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Preface

The mechanism of many physical phenomena is well-described by ordinary
or partial differential equations giving rise to a dynamical system in finite or
infinite dimensions. In many cases, however, on the time scales of interest
these dynamical systems are subject to a (small) random residual perturbation
inherited from the microdynamics of unresolved smaller time scales, see for
instance [49].

In the case of finite dimensional dynamical systems perturbed by small Brow-
nian motion there is a large literature on the qualitative behavior of the per-
turbed system in terms of large deviations theory going back to the pioneering
work by Cramér in the 1940ies. Since then the field has grown enormously
and is usually referred to as Freidlin-Wentzell theory. Classical texts comprise
13, [7, 17, 18] 211 23, 27, 28|, [50] and references therein. The asymptotic exit
times of a dynamical system from the neighborhood of a stable state grows
exponentially as a function of the inverse noise intensity with the precise ex-
ponents given as “minimal energy barriers” to cross and the exit paths evolve
with overwhelming probability close to an energy minimizing trajectory.

In infinite dimensions the so-called Allen-Cahn equation is a particular case,
where this is studied in detail is sometimes also referred to as Chafee-Infante
equation, a dissipative non-linear parabolic partial differential equation (see
for instance [34] 32]) subject to Gaussian noise and is often associated to the
notion of tunneling. In the literature this phenomenon was treated in [5] [9] [10]
25, 26], [66]. In 2012 Stella Brassesco offered an introductory class at the XXV.
Escuela Venezola de Matematicas on the subject.

However, the Gaussian white noise structure is not the only possible proba-
bilistic perturbation of interest. In general the class of limiting distributions
and resulting processes is much larger and given by so-called Lévy processes,
typically non-Gaussian processes with stationary and independent increments
see for instance in [Il [6I]. In the non-Gaussian case these processes exhibit
jump discontinuities, which in particular cases, such as a-stable processes ef-
fectively change the dynamics. The literature on dynamical systems perturbed
by this kind of discontinuous and heavy-tailed processes is much younger,
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[40, 39, [42] [19] 20 56, B6] and contains mainly perturbations of infinite di-
mensional dynamical systems. In [I9] 20] the authors study the first exit times
of the Allen-Cahn equation (referred to as Chafee-Infante equation in these
publications) subject to additive a-stable noise.

The proof techniques rely on a carefully chosen flow decomposition of the driv-
ing noise splitting the large heavy-tailed jumps from the remaining noise, which
occur only with finite intensity. Between (appropriately identified) large jumps
of the random perturbation the process follows the deterministic trajectory
with overwhelming (exponential) probability. In order to prove this result we
combine the path-by-path version of the Burkholder-Davis-Gundy inequality
by Siorpaes and Beiglbock [62], an estimate of the stochastic convolution by
Salavati and Zanegeh [64] with Campbell’s formula together with a method
used in [36]. This result is much finer than the methods applied in [20]. In
addition, the deterministic relaxation is sufficiently fast in order to occur on
average before the next large jump, such that the main dynamics is described
by large jump increments starting from neighborhoods of a stable state. Sum-
ming up this dynamics it turns out that the exit times behave polynomially as
a function of the inverse noise intensity and the exit occurs due to one of the
large jumps and hence yields a distribution (as a limiting object of the large
jump distribution). Such a work is carried out for the Allen-Cahn equation in
[20] perturbed by a-stable Lévy noise (o € (0,2)) with additive noise. In [35],
the results are generalized to multiplicative noise and general regularly vary-
ing noise and a generic class of dissipative scalar partial differential equations.
This lecture course aims at presenting the results of [35] for the simpler case of
additive noise.

The text is designed as a self-contained course taking seriously the prerequi-
sites of the audience assumed as probability theory (including Kolmogorov’s
law of large numbers, the standard central limit theorem, characteristic func-
tions), ordinary differential equations and dynamical systems and linear partial
differential equations. As a consequence the course is divided in three parts:

The first part provides an introduction to general Lévy processes, the class of
stochastic perturbations of interest. In Chapter 1 we introduce the laws of
Lévy processes starting with central and local limit theorems, and the identifi-
cation of the limiting distributions as infinitely divisible distributions and their
characterization by the Lévy-Khinchin theorem. Chapter 2 is followed by the
construction of general Lévy processes starting with the explicit construction
of @Q-Brownian motion and compound Poisson processes in separable Hilbert
spaces. After the construction we establish the existence of cadlag paths, the
strong Markov property and the existence of moments for Lévy processes with
bounded jumps. This paves the way to the derivation of the Lévy-Ito6 theo-
rem, which characterizes Lévy processes as essentially a linear drift plus a Q-
Brownian motion plus two Poisson random integrals. Chapter 2 finishes with
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the presentation of Burkholder-Davis-Gundy inequality, the essential estimate
for pure jump processes.

The second part starts with a detailed discussion of the state space followed
by an introduction to the dynamical system generated by the deterministic
Allen-Cahn equation and a careful and detailed discussion of its dynamics. In
Chapter 4 we establish the mild solution of the stochastic Allen-Cahn equation
with additive Lévy noise and in particular the crucial strong Markov property.
The third part is entirely dedicated to the first exit problem, that is the asymp-
totic behavior of the first exit times and locus of the stochastic Allen-Cahn
equation with small additive regularly varying Lévy noise. In Chapter 5 we
present the general setting and a discussion of a “model” for each of the quan-
tities. Chapter 6 is dedicated to the control of the “small” jumps stochastic
Allen-Cahn equation between two consecutive “large” jumps, where we use all
the machinery acquired in part 1. The final part contains the final book keeping
of the large jumps dynamics.

The material in Part 1 and 2 is not original and can be found in many textbooks.
Important sources of the presentation are among others [45], [57], [61], [22], [58],
[20] and many more. Part 3 is a simplified version for the additive case of the
article [35], where the first exit problem is treated for the stochastic Allen-Cahn
equation with multiplicative regularly varying Lévy noise. On the channel of
the Mathematics department of Universidad de los Andes, Bogota, Colombia
you can find the videos of this course.
https://www.youtube.com/playlist?list=PLUH3ZFcFJmW4i7fSNSbujKVhP8tThYmwj

Acknowledgements. I would like to thank S. Brassesco and C. DiPrisco
for the kind invitation to the XXX. Escuela Venezolana de Matematicas and
the participants for the efforts to follow this video course. It is my pleasure to
contribute to this distinguished institution of academic collaboration.

I also would like to thank the International Center for Theoretical Sciences,
Bangalore, India, the new founded member institution of the Tata Institute of
Fundamental Research Network, for the invitation to the first Summer Research
Program on the Dynamics of Complex Systems in summer 2016, where I held
a class on stochastic climate models with Lévy noise based on some of the
material I present here. In particular I would like to thank A. Apte and his
group at ICTS for their warm hospitality in Bangalore.

Michael A. Hogele
Bogoté, December 2017
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Part 1

A short introduction to
Lévy processes






Chapter 1

Limit theorems and infinite
divisibility

1.1 Motivation: The central and the Poisson
limit theorem

The sums of Bernoullis.  Given a probability space (£2,.4,P) consider an
iid. family (X,)neny of Bernoulli random variables X,, : & — {0, 1}, that is
Px, = pdo + (1 — p)dy for some p € [0, 1], where for all Borel sets A € B(R)

and z € R
w4y e
Clearly, E[X,,] =0(1 —p) + 1p = p and
V(Xn) = E[X7] - E[X,]* = E[X,] - E[X,]* = p - p* = p(1 - p).

n

Then for any n € N the sum S, of the first n-Bernoullis takes values in
{0,...,n} and is Binomially distributed with parameters n and p € [0, 1]

S, = i:Xk ~ By p,
k=1

in other words for all k € {0,...,n}

n

P(S, = k) = (k)p’“(l —p)" "

3



This entails the well-known formulas

E[S,,] :E[zﬂjxk} -y E[Xk} = np,
k=1 =1

and due to the well-known Bienaymé identity, the independence of the (X, )nen
and their identical distribution

V(S,) =V Xi) =Y V(X)) = np(1 - p).
k=1

k=1
Remark 1.1.1. e S, —np is a centered random variable, that is E[S,, —
np] = 0.
o S = % is a normalized random variable that is centered with
np(l—p

variance V(S¥) = 1.
EXERCISE 1.1.2. Check the preceding remark.
Remark 1.1.3. For X ~ B, , andY ~ By, , and X LY we have
X+Y ~ Bpigngp-
EXERCISE 1.1.4. Check the preceding remark.

There are two fundamental limit theorems for the behavior of S} as n tends to
infinity, the Central and the Poisson limit theorem.

The Central limit theorem.  Given (2, 4,P) consider an i.i.d. sequence
(Xn)nen of Bernoulli random variables X, : Q@ — {0,1} with Px, = (1—p)do+
pd1. In the symmetric case p = % we have that for any n € N

S, —mn/2 28, —n 1 &
Sr = = = — 2X, —1
" l(l—l) \/ﬁ \/ﬁzu,_)/
n; 3 k=1 11}

has a centered, symmetric “Binomial” distribution with values in the set

PR Tt SN SR S et
\/E? \/ﬁ?"'? \/ﬁ”\/ﬁ""’\/ﬁ?\/ﬁ’

which looks more and more “bell-shaped”.




Consult the figures in the video.

Interestingly, the convergence remains true also for asymmetric Bernoullis with
p € (0,1)\ {3} and yields the following well-known result.

Theorem 1.1.5 (Central limit theorem (De Moivre-Laplace)). For an i.i.d.
sequence (X, )nen of Bernoulli random variables X, : Q — {0,1} on a given
probability space (Q, A,P) with Px_ = (1 —p)do + pd1, p € (0,1) we have that

c(sy) =0 ——2) L N, 1), as n — o,

— v/np(l—p)

that is for any finite a < b

" Xp-p

2

b
i P(Sy, € [a.8]) = / f(@)da, forf(x)z\/%e‘%.

