + κ1| ln(γε)|}
+ 1{|εW1| 6 εΥ1}+ 1(Ec

y)

6 1
( ⋂
y∈Bγε (φ)

{εW1 ∈ JD2(y)}
)
1{|εW1| > εΥ1}

+ 1{|εW1| > εΥ1}1{T1 < κ0 + κ1| ln(γε)|}
+ 1{|εW1| 6 εΥ1}+ 1(Ec

y)

= 1{εW1 ∈ JD2(Bγε(φ))} − 1{εW1 ∈ JD2(Bγε(φ))}1{|εW1| 6 εΥ1}
+ 1{|εW1| > εΥ1}1{T1 < κ0 + κ1| ln(γε)|}+ 1{|εW1| 6 εΥ1}+ 1(Ec

y)

6 1{εW1 ∈ JD(φ)}+ 1{|εW1| > εΥ1}1{T1 < κ0 + κ1| ln(γε)|}+ 1(Ec
y).

(7.12)

In addition, the reduced event A−y satisfies

1(A−y ) 6 1(Ay)

6 1(A−y ) + 1{Y ε(t; y) ∈ D2 for t ∈ [0, T1] and Y ε(T1; y) + εW1 ∈ D2 \D3}
6 1(A−y ) + 1{Y ε(t; y) ∈ D2 for t ∈ [0, T1] and Y ε(T1; y) + εW1 ∈ D2 \D3}
· 1(Ey) + 1(Ec

y)

6 1(A−y ) + 1{Y ε(t; y) ∈ D2 for t ∈ [0, T1] and Y ε(T1; y) + εW1 ∈ D2 \D3}
· 1(Ey)1{|εW1| > εΥ1}+ 1{|εW1| 6 εΥ1}+ 1(Ec

y)

6 1(A−y ) + 1{|εW1| 6 εΥ1}+ 1(Ec
y)

+ 1{Y ε(t; y) ∈ D2 for t ∈ [0, T1] and Y ε(T1; y) + εW1 ∈ D2 \D3}
· 1(Ey)1{|εW1| > εΥ1}1{T1 > κ0 + κ1| ln(γε)|}
+ 1{|εW1| > εΥ1}1{T1 < κ0 + κ1| ln(γε)|}

6 1(A−y ) + 1{|εW1| 6 εΥ1}+ 1(Ec
y)

+ 1{εW1 ∈ JD2\D3(Bγε(φ))}+ 1{|εW1| > εΥ1}1{T1 < κ0 + κ1| ln(γε)|}
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Analogously, we obtain

1(By)

6 1(By)1(Ey) + 1(Ec
y)

= 1(By)1(Ey)1{|εW1| > εΥ1}+ 1(By)1(Ey)1{|εW1| 6 εΥ1}+ 1(Ec
y)

= 1(By)1(Ey)1{|εW1| > εΥ1}1{T1 > κ0 + κ1| ln(γε)|}
+ 1(By)1(Ey)1{|εW1| > εΥ1}1{T1 < κ0 + κ1| ln(γε)|}
+ 1(By)1(Ey)1{|εW1| 6 εΥ1}1{T1 > εΥ1}
+ 1(By)1(Ey)1{|εW1| 6 εΥ1}1{T1 < εΥ1}+ 1(Ec

y)

6 1{Y ε(T1; y) ∈ Bγε(φ)}1{εW1 ∈ JD
c
2(Y ε(T1; y))}

+ 1{|εW1| > εΥ1}1{T1 < κ0 + κ1| ln(γε)|}+ 0 + 1{T1 < εΥ1}+ 1(Ec
y)

6 1
( ⋂
y∈Bγε (φ)

{εW1 ∈ JD
c
2(y)}

)
+ 1{|εW1| > εΥ1}1{T1 < κ0 + κ1| ln(γε)|}+ 1{T1 < εΥ1}+ 1(Ec

y)

6 1{εW1 ∈ JD
c
2(Bγε(φ))}

+ 1{|εW1| > εΥ1}1{T1 < κ0 + κ1| ln(γε)|}+ 1{T1 < εΥ1}+ 1(Ec
y)

6 1{εW1 ∈ JD
c
3(φ)}

+ 1{|εW1| > εΥ1}1{T1 < κ0 + κ1| ln(γε)|}+ 1{T1 < εΥ1}+ 1(Ec
y)

(7.13)

For y ∈ D3 the definition of the reduced domain of attraction yields that the
event Ey implies that Y ε(t; y) ∈ B 1

2γε
(u(t; y)) ⊂ D2(γε) for all t ∈ [0, T1]. That

is Ey ⊂ Ccy.

Claim 2: For y ∈ D2 and U ∈ B(H) we have

1(Ay ∩B�) 6 1{|εW1| > εΥ1}1{T1 < κ0 + κ1| ln(γε)|}+ 1(Ec
y) (7.14)

1(By ∩A�) 6 1{εW1 ∈ JD\D3(δ)(φ)}+ 1{T1 < εΥ1}+ 1(Ec
y)

+ 1{|εW1| > εΥ1}1{T1 < κ0 + κ1| ln(γε)|} (7.15)

1(By ∩B�)1
(
{X(T1; y) ∈ U} 4 {εW1 ∈ J U (φ)}

)
6 1{εW1 ∈ J B(`+1)γε (∂U)∩Dc

(φ)}+ 1{T1 < εΥ1}
+ 1{|εW1| > εΥ1}1{T1 < κ0 + κ1| ln(γε)|}+ 1(Ec

y). (7.16)
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The estimate (7.14) is a direct consequence of (7.8) in Claim 1. Using (7.10)
we obtain

1(By ∩A�) 6 1{εW1 ∈ JD\D4(δ)(φ)}+ 1{|εW1| > εΥ1}1{T1 < κ0 + κ1| ln(γε)|}
+ 1{T1 < εΥ1}+ 1(Ec

y).

For (7.16) the inclusion J U (Bγε(φ)) ⊆ J U (φ), the Lipschitz continuity of
y 7→ y + z with Lipschitz constant 1 + ` for any z and (7.10) yield

1(By ∩B�)1{X(T1; y) ∈ U} 4 {εW1 ∈ J U}
6 1{εW1 ∈ JD

c

(φ) ∩
(
J U (Bγε(φ))4J U (φ

)
}

+ 1{|εW1| > εΥ1}1{T1 < κ0 + κ1| ln(γε)|}+ 1{T1 < εΥ1}+ 1(Ec
y)

6 1{εW1 ∈ JD
c

(φ) ∩
(
J U (φ

)
\ J U (Bγε(φ))}

+ 1{|εW1| > εΥ1}1{T1 < κ0 + κ1| ln(γε)|}+ 1{T1 < εΥ1}+ 1(Ec
y)

6 1{εW1 ∈ J B(`+1)γε (∂U)∩Dc

(φ
)
}

+ 1{|εW1| > εΥ1}1{T1 < κ0 + κ1| ln(γε)|}+ 1{T1 < εΥ1}+ 1(Ec
y).

Step 3: Estimates of the resulting expressions: Step 2 provides the
estimates to dominate respectively the term S11 by (7.4), S12 by (7.5), S2 by
(7.6) and S3 by (7.7).