Interestingly in the light of Remark the limiting (normal) distribution
satisfies.

Remark 1.1.6. If X ~ N (my,0%) and Y ~ N(mg,03) and X LY we have
X +Y ~ N(my +mg, 0% 4+ 03).
EXERCISE 1.1.7. Show the preceding remark.

More generally we have the following result .

Theorem 1.1.8 (The central limit theorem). For a sequence (X,,)nen of i.i.d.
random variables X, : Q@ — R with 0 < 02 = V(X,,) < 0o and m = E[X,,] we
have

n

. Xp—m 4
Sn:I;W—H\/’(O,l) as n — oo.

A short proof is given in Kallenberg [43] using the Taylor expansion of the
characteristic function of S7.

Non-central limit theorems: A second class of limit theorems considers
sequences of “i.i.d. sequences” of Bernoullis (X]')x=o,... n, Where the parameter
p = pp and tends to 0, that is, we have more end more random variables, but
the exit probability for each of them decreases, that is some kind of “thinning”.
Therefore it is also called the limit theorem of “rare events”.

The easiest version is the following classical result.



Theorem 1.1.9 (The Poisson limit theorem).
For sequences (mp)nen C N with m,, — oo and (pp)neny € (0,1), n € N
satisfying imy, oo mppn = A € [0,00) we have for any fized £ € N

. T mnp\ ¢ . mn,giﬁ A .
i B ((69) = Jim (") )1 = ) = e = Poia (1))

As explained above we can reformulate this as follows: For n € N consider the
finite i.i.d. sequence

(X )k=1,...n
with X}’ ~ B, . Then we have that

LY Xp) — Poiy.
k=1

n

Proof. The proof is elementary:

mp!

0 4
(o — 017 = (Mg - (my — €+ 1))p,
e (my — 0+ 1
_m 5:2 + )(mnpn)e — )\Z, as n — oo,

by assumption and Euler’s limit of the exponential function

(1 _ Mnpn )mn eA
1 —Pn)m”_e =——"n T — 4, asn — oo
(1 - pn) 1
Putting together these partials results yields the statement. O

In the light of Remark [I.1.3)and [I.1.6 we have the following interesting property.
Remark 1.1.10. If X ~ Poiy, and Y ~ Poiy, and X LY, then

Px4+y = Poiy, +x, -
EXERCISE 1.1.11. Check the preceding remark.

1.2 Arrays and infinitely divisible distributions

1.2.1 Arrays and the central limit theorem

A word about separable Hilbert spaces: For our applications in the
second and third part of the course we will formulate all our results for separable
Hilbert space (H, (-,-),|-|). We give some basic results about separable Hilbert
spaces without proof. We refer for instance to Werner [67], Kapitel V or any
other book on functional analysis.



Separable Hilbert spaces are the natural generalization of the Euclidean
space R, equipped with the norm

d
|x| = m, and inner product {(x,y) = inyia T,y € RY.
i=1

A Hilbert space H over R is a R-vector space equipped with an inner
product (-,-) and norm |x| = /{(x,x), which is complete w.r.t. this
norm, that is all Cauchy sequences converge.

A separable Hilbert space H is a Hilbert space, with a dense countable
subset, w.r.t. the topology of the norm |- |. In particular, separable
Hilbert spaces are exactly those Hilbert spaces which have a countable
orthonormal basis (e, )ren, such that any 2 € H has the norm expansion

T = Z(x, €n)en

neN

Note that this expression is a limit, which can be justified by the so-called
Parseval’s equality
o[ =) (@, en)?,

neN

and

(x,y) = Z<xv en><yv en>'

neN

The smallest sigma algebra containing all open balls in H is called the
Borel-sigma algebra B(H) in H.

For most practical purposes until declared otherwise you can think of H being
the R?.

Motivation of arrays:  We can rewrite the convergence of the Theorem
[[.1.5] and Theorem in the following simple unified form.

1.

We can rewrite the hypotheses of the De Moivre-Laplace Theorem [1.1.5
as

57 = S”( wo_y (S )iy,




where X' : 1 — {—\/ ’(’
np
such that

1—p . ni 1
lfp)’ \/np(lfp)} WlthE[Xk] =0 and V(Xk) =z

n

1=V(Sy) = ;V(X;?)-

1
Note that in this case the distribution of X}’ does not depend on k.

2. Consider the case of the Poisson limit Theorem [I.1.9] where

S, = iX,?

k=1
for the i.i.d. (X}') newn, and the law X}' ~ B, being independent of k.
k=1,..., n

The concept of arrays. We generalize this concept to sequences of “se-
quences of random variables”, which are not necessarily identically distributed.

Definition 1.2.1. Let (k,)nen be a strictly increasing sequence k. : N — N of
natural numbers and H be a separable Hilbert space. Given a probability space

(Q,A,P).
o A double sequence (X}') nen of random wvectors X! : Q — H is

ke{l,....kn}
called an array.

o The array is called independent if for anyn € N the family (X)) k=1,... k.
1s independent.

o The array is called centered if E[|X}}|] < oo and E[X]] = 0 for any
neNand ke {1,...,k,}.

o We define for n € N as the row sum

k=1

e The array is called normalized if E[|X}|?] < co and V(S,,) = 1.

e The array is called asymptotically negligible or a null array if for
any e >0
lim max P(X}|>e¢e)=0,
n—oo ke{1,....kn}

that is uniform convergence to 0 in probability.



Remark 1.2.2. For an independent normalized array of random variables X}
Q — R, we have

kn

kn
L=V(S,) = V(> Xp) =Y V(XP).

k=1 k=1

The central limit theorem of Lindeberg-Feller

Theorem 1.2.3 (The central limit theorem of Lindeberg-Feller). Given a prob-
ability space (Q, A, P) be (X}})  nen an independent, centered, normalized
ke

yereslin

array of random variables X7} : @ — R. Then the following statements are
equivalent:

1. For any € > 0 we have

Lu(e) := Y E[(X7)°1{|X}] > e}] =5 0. (1.1)

Ps, "= N(0,1).

This result is found for instance in Klenke [45], Thm 15.43.

Remark 1.2.4. How can we understand this result? The variance for the
aggregate of tails vanishes

kn
Z Xn 212{ Xn) 2}]
k

zv<ZX 1{|X,€|>e}) V(S,)

=

3

—

if

L,(e) = — 0, as m — oo.
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In other words, for any € > 0 the influence of the variances of the random
variables with the values larger than € tends to 0 uniformly. Put differently,
the collective behavior is determined by the infinite aggregate of the arbitrarily
values of the random variables.

This result has also versions in higher dimensions, for instance see [51].

1.2.2 Infinitely divisible distributions
A) Basic properties:

Definition 1.2.5. A distribution p on (H,B(H)) is called infinitely divis-
tble if for a random vector X : Q@ — H with Px = p and any n € N there
exists a probability distribution [, on (H,B(H)) and an independent family
(X )k=1,...n of random vectors X} : Q — H with Pxp = fin such that

X4+ XxrLx.

In other words: A distribution p on (H,B(H)) is called infinitely divisible
if for any n € N there is a distribution fi,, such that

_ —*n

Mn*"'*ﬂn:/u’n = u.
—_——
n times
By this property we write )
i =t
Example 1.2.6 (Infinite divisibility of the normal distribution). Remark[1.1.4
tells us that for any m € R and 0® > 0 and X ~ N(m,o?) we have that for
two independent random variables X3, X3 with X? ~ N (%, 302) we get
X4+ X3~ X.

The same is true for finitely many random wvariables: For any n € N any
independent family (X7,...,X"7) with X ~ N (2, L62) we have

X4+ XM o X

Example 1.2.7 (Infinite divisibility of the Poisson distribution: ). By Remark
1.1.10] we have in the same spirit that for any A > 0 and X ~ Poiy any two
independent random variables X3, X3 with X2 ~ Poi% we have

X+ X3~ X.

The analogous result is true for finitely many random variables, that is for all
n € N and any i.i.d. family (X7,..., X)) with X' ~ Poix we have that

X' 44 XM~ X
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1 1
Example 1.2.8. Trivially, since — + ---+ — = 1 we have that for any b € H
n n
n times
and X ~ 0y that for X' ~ s

1 b
X+ + X = —(b—i—--.—i—b):n—:b:X.
LA — n
n times
We have already seen, that the normal distribution, the Poisson distribution
and the Dirac distribution 0, (the constant vectors) are infinitely divisible.
What about a counter example?

Example 1.2.9 (Counter example). The uniform distribution U_1 1) is not
infinitely divisible. For X ~U|_1 1) and u # 0 we have

1t
¢u[,1,1](u)=§/ e"*dx

1 1
= 5/ cos(ux)dx—!—i/ sin(ux)dx

1 -1
sin(u)
u

sin(u) [sin(u) '

u u

If Z ~ U_y,), does there exist a distribution with p, such that for two inde-
pendent copies X1, Xo with X; ~ p we have

X +Xo 2z 2

First note since Z is symmetric and the convolution of symmetric random vari-
ables preserves symmetry, such that p is necessarily symmetric. This implies
that ¢x, (u) € R for all u € R. However

sin(u)

¢ R

u

for w € (m,2m), which is a contradiction.

So why bother with infinite divisibility at all? Well, it characterizes the limits
of any convergent array.

Theorem 1.2.10. For a random vector X ~ pu the following are equivalent:

1. X is infinitely divisible.
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2. There ezists an independent array (X;?)lgkgn,neN and a family of vectors
(bn)nen in H such that

lim (S, — by) < 1,

n—oo

This result is given in Kallenberg [43], Theorem 13.12, for H = R and carries
over directly to separable Hilbert spaces H.

B) Infinite dimensional Gaussian distributions: In this paragraph we
construct the infinite dimensional H-valued analogue of the normal distribu-
tion.