Event Ay: Due to (7.8) there is a constant ε0 ∈ (0, 1] such that ε ∈ (0, ε0]
implies

sup
y∈D2

P(Ay ∩A�)

6 sup
y∈D2

E
[
eθλεT11(Ay)

]
6 1− (1− θ)λε

βε − θλε
+

β2
ε

βε − θλε
((κ0 + κ1| ln(γε)|)

ν(εΥ1−1Bc1(0))

βε
+

C2βε
βε − θλε

2e−
1

5γε

6 1−
( (1− θ)

1− θ λεβε
− C ′

)λε
βε

6 1− 1− θ
2

λε
βε

6 1− (1− C ′)λε
βε

< 1. (7.17)
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Event By: Using that ν is regularly varying and the initial choice of ε0 in
(7.3) we obtain

lim
ε→0

ν( 1
εJ

D\D4(γε)(φ))

βε

(λε
βε

)−1

6 lim
ε→0

ν( 1
εJ

D\D4(γε0 )(φ))

ν( 1
εJD(φ))

=
µ(JD\D4(γε0 )(φ))

µ(JD(φ))
6 C ′. (7.18)

We use estimate (7.10) yields a constant ε0 ∈ (0, 1] such that ε ∈ (0, ε0] implies

sup
y∈D2

P(By ∩B�) 6 sup
y∈D2

E
[
eθλεT11(By)

]
6 E

[
eθλεT1

]
P(W1 ∈

1

ε
JD

c

(φ))+E
[
eθλεT11{T1 < κ0+κ1| ln(γε)|}

]ν(εΥ1−1Bc1(0))

βε

+ E
[
eθλεT11{T1 < εΥ1}

]
+ sup
y∈D2

E
[
eθλεT11(Ec

y)
]

6
βε

βε − θλε

(λε
βε

+
(
1− e−(βε−θλε)(κ0+κ1| ln(γε)|)

)ν(εΥ1−1Bc1(0))

βε
+ βεε

Γ1

+
βε − θλε

βε
2e−(5γε)

−1
)

6 (1 + 2C ′)
λε
βε
. (7.19)

Event Cy: Estimate (7.11) yields a constant ε0 ∈ (0, 1] sufficiently small
such that ε ∈ (0, ε0] implies

sup
y∈D3

P(Cy) 6 sup
y∈D3

E
[
eθλεT11

(
Cy
)]

6 sup
y∈D2

E
[
eθλεT11(Ec

y)
]

= 2 exp(−(5γε)
−1) 6 C ′

λε
βε
. (7.20)

Events Ay ∩B� and By ∩A�: By (7.14) we obtain directly ε0 ∈ (0, 1] such
that for ε ∈ (0, ε0] we obtain with the analogous calculations

sup
y∈D2

P(Ay ∩B�) 6 sup
y∈D2

E
[
eθλεT11(Ay ∩B�)

]
6 C ′

λε
βε
. (7.21)

and with the help of (7.15), the regular variation and (7.3) for ε ∈ (0, ε0]

sup
y∈D2

P(By ∩A�) 6 sup
y∈D2

E
[
eθλεT11(By ∩A�)

]
6 C ′

λε
βε
. (7.22)
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Exit events after a non-exit first large jump: First note the trivial
inclusions

sup
y∈D2

P
(
Ay ∩

(
B2
y ∪ C2

y

)
∩A�2

)
6 sup
y∈D2

E
[
eθλεt21

(
Ay ∩

(
B2
y ∪ C2

y

)
∩A�2

)]
6 sup
y∈D2

E
[
eθλε(t1+t2)1

(
Ay ∩

(
B2
y ∪ C2

y

)
∩A�2

)]
6 sup
y∈D2

E
[
eθλε(t1+t2)

(
Ay ∩B2

y ∩A�2
)]

+ sup
y∈D2

E
[
eθλε(t1+t2)1

(
Ay ∩ C2

y

)]
.