Definition 1.2.11. For a separable Hilbert space (H,B(H)) with orthonormal
basis (e;)ien, m € H and a linear operator Q : H — H which is

o positive: (Qx,x) >0 for all x € H and

o symmetric: (Qz,y) = (x,Qy) for allz,y € H
and satisfies

> l(Qeiei)] < o0
i=1

the Gaussian distribution N (m,Q) in (H,B(H)) is defined via the charac-
teristic function of X ~ N(m,Q)

¢x (u) == exp(i{u,m) — %(Qu,u), u € H.

Definition 1.2.12. For a separable Hilbert space (H,B(H)) the set of operators
Q : H — H linear, symmetric operator satisfying

S 1(Qeives)] < o
=1

18 called the class of symmetric, positive trace class operators or covari-
ance operatores and denoted by L] (H).

Example 1.2.13. For H with orthonormal basis (e,), and nonnegative se-
quence (Ap)nen such that

i)‘” < 00 (1.2)
n=1

the operator
o0

Qz := Z An (T, €n)en, x € H,

n=1

s an element in LT(H). Equality justifies the name “trace class”.
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EXERCISE 1.2.14. Check that that Q € L} (H).

Remark 1.2.15. Why do we need trace class covariance operators? Note that
for a random vector Z ~ N(0,Q), for some Q € L} (H) we expect that

V(Z) =E[|Z]’] < .

This is not guaranteed, if Q does not satisfy . Later we construct a Q-
Brownian motion explicitly, where the respective calculus is carried out. What
does it mean? It says, contrary to R? where N(0,idy) is the standard model
of a Normal distribution (trace(idq) = d), in a separable Hilbert space H there
is mo such thing as “N(0,idg)” in a classical sense! The covariance operator
necessarily needs a summable diagonal.

EXERCISE 1.2.16. Given a R-valued i.i.d. sequence (Z,)nen with Z, ~
N(0,1) and (en)nen an ONB in the separable Hilbert space H. We consider
a sequence (Ap)nen with A, > 0 and > An < oo and define the LT(H)—

neN
operator
Qr ::Z/\n<x,en)en, x € H.
neN
Show that
X = Z \/EZnen

neN

satisfies X ~ N(0,Q).
The most important result of this paragraph is finally the infinite divisibility
of X ~ N(m, Q).

Lemma 1.2.17. Any X ~ N(m,Q) for any m € H and Q € L{(H) is
infinitely divisibile.

EXERCISE 1.2.18. Show the preceding lemma.

C) Compound Poisson distributions: = We now get to know the most
important class of infinitely divisible distributions.

Definition 1.2.19 (Compound Poisson random variables). Fiz a distribution
won (H,B(H)) and A > 0. On a given probability space (Q, A,P) consider
an i.i.d. family (Zy)ken of random vectors Zy : Q@ — H with Zy ~ p and a
random variable w ~ Poiy with (Zy)ken L w. Define the random variable

Clw) =) Zpw), we
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We shall denote the distribution of C' by the compound Poisson distribution
with parameters \ and p, Cpp(\, p).

Remark 1.2.20 (The Poisson distribution is a trivial Compound Poisson dis-
tribution). Note that in general we do not know the density of such distribu-
tions. Trivial exception: d =1 and p = 6, yields C =Y ;_, =, the Poisson
distribution of w itself.

In general compound Poisson distributions do not have known closed form
densities, apart from particular examples. A natural form to characterize in-
finitely distributions is via its characteristic function. In addition, it provides
an extraordinary useful tool to calculate moments etc.

Lemma 1.2.21 (The characteristic function of a Compound Poisson distribu-
tion). For any C ~ Cpp(\, p) and u € H we have

dou) = exp ( /H (49— 1)hu(d2)).

Proof. We calculate the characteristic function for C ~ Cpp(A, u) and

— ZE[62<U’Z1>]]€E€7)\ — Z o 67)\

_ eiAeﬂz[eiw,Zl)])\ _ E(E[ei<u,Z1)]71))\

— elbz (W)—1A _ exp (/ (ei(u,z> _ 1)>\N(d2’)>-
H

Lemma 1.2.22 (Compound Poisson distributions are infinitely divisible). Any
compound Poisson distribution Cpp(A, 1) is infinitely divisible.
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Proof. Now for C; L Cy with C; ~ Cpp(Aj, uj) we have
¢C1+CQ (u) = d)cl (u)¢02 (U)
= exp (/ (et — 1)>\1/~L1(dz)) €xp (/ () — 1))\2/~L2(dz))
H H

= exp (/H(ei<u72> (A + )\2M2)(dz)>

. A A
_ i(u,2) _q A ! 2 dz)).
exp ([ (e ) (o + ) (d2)

Hence C; + C2 ~ Cpp(A1 + Ag, )\1>‘+1)\2 1+ )\1/\+"‘)\2 uz). Given C ~ Cpp(\, u) for
any n € N any i.i.d. vector (C1,...,Cy), C; ~ Cpp(%, ) satisfies that

GCy 40, (1) = bc, (u) - b, (1)
oxp ([ (€0 =1)2(a))
(/H(ei(“’z> - 1))\u(dz)) = ¢c(u), ueH,

exp
that is

L(Cy+---+C,) =L(C)
and £(C) is infinitely divisible. O

D) Infinitely divisibility so far: = What have we achieved with Example
Lemma and Lemma [1.2.22]

Proposition 1.2.23. For any random variable X with values in H, which is
the sum X =b+Y + C for somebe H

Y ~N(m,Q) and C ~ Cpp(\, p)

satisfying Y L C' that is
x () = expn(u)), with 1(a) = i+ m. ) = 5 (Qu.w)+ [ (€ =DAn(az)

we have that L(X) is infinitely divisible.

Is the shape of Proposition [1.2.23| everything for infinitely divisible distribu-
tions? Almost! Without proof we state the full characterization of infinitely
divisible distributions, which will give us new non-trivial examples.
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1.2.3 The Lévy-Khinchin decomposition

A) General infinitely divisible distributions and a first non-trivial
example

Theorem 1.2.24 (Lévy-Khinchin). Consider a probability distribution p on
(H,B(H)). Then the following statements are equivalent:

1. p is infinitely divisible.
2. There exists a unique canonical triple (b, Q,v) consisting of a vector b €

H, Q € LT (H) is a symmetric, positive, trace class operator Q : H — H
and a o-finite measure v on (H,B(H)) satisfying

v({0}) =0, v(B{(0)) < o0 and / |2]2v(dz) < 0o
B1(0)
such that

Pu(u) = e u€ H,

with the exponent

1 :
) = ifh.r) = 3(Quewyo® + [ (€9 < 1= it 2)1 (2] < 1wz,
H
(1.3)
The measure v is called Lévy measure.

For an even more general result for separable Banach spaces see [2].

Example 1.2.25 (A first non-trivial example in R%: the rotationally symmetric
a-stable measure). Note that the Lévy measure v is not necessarily finite. For
instance the measure in (R, B(R?))

d

v(dz) = MTZ-M]'{Z # 0}, for some a € (0,2) (1.4)

satisfies v({0}) = 0,

C > dT — °
Z/(Bl(o)) = C/l m = CT’ i < 00
and
1 C r=1
/ |z|?v(dz) = C/ r2mo gy = r2me < 00.
Bl(o) 0 2 — r=0

However, we have

1
= Q.
0

1
v(B1(0)) = C/ r=tdr = Or=®
0

The distribution determined by the Lévy triplet (0,0,v) is called rotationally
invariant stable distribution.



17

Remark 1.2.26. The Previous erpression looks complicated. Is it really well-
defined? Writing h(u, z) := X" —1—i(u, 2)1{|z| < 1} we obtain the estimate

|h(u, 2)| < 2Jul?(1 A |2]?), uwe Hze H (1.5)

such that
[ @ =1 =it )14 < hwlaz)
< /H €9 1 —ifu, 2)1{]2] < 1}v(dz)
< 2|u|2/H(1 A 2R)(dz) < oo. (1.6)

EXERCISE 1.2.27. Verify the inequality . Hint: distinguish the cases
|z| > 1 and |z| < 1.

B) Finite Lévy measure yields a compound Poisson distribution

Remark 1.2.28 (Finite Lévy measure implies a compound Poisson law). As-
sume for a measure p that b =0 and Q@ =0 and v(H) < co. Then we have

o
———

R < /Bl(o) I2lv(d=) < v(B1(0)) < oo
=:b

and hence

/H(ei<uvz> S =i, 12| < 1})wld2)

_ /H(ei<u,z> —1)v(dz) —z‘/lgl(o)(u,zy(dz)
:/H(eﬂu’z> —1)y(dz)—i<u,/ zv(dz))

B1(0)
=v ehlw2) _ v(dz) —i{u zv(dz
@ [ @7 )T it [ i),

That is for X ~ p we have X =b+Y, where Y ~ Cpp(v(H),v/v(H)). In
particual if v is symmetric we have b = 0.

Remark 1.2.29. Note that the constant 1 can be replaced by any constant
p > 0 (at the price of a slightly changed expression for b and the integrals, of
course).



18

1.2.4 The class of alpha-stable distributions
A) Basic properties and examples of a-stable distributions in R

Definition 1.2.30. A probability distribution in (R, B(R)) is called strictly
stable if for any n € N there is a constant a(n) > 0 such that for n + 1
independent copies X', X with that distribution satisfy

ﬁ(x%---jtx,’;)ix.

If a(n) = n= it is called o-stable.

Example 1.2.31. Recall for Y ~ N(m,0?) we have that =™ ~ N(0,1) and
hence cY ~ N(em,ca?) for any ¢ > 0. Hence for X € N(0,0%) and n € N
with an i.i.d. sequence (X[)i=1 . n with X! ~ N(0,02) we have
1
vn

That is, centered normal distributions are 2-stable.