The analogous estimate holds obviously true without the presence of A�2. With
the help of the strong Markov property and (7.22) we obtain ε0 ∈ (0, 1] such
that for ε ∈ (0, ε0]

sup
y∈D2

E
[
eθλε(t1+t2)

(
Ay ∩B2

y ∩A�2
)]

6 sup
y∈D2

E
[
eθλεT11

(
Ay
)]

sup
y∈D2

E
[
eθλεT11

(
By ∩A�

)]
6 C ′

λε
βε
. (7.23)

In case of A�2 being replaced by B�1 we obtain for ε ∈ (0, ε0]

sup
y∈D2

E
[
eθλε(t1+t2)

(
Ay ∩B� ∩B2

y

)]
6 sup
y∈D2

E
[
eθλεT11

(
Ay ∩B�

)]
sup
y∈D2

E
[
eθλεT11

(
By
)]

6 C ′(1 + C ′)
(λε
βε

)2

. (7.24)

Keeping in mind the convention Ay = A1
y and A−y = A1−

y the estimates (7.9),
(7.17), (7.18) and (7.20) yield a constant ε0 ∈ (0, 1] sufficiently small such that
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for ε ∈ (0, ε0]

sup
y∈D2

E
[
eθλε(t1+t2)1

(
Ay ∩ C2

y

)]
6 sup
y∈D2

E
[
eθλε(t1+t2)

(
1
(
A−y
)
1
(
C2
y

)
+ 1{εW1 ∈ JD\D4(φ)}

+ 1{|εW1| > εΥ1}1{t1 < κ0 + κ1| ln(γε)|}+ 1{T1 < εΥ1}+ 1(Ec
y)
)]

6 sup
y∈D2

E
[
eθλεT11(Ay)

]
sup
y∈D3

E
[
eθλεT11(Cy)

]
+ E

[
eθλεT1

](
E
[
eθλεT1

]
P(εW1 ∈ JD\D4(φ))

+ E
[
eθλεT11{T1 < κ0 + κ1| ln(γε)|}

]
P(|εW1| > εΥ1)

+ E
[
eθλεT11{T1 < εΥ1}

]
+ sup
y∈D3

E
[
eθλεT11(Ec

y)
])

6
( βε
βε − θλε

)(
C ′

βε
βε − θλε

λε
βε

+
βε

βε − θλε
βε(κ0 + κ1| ln(γε)|)

ν(εΥ1−1Bc1(0))

βε

+ βεε
Υ1 + C ′

λε
βε

)
6
(

1 + θ
λε
βε

)
4C ′

λε
βε

6 6C ′
λε
βε
. (7.25)

Step 4: Concluding estimates of the sums of (7.4):

Estimate of S11: Since m±(∂U) = µ(J ∂U (φ±)) = 0 by assumption and
the regular variation of ν by Hypothesis (S.1) we have for any ε0 ∈ (0, 1] and
ε ∈ (0, ε0] that

lim
ε→0

P
(
εW1 ∈ J B(`+1)γε (∂U)∩Dc

(φ)
)(λε
βε

)−1

= lim
ε→0

ν
(

1
εJ

B(`+1)γε (∂U)∩Dc

(φ)
)

ν(ρεBc
1(0))

ν(ρεBc
1(0))

ν
(

1
εJD

c(φ)
)

6
µ
(
J B(`+1)δ(∂U)∩Dc

(φ)
)

µ(JDc(φ))
6
C ′

5
. (7.26)
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Hence (7.16), (7.19) and (7.26) yield

sup
y∈D2

E
[
1
(
By ∩B�

)(
1 + 1{Xε(T1; y) ∈ U} 4 {εW1 ∈ J U∩D

c

}
]

6 P(εW1 ∈ JD
c

(φ)) + P(εW1 ∈ J B(`+1)γε (∂U)∩Dc

(φ))

+ 2P(T1 < κ0 + κ1| ln(γε)|)P(|εW1| > εΥ1) + P(T1 < εΥ1) + 2 sup
y∈D2

P
(
Ec
y

)
6 (1 + C ′)

λε
βε
,

such that for ε ∈ (0, ε0] the sum S11 given in (7.4) satisfies

S11 6
1 + C ′

1− C ′
6 1 + 4C ′. (7.27)

S12 given by (7.5): By (7.17), (7.20) and (7.25) the sum S12 given in (7.5)
satisfies for ε ∈ (0, ε0] the estimate

S12 6
6C ′

1− C ′
6 12C ′. (7.28)

S2 given by (7.6): Using the estimates (7.20), (7.22), (7.23) and (7.25) the
sum S2 given in (7.6) satisfies for ε ∈ (0, ε0] the estimate

S2 6
2(1 + 3C ′)C ′

1− βε
βε−θλε (1− λε

βε
)

(λε
βε

)2

+ 2
6C ′(

1− βε
βε−θλε (1− λε

βε
)
)2(λεβε

)2

= 2(1 + 3C ′)C ′
βε − θλε
(1− θ)λε

(λε
βε

)2

+ 12C ′
( βε − θλε

(1− θ)λε

)2(λε
βε

)2

6 C ′ + 13C ′ = 14C ′. (7.29)

S3 given by (7.7): Using (7.17), (7.24), (7.25) and (7.21) we obtain ε0 ∈
(0, ε0] such that ε ∈ (0, ε0] implies

S3 6
(2C ′(1 + C ′)

(1− C ′)

(λε
βε

)
+

6C ′

1− C ′
)(

1 +
C ′

(1− C ′)

)
6 26C ′. (7.30)

We finally collect (7.27 - 7.30) and conclude that there is ε0 ∈ (0, 1] such that
ε ∈ (0, ε0] implies

sup
x∈D2

E
[
eθλε|τx−s(ε)|

(
1 + |1{Xε(τx;x) ∈ U} − 1{Wk∗(ε) ∈

1

ε
J U∩D

c

(φ)}|
)]

6 1 + 56C ′.

Since C ′ ∈ (0, 1−θ
2 ) was chosen arbitrary this finishes the proof.



Appendix: Conventions
and background material

Basics in Probability

In this section we provide some basic notation and result for the completeness
of the text. We refer to a proper probability course and classicale text books
in probability.

Kolmogorov’s probability space:

• (Ω,A,P) probability space (in general abstract)

• Ω 6= ∅ is called the sample space and elements ω ∈ Ω are called samples

• Denote by 2Ω the collection of all subsets of Ω and A ⊂ 2Ω is the sigma
algebra of events.

1. Ω ∈ A,

2. A ∈ A ⇒ Ac := Ω \A ∈ A and

3. for any sequence (An)n∈N with An ∈ A we have
⋃
n∈NAn ∈ A )

The elements of A are called events.

• A probability measure or distribution P is a mapping P : A −→ [0, 1]
satisfying P(∅) = 0 and for any disjoint family (An)n∈N of events An ∈ A
we have

P(
⋃
n∈N

An) =
∑
n∈N

P(An).
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Independence of events:

• Given a probability space (Ω,A,P) a family (An)n∈N of events is called in-
dependent w.r.t. P if for any N ∈ N and any choice N ∈ N, k1, . . . , kN ∈
N, ki 6= kj , we have

P(Ak1
∩ · · · ∩AkN ) =

N∏
`=1

P(Ak`).

The size of Probability spaces: Borel-Cantelli

Lemma 7.2.2 (Borel-Cantelli-Lemma).
On a probability space (Ω,F ,P) we consider a sequence of events (Ai)i∈N, Ai ∈
A.

1. If
∑∞
i=1 P(Ai) <∞, then

P(lim sup
i→∞

Ai) = 0,

where

lim sup
i→∞

Ai =

∞⋂
n=1

∞⋃
m=n

Ai = {ω ∈ Ω | #{ω ∈ Ai} =∞}.

”all elements ω in an infinite overlap of the Ai”

2. If the family (Ai)i∈N is independent and
∑∞
i=1 P(Ai) =∞, then

P(lim inf
i→∞

Ai) = 1,

where

lim inf
i→∞

Ai =

∞⋃
n=1

∞⋂
m=n

Ai = {ω ∈ Ω | #{ω /∈ Ai} <∞}.