X7+ +X1)LX

Example 1.2.32. The Cauchy distribution Cau(b,v) in R with location
parameter b and scale parameter v > 0 is given by the density
1
f(I’) = 2 = i 5 x e R.
m(l n (%—b) ) 7W<72 +(z— b)2)

Check in the exercise below that for

—b Cau(0,1). (1.7)

Z
Z ~ Cau(b,vy) we have

Hence it is enough to work on Z ~ Cau(0,1), for which we have

xdx dx
s= [T o[ o
12 /RW(1+332) S T OO

that is no finite first moment. However, we have E[|Z|*] < oo for any o < 1.
(Check that!)

EXERCISE 1.2.33. Check for Z ~ Cau(b,7) that Z=% ~ Cau(0,1).

EXERCISE 1.2.34. e Show that the characteristic function of a random
variable X whose distribution is the symmetric exponential distribution
with density

f(z) = e l=l, z €R.
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s given by
1

:m, u € R.

Px(u)
Hint: Use integration by part and deduce a recursion formula.

o Show that the characteristic function of a Cau(0,1) distributed random
variable is given by dx(u) = e~lUl w € R. Use the inversion formula of
the characteristic function given in the appendix for the previous example.

Example(1.2.32|continued: In EXERCISE you calculated the char-
acteristic function of Z ~ Cau(0, 1) and by the scaling (1.7) we know that for
Z ~ Cau(b,~) which is given as

¢z(u) = exp(iub—ylul), ueR.
This yields that Cau(0,1) is infinitely divisible, since for ¥ ~ Cau(0,1) and

n € N a family (Y7,...,Y},) of i.i.d. random variables Y, : @ — R with
Y, ~ Cau(0, 1) satisfies

Byittv, (W) = by, (1) .. by, (1) = By, (u)™ = el = e=vl = gy (w).

With a similar calculus as in the a-stable case below it can be shown the
representation

; d
luf = /(ewz 1w {e] < 1}2, (1.8)
R z
which yields that
n(u)=lul, uweR
and corresponds to a Lévy triplet (0,0, v) for v(dz) = %.

Stability:  The previous scaling for X ~ Cau(0,1) yields + X ~ Cau(0, +).
Hence for a sequence of i.i.d. Cau(0,1) distributed random variables (X, )nen
we have

1
LX) L X, (1.9)
and hence the Cauchy distributions are 1-stable distributions.

EXERCISE 1.2.35. Why is (@) not a contradiction to Kolmogorov’s strong
law of large number? Note how different they are! How do you interpret this?
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B) Some instructive calculations for a-stable distributions in R~ We
calculate the characteristic functions and the Lévy measure of a-stable distri-
butions in d = 1.

Remark 1.2.36. For any a € (0,1) and u >0

a > dz
(03 — muz 1 .
" I'l-—a) /0 (e )zHa

We wverify directly:

/oo(e“‘z — 1)z~ gy = /DO (/z iuei“”dv> PR P
0 0 —0o0
o0 o0 .
/ (/ 1{v < z}iue’““dv) 2+ g,
0 —oo

= / / 1{v < z}iue™’z=F dydz
0 —0o0

= / / 1{v < z}iue™ 2z~ 1+ dzdy
0 —oo

:/ (/ z_(l'*'“)dz)iuei“”dv
0 o 1}1 4
= zu/ (—v_")e““’dv
0

«

. oo
U o
= — v %"V dv
@ Jo
Z'ulJrOL*l [

= / r” % Tdr = U—F(l — )
0 @

(183

for x = iuv and iudv = dx. With the same arguments we obtain for u < 0 that

0
o ) dz
e — iuz _q ]
=~ [ -1

—0o0
Hence for any o € (0,1) there is an infinitely divisible distribution p satisfying

op(u) = e"(“), u € R,
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2a c¢t4e

ey o — and

such that for some min{c*,c™} > 0 there is c(a) =

n(u) = /R(em (e 1z < 0p+ ez > 0D ﬁw — [

‘(/0 zdz++/1zd2)

=qulc — +c _—

_1 |zt o |z[ot?
=:b(a)

+c(oz)/R( e ] _juz1{|z] < 1})(c 1{z<o}+c+1{z>o})| ‘m

that is, we have a Lévy triplet (b(),0,v) with

dz

v(dz) = (c"1{z > 0} + ¢~ 1{z<0})| e

(1.10)

In the case of a symmetric distribution ¢t = ¢~ we have b(a) = 0.

Remark 1.2.37. For o € (1,2) we have to admit an additional term in the
Taylor expansion

[ > Uz dZ
u _M/() (e"® —1—iduzl{z < })ﬁ, u e R.

= [ 1 il < })“’_1{2<0}|j1i11{z>0”dz:c<a>|ua,

that is, we have a Lévy triplet (0,0,v) with

v(dz) = (c"1{z <0} + c"1{z > 0}) (1.11)

| |1+a

Remark 1.2.38. It can be shown that for an infinitely divisible distribution p
there is ¢ > 0 such that

$u(u) > exp(—c(a)lul®),  u€eR,
which is why there is no infinitely divisible (nor a-stable) distribution for o > 2.
Remark 1.2.39. The case a =1 is more complicated and implies necessarily

that ¢t = ¢, that is the 1-stable distributions (the Cauchy distributions) are
always symmetric.
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C) a-stable distributions in H:

Definition 1.2.40. a-stable Lévy measure in a separable Hilbert space
(H,B(H)) are defined via the polar decomposition r := |z| and s := i 0#
z€ H.
An a-stable Lévy measure v is given by a finite Radon measure o on 0B1(0)
and index o € (0,1)

dr

T1+o¢ ’

v(dz) = o(ds)

Remark 1.2.41. For H = R we have seen these formulas in equation
for a € (0,1), in equation for a € (1,2) and in (1.8) for o = 1.

Remark 1.2.42. Recall that in Example we have introduced in the space
(R, B(R?)) for o = Uyg, (o)) the rotationally invariant a-stable distribution.

Remark 1.2.43. A note on the infinite dimensional space (H,B(H)). Note
that in “radial” direction r = |z| = 0 we have a polynomial measure, which
is absolutely continuous w.r.t. the Lebesque measure in R or RY. The situa-
tion in “spherical” direction s € 0B1(0) is quite different. Recall that Radon
measures (see for instance Elstrodt [2])], Kapitel VIII) satisfy that they can be
approzimated from below by compact sets from above by open sets (always up to
an arbitrary € > 0). However, the unit sphere in infinite dimensions is never
compact. Therefore most of the mass is concentrated on a (topologically) small
set of directions of 0B1(0). In addition, it is clearly possible to define a sym-
metric measure, however, there are no rotationally invariant a-stable processes,
which due to simplicity represent the “usual” case in finite dimensions. This
discussion is the equivalent phenomenon to the fact that there is no N(0,idg)
distribution in infinite dimensions.

Some properties of a-stable distributions u®
e For a = 2 we have u® = N(0,Q), for some Q € L (H).
e For « € (0,2) we have that pu® is a non-Gaussian probability distribution.

e There is no a-stable distribution for « > 2 (nor a < 0).

e All a-stable distributions admit densities w.r.t. the Lebesgue measure,
in general the densities are not know to have a closed form, except for
Cau(0,b). The distributions are heavy-tailed, that is for large values R
they behave as

P(|Z‘ > R) TR 00 ﬁ’
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and therefore we see by the formula
E[|Z]7] = /Ooo =1P(|Z] > t)dt
that

E[|Z]%] = <oo fory<a
=0 for v > a.

1.2.5 The class of regularly varying distributions

We introduce generalize a-stable distributions, to more “robust” versions, which
also allow for -at least asymptotically- stability indices o > 2.

A) Slowly varying functions

Example 1.2.44. Consider a function £ : (0,00) — (0, 00) with im,_, £(r) =
¢ > 0. Then for any A > 0 we have
() lim, o0 £(Ar)  c

i — = - =1.
rtoo £(r) lim, o0 £(r) c

The following definition generalizes this concept to functions, which do not
necessarily converge.

Definition 1.2.45. A slowly varying function ¢ (at infinity) is a measur-
able function £ : (0,00) — (0,00) satisfying that for all A > 0 we have

L(Ar)

r—oo {(r)

EXERCISE 1.2.46. 1. Check that any constant function is slowly varying
at infinity.

2. Check that £(r) :=In(r) is a (diverging) slowly varying function at infin-
ity.

3. Check that {(r) := In(ln(e 4+ r)) is a (diverging) slowly varying function
at infinity.

4. Check that £(r) = exp(ln(r)*) for a € (0,1) is a slowly varying function
at infinity.
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Example 1.2.47. The function {(r) = exp(In(r)3 cos(In(r)3)) is a slowly
varying function at infinity with limsup,._,  ¢(r) = co and liminf, . £(r) =0,
see [12).

EXERCISE 1.2.48. e Check that for any slowly varying function ¢ we

have
lim £(r)r® = o a>0 .
r—00 0 a<0

B) Regularly varying functions and distributions with index —« for
a>0

Definition 1.2.49. A regularly varying function h with index —«a (at
infinity) is a measurable function h : (0,00) — (0,00) satisfying that for all
A > 0 we have

R e

EXERCISE 1.2.50. Check that the function h(r) = r=% is regularly varying
with index —a at infinity

EXERCISE 1.2.51. Check that a regularly varying function h with index —o
at infinity satisfies that

18 a slowly varying function.

Definition 1.2.52. Given a separable Hilbert space (H,B(H)). Denote by
Mo(H) the set of Radon measures p : B(H) — [0,00] such that for all A €
B(H) with 0 ¢ A such that u(A) < oo.

Example 1.2.53. For all a € (0,2) any «-stable Lévy measure v satisfies
Ve MQ(H)

Definition 1.2.54. A regularly varying Lévy measure v € Mo(H) with tail
indexr —«a satisfies that the function

r — v(rBf(0))
1s a reqularly function at infinity with inder —a.

EXERCISE 1.2.55. Check that any a-stable Lévy measure v, o € (0,2)
satisfies
v(rB{(0)) = r~*v(B{(0)), r >0,

and hence it is a reqularly varying Lévy measure with tail indexr —«.
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Remark 1.2.56. Any regularly varying Lévy measure v with tail inder —«,
a > 0 satisfies that there exists an associated measure u € Mo(H) (which is
not necessarily a Lévy measure!) such that that

v(r(Bi(0)nA4)) _ u(An Bi(0))

lim —
r—eo  v(rBf(0)) n(Bi(0))
EXERCISE 1.2.57. Check that in the case of a-stable v, a € (0,2), we have

that v = p.

1.2.6 Non-central local limit theorems

In Theorem [1.2.10] we have seen that the limit distributions of independent
(centered) null arrays are necessarily infinitely divisibile distributions. Are
there further sufficient conditions?

These are stated in so-called local limit theorems. We start with the easiest
version of them, according to which the renormalized sum of i.d.d. random
variables, whose distribution tails decay essentially as the tails of a-stable dis-
tributions converge to a-stable distributions.

Theorem 1.2.58 (Local limit theorem 1 in R). Consider an i.i.d. sequence
(X0 )nen of random variables X,, : Q@ — R with Px, # 0. for any ¢ € R and set
Sn =i, X;. Then the following are equivalent:

1. There are sequences (an)nen and (by)nen of nonnegative numbers and a
probability distribution p in (R, B(R)) such that
Sn - bn d

— X, X ~ p.
an

2. There is a € (0,2] such that the function of the second moments of the
values < x
R(z) := E[X{1{|X1] < «}]

is reqularly varying with index —(2 — «).
In case of a € (0,2) it holds additionally that the balance

P, > o) € (0,00).

Remark 1.2.59. Note that R(z) € [0, 2] for any x > 0. Then Theorem|1.2.58
states that the divergence R(x) ~ 227% — oo (of Px, ) is essentially equivalent
to the convergence of S, (renormalized) to a distribution p, which (by Theorem

1.2.10)) is necessarily infinitely divisible.
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Remark 1.2.60. More generally, the distribution is necessarily a stable dis-
tribution in the wide sense with index o € (0,2], for X ~ p and any
i.i.d. family (X,)nen with X,, ~ p we have sequences (an)nen with a, > 0 and
(b )nen, bn € R such that for alln € N

(X1 4+ Xn) L X +b,.

3
o=

In the following we give precise conditions.

Theorem 1.2.61 (Local limit theorem 2 in R). Consider an i.i.d. sequence
(Xn)nen of random variables X, : @ — R with Px, # 6. for any ¢ € R and set
Sp=>1 X

1. Assume that the asymptotic balance p := lim,_,
finite.

P(X,>x) .
71?’(\X1|>w) € (0,00) is

2. Further assume that the function of the second moments of the values < x
R(z) = E[X{1{|X1] < «}]

there is o € (0,2] such that the function R(x) is regularly varying at
infinity with index —(2 — «).

3. We may assume that the sequence (ap)nen with a, — 0o satisfies

lim LR(GH)

n— oo a%

=C € (0,00).

Then there is a sequence (by)nen C R such that

Sn*bni>

Qn

(03

B n — oo,

where pu® is the a-stable distribution with Lévy measure

v(dz) = (c"1{z >0} +c 1{z < 0})VTZ&1’

with ¢™ = Cp, ¢ =C(1 —p) and
1. for a € (0,1) with b, =0,
2. for a € (1,2) with b, = nE[X4]

3. for a =1 and b, = na,E[sin(X1)].
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Consult the excellent monograph Klenke [45] for further conditions and refer-
ences.
Example 1.2.62. For instance if a, =n and

@—)CE(0,0@)

this implies o = 1 and

Sy, — n*E[sin(31)]
n

— p! = Cau(0,1).

A version for separable Hilbert spaces is the following, implied by a more general
version given in [2].

Theorem 1.2.63 (Araujo/Giné). Let pu® be an a-stable law in a separable
Hilbert space (H,B(H)) and X ~ p be a H-valued random variable. Then the
following are equivalent:

1. There is a sequence of vectors (bp)nen such that for any i.i.d. sequence

(X0 )nen with X,, ~ pu we have

—ZXk—b —>u, as n — oo.
e k=1

2. The following three conditions are satisfied:

(a) For any x € H we have

1 n
— Y (X w) = (bny ) =5 %0 ()7

1
ne =1
(b) For any 6 > 0 we have

sup nP(| X| > 5né) < 00.
neN

(c) There exists an increasing sequence of finite dimensional subspaces
F,, C H and a constant 6g > 0 such that

lim hmsupn[P’( 1nf |X y| > Son=) = 0.

m—ro0 n—oo
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Chapter 2

Lévy processes

2.1 Examples, definition and basic properties of
Lévy processes

In the following subsections we shall construct examples of different Lévy pro-
cesses over a given probability space (2,4, P).

2.1.1 Construction of Q-Brownian motion

We start with the classical explicit construction of Brownian motion, going

back to Lévy, see for instance [39].

A) The general definition of a Q-Brownian motion. We start with the
general definition, which we shall recover later.

Definition 2.1.1. Consider a separable Hilbert space (H,B(H)) and given an
operator Q € LT (H). On a given probability space (Q, A,P) a Q-Brownian
motion is a stochastic process (By);>o with values in H satisfying the following.

1. By =0, P-a.s.
2. Foranyn € N and 0 =ty <t; <...<t, the vector of increments
(Bt;,Bt, — Bt,,...,Bt, — B, _,)
is an independent family of random vectors.
3. For any 0 < s <t we have the stationarity of increments

Bt — Bs ~ Bt—s — BQ = Bt—s ~ N(O,Q(t - S))

4. For P-almost any w € Q we have that t — Bi(w) is continuous.

29
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B) The construction of a R-valued Brownian motion on [0, 1]:

Remark 2.1.2. Note that for H = R and Q = 1 item 2) and 3) can be
considered jointly in the sense that the random vector

(BtlaBtz - Btu IREN] Btn - Btnfl)

is a Gaussian vector with distribution N'(0, D), where
D = diag(tl,tg — tl, N ,tn — tn—l)-

Definition 2.1.3. A R-valued stochastic process (Xi)ico,1] on a given proba-
bility space (Q, A, P) is called a Gaussian process if for alln € N and 0 = tg <
t1 <...<t, <1 the vector

(Xt Xty -y Xt,))

is a Gaussian random vector, i.e. with a distribution N'(my, Q) for some m,, €
R™ and Q, € L (R"), that is Q € R"®™ being a symmetric, nonnegative
definite matriz.

Lemma 2.1.4. The (finite-dimensional) distribution(s) of a Gaussian process
18 uniquely defined via the R-valued functions

w(t) == E[X{] C(t,s) == E[ X, X,], 0<s,t <1
EXERCISE 2.1.5. Show the preceding lemma.

EXERCISE 2.1.6. Show that for a R-valued Brownian motion (B)ie(o,1] and
Q =1 we have p(t) =0 and C(t,s) =t As.

Lemma 2.1.7. Let (X¢):e[0,1] be a Gaussian process with values in R satisfying
p(t) =0 for all t € [0,1] and C(t,s) = s At for s,t € [0,1]. Then (X¢)ie[0,1
18 a process with independent increments. If t — Xy is continuous P-a.s., then
the process (X¢)iecjo,1) 4 a Brownian motion in R.

EXERCISE 2.1.8. Show the preceding lemma.
The skeleton: the Haar basis and its integrals

Consult the figures in the video. Denote by

-1 tel0,3)
H(t):=41 te[3,1], teR,
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the so-called mother wavelet and the Haar functions

Hy(t) == 1p,11(2)

Hy(t) = H(t)

Hy(t) == 22 H(2t)

Hs(t) =22 H(2t — 1)

Hy(t) = 23 H(2%t)

Hs(t) =25 H(2%t — 1)

Hq(t) := 27 H(2%t — 2)

H,(t) =25 H(2t — k), forn=2 +kk=0,...,2 —1

Consult the figures in the video.

EXERCISE 2.1.9. o Sketch the first 16 functions H,, in the same (suffi-
ciently large) plot.

e Check that the sequence of Haar functions (H,)nen is an orthonormal
basis of L((0,1),dx).
By construction, the integrals over the elements of H,, are translated hat func-

tions G,, on disjoint dyadic intervals.

Consult the figures in the video. We renormalize these hat functions
uniformly to size 1 and by the recursion for any ¢t € R

2t telo,3)
—2/ H(s)ds={2-2t te[i,1], note: G([0,1]) € [0,1].
else.

A simple calculation yields for any ¢ € [0,1] and N 3 n = 27 + k (this represen-
tation is unique!)

t )
/ H,, (r)dr = X\, G (1), where A, := 27371, (2.1)
0

and set Go(t) = ¢, G1(t) = G(t) and for n > 2
Gn(t) = G(27t — k), te0,1],n =27 +k.
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EXERCISE 2.1.10. o Calculate Gy, ...,G16 and sketch the first 16 func-
tions Gy, in the same (sufficiently large) plot.

o Verify equation .

The actual construction:  Consider an i.i.d. family (Z,)nen of N(0,1)-
distributed random variables Z,, : 2 — R. Define the process (B)c|o,1) defined
as the random function

By(w) == i MGn()Za(w),  te[0,1], we Q. (2.2)

The following lemma controls the random fluctuations in (2.2]) and is not com-
plicate to show with the help of the Borel-Cantelli lemma.

Lemma 2.1.11. Consider an i.i.d. sequence (Zp)nen of R-valued standard
normal random variables Z, ~ N(0,1). Then there exists a random variable
C:Q — (0,00) such that for all n > 2 we have

|Z(w)] < C(w)y/In(n), for P-a.a. we Q.

With the help of Lemma [2.1.11| we show that (2.6)) yields a R-valued Brownian
motion in [0, 1].