”all elements ω in an eventually complete overlap of the Ai”

Random variables and vectors:

• A random variable X : Ω → R is a (A,B(R)) measurable mapping,
that is the preimage of the sigma algebra (which itself is a sigma algebra!)
X−1(B(R)) ⊂ A as a sub-sigma algebra.

Given a separable Hilbert space (H, | · |, 〈·, ·〉) equipped with its Borel sigma
algebra B(H).
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• A random vector X : Ω→ H is a (A,B(H))-measurable mapping.

• The distribution of a random vector X : Ω→ H, denoted by PX , is
a distribution on B(H) defined by

PX(A) := P(X−1(A)) = P(X ∈ A), A ∈ B(R).

• The expectation of a random vector X : Ω→ H has is defined as

E[X] :=

∫
Ω

X(ω)dP(ω) =

∫
H

xdPX(x)

as long as E[|X|] < ∞, defined analogously. A random variable is called
centered if E[X] = 0.

• The variance of a random vector is given by V(X) := E[|X−E[X]|2] =

E[|X|2]−|E[X]|2, as long as E[|X|2
]
<∞. Clearly, V(aX + b) = a2V(X)

for any a ∈ R and b ∈ H.

• Two random vectors X,Y : Ω → H are called independent (we often
write X ⊥ Y ) if for all A,B ∈ B(H) the distribution of the vector (X,Y )
given by P(X,Y )(A×B) := P((X,Y ) ∈ A×B) satisfies

P(X,Y )(A×B) = PX(A)PY (B),

in other words: P(X ∈ A, Y ∈ B) = P(X ∈ A)P(Y ∈ B).

• A family (Xn)n∈N of random variables Xn : Ω → R is called indepen-
dent if for any finite J ⊂ N we have for any family of events Aj ∈ B(R)

P(Xj ∈ Aj , for all j ∈ J) =
∏
j∈J

P(Xj ∈ Aj)

Weak convergence or convergence in distribution:

• A family µn of probability measures on (H,B(H)) converges weakly
to a probability measure µ on (H,B(H)) if for any bounded continuous
function f ∈ Cb(H,R)∫

H

f(z)µn(dz) −→
∫
H

f(z)µ(dz)

Equivalently we say that a family of random vectors Xn : Ω → H con-

verges in distribution to a random variable X (Xn
d−→ X) iff

PXn
n→∞−→ PX , weakly.
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The sum of independent random vectors: the convolution

• For two independent random variables X1, X2 : Ω → R with PX1
= µ1

and PX2 = µ2 we have that the sum X1 +X2 has the distribution

PX1+X2
(A) = P(X1 +X2 ∈ A) =: µ1 ∗ µ2(A) =

∫
R
µ1(A− x)dµ2(x).

This is denoted as the convolution of the probability measures.
Note that µ1 ∗ µ2 = PX1+X2

= PX2+X1
= µ2 ∗ µ1.

Characteristic functions characterize distributions:

• The characteristic function φµ : H → C of a probability measure µ
on (H,B(H) defined as

φµ(u) :=

∫
H

ei〈u,z〉µ(dz), u ∈ H.

For a random vector X : Ω→ H we denote

φX(u) := φPX (u), u ∈ H.

Example 7.2.3. 1. X ∼ N (m,σ2), then

φX(u) = eimu−
σ2u2

2

2. X ∼ Exp(λ), then

φX(u) =
λ

λ− iu

Basic properties of the characteristic function:

Injectivity: If φµ1
(u) = φµ1

(u) for all u ∈ H, then µ1 = µ2, that is the
characteristic function “characterizes” the distribution µ.

Boundedness: |φµ(u)|C 6 1 for all u ∈ H.