P-a.s. convergence and continuous limit:  First we show that the se-
quence Y. A\, G,(t)Z, converges P-a.s. as m — oo uniformly in ¢t € [0,1]
and that the limit ¢t — B; is P-a.s. continuous.

Consider for ¢ € [0,1] the tail of the sequence, for m > 27 for some j > 1.
As always n = 2/ + k for k = 0,...,2971 that is j = j(n) = [Ib(n)]. Then
using that for k = 0,...27 — 1 the functions Gy, have disjoint support and
0 < Gn(t) <1 we obtain

o0

D Al ZalGa(t) C D7 A/In(n)G(t)

00 271

<c Y 2—%—1\/j+1kZGQj+k(t)
=0

j=[1b(m)]

<o Y o N/irl—0,  Pas,m-— oo

j=[1b(m)]

Hence (B¢)¢eo,1) is the limit of a family of continuous functions which converges
P-a.s. uniformly.
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Convergence in L? and first and second moments: (Bt)te[o,1] is also
limit in L? since the (Z,)nen are i.i.d.

KZAZG )] Z/\Q Z2J2—>0n—>oo

J=Jjo

such that
=Y AGa(t) < oo. (2.3)
n=0

Hence E[|B;|] is finite and E[B;] = 0 by construction.

The correct covariance structure: In order to check the covariance struc-
ture we now use the structure of (Hy,),en. In addition, we calculate

1 1
(Lj0,¢5 Ljo,s]) = / 1j0,4(7)Lj0,5)(r)dr = / Ljo,ens)(r)dr =t A s.
0 0

Using the polarization identity and (2.3 we obtain
1
C(t,s) = E[B;Bs] = Z(E[(Bt + B,)*] + E[(B; — B,)?])
2Gn(t)Gn(s)
t s
A2 / H,(r)dr / H,(r)dr
0 0 0

=3 A2 (Lo, Hn) (10,4 Hn)

n=0

M

3
I
<)

M

n

= (110,15 Lj0,5))
1
= / l[O,t/\s] (T)dr
0
=tAs. (2.4)

Hence (Bt):eo,1 is continuous, centered Gaussian process with C(t,s) = tAs
and by Lemma [2.1.7) (Bt)eo,1) is a Brownian motion.

EXERCISE 2.1.12. Verify step by step equation .
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C) Standard Brownian Motion in R: Brownian motion (By);»o is
defined via a sequence of i.i.d. Brownian motions ((B}")ic(o,1]) and con-

. neN
structed via
[t]

w) =Y BPw) + B (W)
n=1

D) Standard Brownian Motion in R?:  Standard Brownian motion in
R4 with canonical basis (en)nen is defined via a sequence of i.i.d. Brownian
motions ((B;)t>0)i:1,...,d

By(w) := B} (w)ey +--- + Btd(w)ed (2.5)

EXERCISE 2.1.13. Show that defines an Q-Brownian motion for Q =
idga.

E) @Q-Brownian motion in a separable Hilbert space H:  For an infinite
dimensional separable Hilbert (H,B(H)) with orthonormal basis (e)nen, a
square summable sequence (A,)neny with 0 < Apy1 < A, and > 07 A2 < oo

and an i.i.d sequence of i.i.d. Brownian motions ((Btn)@())neN we define
= Z AnBi (w)en. (2.6)
n=1
Note that
[|Bt } Z [ABP@)?] =3 A2 < oc.
n=1 n=1

Hence E[|B;|] < oo and E[B;] = 0.
Recall Exercise

EXERCISE 2.1.14. Check that (@ defines a QQ-Brownian motion for

Qx = Z 2 en, z)en, x e H.
n=1

2.1.2 Construction of a Poisson and a compound Poisson
process

A) The Poisson process:  Consider a probability space (2, A,P), A > 0
and an ii.d. family (7x)ken of random variables 7 : Q@ — [0,00) with 7 ~
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Exp,, that is P(1, > t) = e *, ¢ > 0. This family is called a family of
(memoryless) waiting times.

We define the family (T} )ren of arrival times T}, := Z?:l 7;. Then a Poisson
process (m:)i>0 on (£, A, P) with intensity A > 0 is defined by

o0

m(w) =Y YTh(w)<t}, t>0, we.
k=1

Consult the figures in the video.

Lemma 2.1.15 (Poisson processes are Lévy processes with Poisson marginals).
Let m be a Poisson process with intensity A > 0. Then we have

a) L(m;) = Poiyy forallt > 0.
b) L(my —7s) = L(m—s) for all s < t.
¢) Forall0=ty<t; <...<t, <oo,n €N the family of random variables
(e, — Tty _yyeees Ty — Tty)
is independent.
The core of the proof is the following sub simplex volume.

Lemma 2.1.16 (Subsimplex volume).
For alln € N und t > 0 we have

o0 o0 tn
/ / ez + -+ 2 <tldzy .. .dzy, = —
0 0

Tl

EXERCISE 2.1.17. Show the preceding lemma and illustrate it graphically
in low dimensions.

Proof. of Lemma [2.1.15f The proof is elementary and given for instance in
Georgii [30]. However, it is crucial for the general understanding of Poisson
processes, which is why we provide it here. It is sufficient to show, that for all
n,ki,....kp, € Nand 0 =ty < t; < ... < t, < oo we have the identity

P((ﬂ'tn T Tty oy Tty — 7Tto) = (kn, ey kl)) =
()\(tn _ tnfl))k"e_)‘(t"_t“*l) ()\(tl _ to))kle—)\(tl—to)
kn! A k1! .

We show the case n = 2 setting ky = ¢ and k1 = k. The case of general n + 1
follows then by an induction step with induction assumption n analogous to
the case n = 2.



36

The basic idea consists in an appropriate change of coordinates since the vector
of waiting times (71,...,Tkte+1) is independent by assumptions and has the
k + ¢+ 1-fold product density of the family f..(z) = Ae™*? for any i, which we

denote by firy  rei,ir) t[0,00)FTF — [0, 00)
k41
f(7'1,...,7'k+l+1)(x17 s axk+12+1) = H f‘l‘i (xz) = >‘6_>\$1 te )‘e_)\wk+e+1
i=1

= M\ =A@t Do)

Let/>1and 0<s<t

IP(TFS = k,ﬂ't — g = E) = P(Tk <s < Tk+17 Tk+g <t < Tk+€+1)

k+1 k+¢ k+0+1 ‘|

k
:E[I{ZTi<S<ZTi, ZTi<t< Z i}
=1 =1 i=1 i=1

=/ (/ / oy +-+op <sfl{s <z + -+ 2 + Tpga )
0 0 0

Yai 4+ 4 ape <Ot <2y + -+ Zp + Tppesr )

=Y

/\k+€+1 exp ()\(wl 4+ g;kJrZJrl))dajl . dk+g) d$k+g+1 =:J.

=Y

We first integrate w.r.t. x;y¢41 with all other nonnegative variables z1,. .., k¢
being fixed parameters and substitute

k+0+1 dy

Y= Z i,
i=1

=1

)

AT r4041

k+£
with the borders: zp4p41 =0 = y= le =1,
i=1

and  Zgipp1 =00 = Yy =00,
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and obtain
00 0o 0o
t 0 0

1{:171 + -+ Thte < t}>\k+£d$1 . d$k+,g) Ae)\ydy

:e_)‘t/ / (/ / 1{x1++xk<s}>\k
0 0 0 0

1{0<z + -+ xf + Tpy1 — S5}

=z1

Haoy + -+ opp1 — s+appo + -+ apge <t — 5}

=2
/\ldxl v dl?k) dl‘k+1 . dl‘k+g =: K.
Now we integrate xyy1,...,Zr4+¢ and substitute
21 =21+ + Tkt — S, and z; =xpy; fore=2,...¢

and obtain with the help of Lemma [2.1.16]

K:e”‘t/ / (/ / H{z1 4+ +ap < s}/\kdscl...dxk>
0 0 0 0
o+ F 2 < (t—s)Ndzy ... dz
At —s))t [ oo
:67)\75¥/ / ey 4+ -+ < S}Akdxl...dxk
' 0 0
— o At—s) (At —s))* o hs (As)k
N 2! k'
O
B) The compound Poisson processes: On a given probability space

(©,A,P) a compound Poisson process (C;)i>o consists of a Poisson process
(m¢)e>0 of intensity A > 0 and an iid. family (Zj)keny of random vectors
Zy : Q — H in a separable Hilbert space (H,B(H)) with distribution Z; ~ pu
such that

(W)

Cilw) =Y Zp(w).
k=1
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We have already calculated in Lemma [1.2.21| that
o, (u) = exp(t)\/ (e®2) —1)pu(dz)), u e H.
H
Lemma 2.1.18. 1. If [, |z|u(dz) < oo, then

E[Cy] = tA /H 2ud=).

2. If [, |2|?u(dz) < oo, then
V(Cy) = E[|Cy?) — [E[C))? = tA /H 122u(dz).

EXERCISE 2.1.19. Proof the preceding result for H = R¢ by differentiating
the characteristic function. Consult the appendizx.

Properties of a compound Poisson process:
Lemma 2.1.20. 1. Cy =0 P-a.s.
2. Foranyn e N and 0 =ty <ty <...<t, the vector of increments
(C,,Cr, —Cpyy oo, Cr, — C )
forms an independent family of random variables.

3. For any 0 < s <t we have the stationarity of increments

Ci—Cs~Ci_s —Cop=Cy_s ~ Cpp(t)‘nu)

4. For P-a.a. w we have t — Cy(w) is cadlag.
Proof. 1) By construction.

4) By construction, the trajectories ¢ — C;(w) are right-continuous and have
left limits.