Sign change: φ(−u) = φ̄X(u) the conjugate complex a+ ib = a− ib
Symmetry: The symmetry implies L(X) = L(−X) =⇒ φX(u) ∈ R for

all u ∈ H.

Continuity in 0: limu→0 φX(u) = 1

Moments translate into smoothness: If E[|Xj |k] <∞ for some k ∈
N and j = 1, . . . , d, then φX is k-times continuously differentiable
and we have

E[Xk
j ] =

1

ik
∂k

∂xkj
φX(u)

∣∣∣
u=0

.
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Weak convergence =⇒ pointwise convergence of the c.f.: For
random vectors X,Xn : Ω → H with φn := φXn and φ := φX we
have that

lim
n→∞

φn(u) = φ(u) for all u ∈ H,

implies Xn
d−→ X.

Ptwise conv. + continuity in 0 of the limit =⇒ weak conv.: For
a family (Xn)n∈N of random vectors Xn : Ω → H with φn := φXn
and a function φ : H → C satisfying limu→0 φ(u) = 1 and

lim
n→∞

φn(u) = φ(u) for all u ∈ H,

then φ is the characteristic function of a probability distribution.

Independence implies multiplicativity: The independence of ran-
dom variables X ⊥ Y implies

φX+Y (u) = φPX∗PY (u) = φX(u)φY (u), u ∈ H.

Characterization of independence: A family (X1, . . . , Xn) of ran-
dom variables Xk : Ω → H is independent, iff for all (u1, . . . , un) ∈
(H)n

φ(X1,...,Xn)((u1, . . . , un)T ) = φX1
(u1) . . . φXn(un).

Moment generating function: For some nonnegative random vari-
able X : Ω → R the function r 7→ ψ(r) := E[e−rX ] for r > 0 is
called the moment generating function of X. It determines the
law of X uniquely and satisfies similar properties as the character-
istic function. Whenever it exits its relation their relation is given
by ψX(r) := φ(ir).

Inversion formula: For a random variable X : Ω → R such that∫
R |φX(u)|du < ∞, then X has a bounded, absolutely continuous

density f (w.r.t the Lebesgue measure) and

f(x) =
1

2π

∫
R
e−ixuφX(u)du.
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Allen-Cahn equation, stochastic, 105
alpha stable distribution, 18
array, 8
arrival times of a Poisson process, 35
asymptotic essential increment measure,

110

Binomial distribution, 3

càdlàg function, 44
Cauchy distribution, 18
centered array, 8
centered random vector, 153
characteristic exit rate, 110
characteristic function of a probability

measure, 154
characteristic function of symmetric ran-

dom variables, 154
characterization of the independence

of random vectors by the char-
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complete filtration, 51
compound Poisson distribution, 14
conditional expectation w.r.t. a dis-
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conditional expectation w.r.t. a gen-
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conditional expectation w.r.t. an event,
54

continuity in probability, 42
convergence in distribution, 153
convolution of probability measures, 154
covariance operator, 12

diagonal error, 138
dissipativity of the deterministic Allen-

Cahn equation, 95
distribution of a random vector, 153
domain of attraction, 94

enhanced canonical filtration, 51
enhanced natural filtration, 51
essential increment vectors, 109
essential strong Markov estimate, 138
estimate of the small noise stochastic

convolution, 117
estimate of the stochastic convolution

by Salavati y Zangeneh, 105
event, 151
exit events, 135
exit times representation by the exit

events, 136
expectation of a random vector, 153
exponential moments of compensated

Poisson random integrals, 72
exponential moments of Poisson ran-

dom integrals, 72

filtration, 50
first exit time from the reduced do-

main of attraction, 109

Gaussian distribution in a separable
Hilbert space, 12
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gradient structure of the deterministic
Allen-Cahn equation, 94