2) Stationarity of the increments. We play everything back to the same
properties of the Poisson process and the independence of m and the
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family (Zk)ken-

dc,—c, (u)

B 0] = SN BT 70 | 1, 7y = KB, 7y = )
k=0

[ei(uaE;ri::Jrl Zy) ‘ T — Mg = k]P(ﬂ't — s = k')

p”18

k=0

_ Z [ i{u, Zz 7,5+1 Z>]P(7Tt —Ts = k)
k=0

_ ZZE[GNU’ZZZ::?JA Zo) ‘ T = ]]I[D( = ])P(Tt — Tg = k)
k=0 j=0

_ Z ZE[€i<u =541 2 >]IP’(7T =J)P(m —ms = k)
k=0 j=0

= 35 3Bl 201B(r, = )P — . = b
k=0 j=0

- Z ZE[e““’Zf*frl PP(my — j = kym =) =ty
k=0 j=0

‘We continue

ZZE z(u,ze 1 2>] ( _k?“r]aﬂ-s_])

kO]O

_ZE w X Z0))
_ZE i 2]

E[euu,Zf:l Z@>}]P>(7Tt —Ts = k)

P(ﬂt — Ty = I{j,ﬂ's :j)

e

<
Il
=)

hE

IP(T(t — T = ]{;771'5 :j)

<.
I
o

p”18

£
Il
<

E[e““’zg:‘ ZNP(my_y = k) =: Jo.

M

=~
Il
=]



40

]E[e“uvzllc:l Zy) | Ti_g = k]]p(ﬂ't,‘g = k)

&
I
M8

=
Il
<]

B2 20 | 1y = k|P(my_y = k)

M

b
Il

0
!B ) = g, ().

=

3) Independence of the increments. We show the case of two increments.
The general case follows by induction. Let 0 < s < t then for P; 5, =
P(n; — ms = k,ms = £) we have

Do (u,v) = E[ei{(w0),(Cs,Ci-co))] = Feh(:Cs) i(v:Ce=C))

I
NE

E[€i7<u72;i;rl Zj>€i<v7z%:“ Zem) | g =L, mp — s = k]Pt,s,k,é
k,0=0
o0
_ Z ]E[ei’@hzji;rl Zj) g0, ey Zim) | 7e =4, — s = k]Pts’k’g
k,£=0
o0
-y Elet Wit Z) i Ehien, ) | 1y = {7y — 71y = K] Pt
k,0=0

. A N 4k
]E[eh(Uij:l Z5) v 2= Zm) | s =L, — s = k]th&k’z =:Js.
0

I
NE

-
[
I

We continue

Js = Z E[ei’W’E?:l Z">ei<v’zﬁj=kf+1 Z"‘>]]P’(7Tt —7s =k,ms =0)
k=0

Z ]E[ei’w’zf':l Zj>]E[ei<“’Zf::k£+1 2 |P(my — s = k)P(mrs = £)
k=0

oo (oo}
SR ZB(r, = £) Y B[ im0 20 P(m, — o = k) = Jy
£=0 k=0
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and hence

Jy= Y E[Ein ) | 1, = (P(m, = 0)
=0

: iE[e““’Zfrml Zm) | g — g = K|P(my — w5 = k)
k=0
— E[eﬂu,CS)]E[ei(v,Ct,s)]
— E[€i<u’cs>]E[ei<U’C“_Cs>]
= ¢c,(u)oc,—c. (v).

Hence a compound Poisson process has independent increments.
O

EXERCISE 2.1.21. Go through the proof of Lemma |2.1.20} and clarify for
yourself each single identity.

2.1.3 Lévy processes

Looking at the Definition of a @-Brownian motion, Lemma [2.1.15|for Pois-
son process and Lemma [2.1.20| for the compound Poisson process, we abstract
what a Lévy process should be:

e a process starting in 0,
e having stationary, infinitely divisible increments
¢ and independent non-overlapping increments,
e with some kind of (weaker than path-by-path, think of the Poisson
process) continuity property.
A) Definition and examples:

Definition 2.1.22. On a given probability space (0, A,P) a Lévy process
(Lt)i>0 with values in a separable Hilbert space (H,B(H)) is a family of
random vectors Ly : Q) — H such that

1. Ly =0 P-a.s.

2. For anyn € N and 0 =tg < t1 < ... < t, the vector of non-overlapping
increments
(Lty; Lty = Lty oo L, — Ly, )

forms an independent family of random vectors.
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3. For any 0 < s <t we have the stationarity of increments

Li—Lg~Li_s— Ly = Li_s has an infinitely divisible distribution in H.

4. (Li)i>0 is continuous in probability, that is for anyt > 0 and € > 0
we have

i%P(|Lt+5 - Lt| > E) =0.

Remark 2.1.23. Continuity in probability can be formulated as
P(|A:(, L] >€) =0 Yo, e > 0.

for the jump increment of AyL := Ly — Ly_. That is the probability of a
discontinuity for any deterministic point in time tq is 0.
This continuity is obviously wrong if to is a random point in time.

Remark 2.1.24. Note that the last property implies that for any t > 0 we have

lim £(Ls) = L(Ly) in the weak sense

s—t

and in particular implies that
t— or,(u), u€H
18 continuous.

Example 2.1.25. 1. For a fixed vector b € H any linear functiont — L; :=
tb is a Lévy process.

2. Q-Brownian motion in H is a Lévy process by definition.
8. A Poisson process is a Lévy process with values in Ny by Lemma|2.1.15,

4. A compound Poisson process with values in H is a Lévy process in H by
Lemma 2.1.20.

EXERCISE 2.1.26. Check all missing steps in the previous examples.

B) The connection between Lévy processes and infinitely divisible
distributions:

Theorem 2.1.27. Given a Lévy process (Li)i>0 on a given probability space
(Q, A,P). Then for any to > 0 the marginal distribution L(Ls,) determines the
distribution (in the sense of the finite-dimensional distributions) of the process
(Lt)t>0 and it is infinitely divisible.
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Proof. For any n € N we write t; = t%, i€{0,...,n}.

n n

Li=L —Lo=Y (L, — Ly ,) =Y L'

i=1 i=1

Now, for each i € {1,...,n} we have that L' = L;, — Ly, , ~ Ly, 4, , — Lo =
Ly =1L 1. Due to the independence of increments we have that the family
(L%)i=1,...n is ii.d. Hence L; has an infinitely divisible distribution. This
proves the second statement.

For the first statement we have to show that £(L¢,) determines for any n € N
and 0 = sg < 81 < ...S, the distribution of

(L517L827 R} Lsn)‘
Note that
(levst s ’Lsn) = Dil(leva - lea s ’Lsn - Lsnfl)

for the matrix of operators

idy 0 0
—idy  idy 0
D 0 —idy  idy 0
0 —idy  idy
0 0
Since the time increments of (Ls, , Ls,—Ls, , - .., Ls, —Ls, _,) are non-overlapping

the entries form an independent family of random vectors and the product
measure is uniquely determined by the laws of the entries L,, — Ls, ,. Since
Ls, — L, , ~ Lg,_s, , it is sufficient to show that for any s > 0 the law of Ly,
determines the law of L.

Case 1:  Assume first s = ¢ for some m,n € N. Since L(Ly,) is infinitely
divisible for each n € N exists a unique distribution £(L+t ). Now, L(Lt ) =

L:(L% - Lo) = E(LQ - L(ifl)t) and

Lt

n n

L(Ls) = L(Lmy,) = L ZU L(Lia) %% L(Li) = L(L1o)™

m times

is uniquely determined.
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Case 2: For %’ € R\ Q there exits a sequence m,, such that == —; % For
any n € N we then have by the same arguments that

L(Lumnta) = L(L+

*Mp,
o
n

is uniquely defined and by the continuity in probability we may pass to the
limit w.r.t. the weak convergence

Hm L(Lmnt ) = L(L

n—o0

m+t0) = L(Ls).

limy, 00

2.1.4 Cadlag version

In the sequel we establish the P-a.s. regularity of the paths ¢ — L; for any
given Lévy process (Ly)i>o0-

Example 2.1.28. 1. Linear functions t — bt, b € H are obviously contin-
uous surely.

2. A Q-Brownian motion t — By is P-almost surely continuous.

3. A Poisson process t — m; for any intensity X > 0 is not P-almost surely
continuous, but it is P-almost surely right continuous lime 4 Ly = Ly
and the left limits lims ~ Ly € R do exist. This is the generalization
of continuity is called cadlag (French acronym of continu ¢ droit, avec
limite & gauche).

4. Any compound Poisson process t — Cy has P-a.s. cadlag trajectories.
EXERCISE 2.1.29. Check the previous examples in detail.

EXERCISE 2.1.30. Check that the Poisson process is continuous in proba-
bility.

Remark 2.1.31. So, why bother with cadlag versions? Couldn’t we just con-
sider paths in L3°.([0,00), H) or L}, .([0,00), H)? Yes, we certainly could, how-
ever, trajectories over a bounded interval, will not be uniquely determined by
a dense set any more, in fact they are null-sets. This property is know as

“separability”.

A) Cadlag versions are indistinguishable We show in this subsection
that all Lévy processes have cadlag trajectories P-a.s. In order to fully appre-
ciate this fact we have to distinguish different forms of equality for stochastic
process.

The weakest form for our purposes is the identity of its finite-dimensional dis-
tributions.
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Definition 2.1.32. Let (X;);>0 be a stochastic processes with values in H
over (2, A,P) and (Yi)i>0 a stochastic process over the probability space
(U, A P). X and Y have the same finite dimensional distributions or
law, if for anyn € N, 0 < t; <...<t, and A € B(R™) we have

P((Xy,,...,X:,) € A) =P((Ys,,...,Y;,) € A).

in other words
L((Xt)i>0) = L((Ye)tz0)-

EXERCISE 2.1.33. Construct an example of two stochastic processes X and
Y on the same probability space (2, A,P) with the same finite dimensional
distributions, but satisfying P(X; =Y;) =0 for any t > 0.

Definition 2.1.34. Let X and Y be two stochastic processes with values in H
over the same probability space (Q, A,P). Y is called a version of X, if

P(X,=Y,)=1,  t>0.

Remark 2.1.35. Beware: There are in general uncountably many t and for
each of it there may be a different null set Ny € B(H), but its intersection is
not necessarily a null set again.