Haar functions, 31
heat equation, 90
heat semigroup, 91
hitting time of a closed set, 53
hitting time of an open set, 52
Hypothesis (D), Morse-Smale assump-

tion, 109
Hypothesis (S.1), regularly varying Lévy

measure, 109
Hypothesis (S.2), non-atomic asymp-

totic essential increment mea-
sure on the boundary, 110

Hypothesis (S.2), positive asymptotic
essential exit increment mea-
sure, 110

independence implies multiplicativity
of the characteristic function,
155

independent array, 8
independent family of events, 152
independent family of random vectors,

153
independent increments, 41
independent narray, 8
independent random vectors, 153
indistinguishable stochastic processes,

45
infinitely divisible distribution, 10
injectivity of the characteristic func-

tion, 154
intensity measure of a Poisson random

measure, 66
interlacing of the stochastic heat equa-

tion, 104
inversion formula of the characteristic

function, 155

joint exit times and locus result, 136

Lévy measure, 16

Lévy process, 41
local limit theorem 1 in R, 25, 26
local limit theorem 1 in a separable

Hilbert space by Araujo y Giné,
27

logarithmic convergence times of the
deterministic Allen-Cahn equa-
tion, 99

martingale, 58
mild solution of the deterministic Allen-

Cahn equation, 93
model of the asymptotic exit locus, 111
model of the asymptotic exit times,

111
moment generating function, 155
moments translate into smoothness of

the characteristic function, 154
Morse-Smale property, 94
mother wavelet, 31

natural filtration, 50
normalized array, 8
null array, 8

off-diagonal error, first kind, 139
off-diagonal error, second kind, 141
Optional stopping theorem, 59

path-wise Burkholder-Davis-Gundy es-
timate of semimartingales by
Siorpaes and Beiglböck, 83

perturbed deterministic Allen-Cahn equa-
tion, 100

Poisson process, 35
Poisson random integral, 69
Poisson random measure, 66
probability distribution, 151
probability measure, 151
probability space, 151
Properties of the conditional expecta-

tion, 56
Proposition deviations of the small noise

Allen-Cahn equation, 127
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Q-Brownian motion, 29
quadratic variation of a function, 80

random variable, 152
random vector, 153
reduced domains of attraction, 100
regularly varying function at infinity,

24
right-continuous filtration, 51
rotationally invariant stable distribu-

tion, 16
row sum of an array, 8

sample space, 151
separatrix, 94
set of all finite partitions of an interval,

80
set of stable states of the deterministic

Allen-Cahn equation, 94
shift operator on path space, 135
sigma algebra, 151
Skorohod space, 49
slowly varying function at infinity, 23
small jumps Allen-Cahn equation, 116
stable distribution in the wide sense,

26
stationary increments, 42
stochastic convolution, 104
stochastic heat equation, 103
stochastic process with the same finite

dimensional distributions, 45
stopped sigma algebra, 54
stopping time, 51
stopping time sigma algebra, 54
strictly stable distribution, 18
strong Markov property, 61

the embeddings of the state space, 89
the fine dynamics of the deterministic

Allen-Cahn equation, 96
the fine dynamics of the deterministic

Chafee-Infante equation, 96

the flow decomposition of the Lévy mea-
sure, 111

the law of a stochastic process, 45
the precise flow decomposition scales,

127
Theorem about the asymptotic first exit

locus from the reduced do-
main of attraction, 111

Theorem about the asymptotic first exit
times from the reduced do-
main of attraction, 110

Theorem of Lindeberg-Feller, 9
Theorem of Radon-Nikodym, 55
total variation of a function, 80

uniform assorbtion, 95
usual conditions of a filtration, 52

variance of a random vector, 153
version of a stochastic process, 45

waiting times of a Poisson process, 35
weak convergence of probability mea-

sures, 153
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[35] M. Högele. The first exit problem and metastability
of generic scalar dissipative reaction-diffusion equations
subject to multiplicative regularly varying Lévy noise
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[36] M. Högele, I. Pavlyukevich. The exit problem from the neighborhood of a
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