The strongest version of identity is having P-a.s. for all ¢ > 0 identical paths.

Definition 2.1.36. Let X and Y be two processes R over the same probability
space. Y is called indistinguishable from X, if

P(X, =Y, V0<t<oo)=P( (] {Xi=¥})=1
te[0,00)

EXERCISE 2.1.37. Construct an example of two processes X andY on the
same probability space (0, A, P) which are versions of each other but which are
not indistinguishable.

Remark 2.1.38. 1. Y, X indistinguishable =Y is a version of X.
2. Y is a version of X = L(X) = L(Y).
Any version of a cadlag process is indistinguishable from it.

Lemma 2.1.39. Let Y be a version of X and for both processes we have P-a.s.
for all t > 0 the right limits

ngl{gXS = Xt+ and £l{%}/s = K+

Then they are indistinguishable.
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EXERCISE 2.1.40. Show the previous lemma.
Note that the right limits of right-continuous functions are uniquely defined on
countable, dense subsets.

Lemma 2.1.41. Consider a Lévy process X and Y a version of X. Then'Y
18 also a Lévy process.

EXERCISE 2.1.42. Show the previous lemma.

B) Cadlag versions of a R-valued Lévy process:  In order to understand
the existence of right limits we need to understand when this limit does not
exist.
For any function f : [0,00) — R we have the following. The limit from the
right

lim f(s) = f(t+)
does not exist if and only if, the value

.= lims — liminf .
€ lsri?lipf(s) iminf f(s) > 0

This is equivalent to the existence of a sequence (t;);en, t; \(t as j — oo such
that

€
Lf(t5) — f(tj—1)] > >
that is f has “infinitely many e/2 oscillations” right to .

Definition 2.1.43. A function f : [0,00) — R has at least m € N e-oscillations,
e>0, in aset I C[0,00), if there are values tg < ... <ty in I satisfying

|f(t;) — f(tj—1)| > ¢ ji=12,...,m.
We define the mazimal number of e-oscillations of f in an interval I C [0, 00)
Osce(f;I) :=sup{m € Ny | Ito,...,t, € I, t;—1 <t;: |f(t;) — f(tj—1)] > €}
Set Q4 := QN [0, 00).
The following lemma connects oscillations and the existence of limits.

Lemma 2.1.44. For any function f : Qy — R the following statements are
equivalent:

1. The limit from the right and from the left

f@+):= lim f(s) vresp. [f(t—):= _lim f(s)

Q+98—>t+ Q+95—>t—

along values in Q4 exist for any t € [0,00).
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2. For any t € [0,00), € > 0 and any bounded and closed set K C [0, 00) we
have
Osc.(f, K) < oc.

Lemma 2.1.45. For a Lévy process X with values in R and m € N. Then
for any ¢ > 0 there exists a constant § > 0 such that for any repartition
0<t; <...<ty satisfying t,, —t1 < 0 we have

kIEIIaX P(lth - Xt1| = 5) <

[

and as a consequence we may infer
E[Oscee (X, {t1,..-,tm})] < 2,

which implies
Oscee (X, {t1, .-, tm}) < 00, P — a.s.

This result is shown by deriving the recursion for £ € N
1
P(Oscee (X, {t1,. .. tm}) > €) < §P(OSCGE(X, {t1,...;tm} >0—1)

using Etemadi’s maximal inequality and the formula
E[Oscee (X, {t1,. .- tm})] = ZP(OSCGE(X, {t1,...,tm} > 10).
=1

Theorem 2.1.46 (Etemadi). For an independent family of random variables
X1,..., X, with values in R denote its partial sum

k
Sk::ZXi, k=1,...,n.
i=1

Then we have for all r > 0 that

]P’(kzrllax |Sk| = 3r) < 3k£r11ax P(|Sk| = 7).
A proof is given for instance in [6], Theorem M19.

Theorem 2.1.47. Consider a Lévy process X with values in R. Then there
exists a version Y of X with cdadldg paths and hence indistinguishable.

Proof. Fix ¢ > 0. By the previous lemma we have for any sufficiently small
interval [s, s + h| and any finite repartition {¢1,...,t,} C [s, s + h] that

E[Osce (X, {t1, -, tm})] < 2.
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The monotone convergence theorem implies
E[Oscee (X, QN [s, s+ h])) < 2.

Since any interval [0, 7] can be covered by a finite number of intervals of the
shape [s, s + h] we obtain

[+
E[Osce (X, QN [0,7])] < B[S Osce (X, QN [k, k + h])) < 2[%1 < o0.
k=1

=N

Therefore the set

Q:= () [{Oscs(X,QN[0,T]) < oo}

TeNneN

is the countable intersections of events of probability 1 and P(£2;) = 1. Hence
for all w € €2 the limits

lim X, (w) und lim X, (w)
Q>r 't Qar\(t

do exist and Lemma implies that

}/t(w) — lim@aq\t Xt((,d) w € Q
0 sonst.
is cadlag for any w € €. By definition of Y we have a sequence (r;); mit r; N\, ¢
such that

X, — Y

P-a.s. and hence also this convergence in probability. The continuity in prob-
ability implies
X, — Xy

Since the limits of the convergence in probability is P-a.s. uniquely determined
we have that P(X; = Y;) = 1, in other words Y is a modification of X with
cadlag paths. O

We have seen that any Lévy process with values in R can be considered as a
random vector in the space D([a, b],R) of cadlag functions.

The analogue remains true for all Lévy proces with values in R and any
separable Hilbert space H.
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C) The space of cadlag functions:

Lemma 2.1.48 (Properties of the Skorohod space). For all any separable
Hilbert space H we have the following.

1.

9.

The space D([a,b], H) of all cddlag functions f : [a,b] — H is a vectors
space over R. It is called Skorohod space.

For f,g € D([a,b],R) we have fg € D([a,b],R).
For f € D([a,b],R) with f(x) #0 x € |a,b] we have % € D([a,b],R)

D([a,b], H) C LS ([a,b], H), that is for any I C [a,b] we have that f1;
is an essentially bounded function.

For any f € D([a,b], H) and k > 0 the number #{s € [a,b] | |Asf| >
Kk} < oo and hence the number of discontinuities of f in the interval [a, b]
is at most countable.

On any finite interval cadlag functions are uniformly right-continuous.
For any (fn)nen C D([a,b],H) and f : [a,b] — H satisfying

lim sup [fn(s) — f(s)| =0,

n—=90 sela,b]
we have that f € D([a,b], H).

Any cadlag is Borel measurable and hence for any cadlag f € D([a,b], H)
there exists a sequence of step functions s, € D([a,b], H), satisfying

lim sup |f(s)—sn(s)|=0.

N0 s¢(a,b]

For f,g € D([a,b], H) and Q a dense countable set in R and f(q) = g(q)
for all g € [a, b)) N Q. Then f =g.

EXERCISE 2.1.49. Show the previous lemma.

Remark 2.1.50. 1. The last item in Lemma|2.1.48 is the reason why

stochastic processes, which do not have continuous paths, are consid-
ered as random vector in D([a,b], H) instead of other spaces such as

L?([a,b], H) etc.

The space D([a,b], H) equipped with the uniform norm |f|e := SUDPs¢[a,b)
|f(s)| is easily seen to be a Banach space. However, it is not a separable!
However, it is possible to introduce another metrics in D([a,b], H), the
so-called Jy metrics, see for instance [6].
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2.2 The strong Markov property and the mo-
ments of Lévy processes with bounded jumps

In the sequel we shall establish the property of independent increments, the
so-called strong Markov property, also for a class of random times, so-called
stopping times, which are “adapted” to the process X.

2.2.1 Stopping times and hitting times
A) Filtrations

Definition 2.2.1. On (2, A,P) let (Xi)i>0 be a Lévy process with values in
H and (Fi)eso0 be a filtration in A, that is a family of sub-sigma algebras
Fi C F satisfying

0<s<t = Fs C Fi.

Definition 2.2.2. We say that (X¢)i>o is (Fi)-adapted if Xy ~ Fy, that is
the set of preimages of B(H) via X; satisfies X; "(B(H)) C F; a sub-sigma
algebra.

Remark 2.2.3. 1. Note for any random vector Y : Q — H the collection
of Y™Y(B(H)) :={Y~Y(B) |B € B(H)} is a sigma algebra, in particular
Y=Y (B(H)) is a sub-sigma-algebra of A. It is often denoted by o(X).

2. Note that the union of sigma algebras is not a sigma algebra! For any
collection B C 2% there is a unique smallest sigma algebra containing B.

o(B) := ﬂ H.
HDB
H sigma algebra

3. For a stochastic process X = (Xi)i>0 on (2, A, P) the family of sigma
algebras Fy = U(Uogsths_l(B(H)D is a filtration in (Q, A,P). It is
called the natural filtration of X. It is the smallest filtration such that
X is (Ft)t=0-adapted.

For later use we define the following property of filtrations.

Definition 2.2.4. 1. For a given filtration (Fi)i>o0 in (2, A, P) the filtration
(Fit )10 of
Fer = F

s>t

is called the right-continuous filtration of (Fi)i>o-
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2. A filtration (Fy=0)i>0 in (Q, A, P) is called right continuous, if for all
t>0
Fir=Fiy = m Fs.

s>t

Remark 2.2.5. Obviously Fy C Fyy for allt > 0. Note that (Fyt)i>o is right
continuous.

Definition 2.2.6. A filtration (F;)i>0 in (Q, A, P) is called P-complete if
Np C Fo, where  Np:={A € A|P(A) =0}.

Lemma 2.2.7. Let (F;)i>0 be a filtration in (2, A,P). Then there exists a
minimal right continuous and P-complete filtration (F; )iso0 of (Fi)iso w.r.t.
inclusion, which is given by

Fr=(oWpUF,). (2.7)
s>t
It is called the enhanced canonical filtration.

EXERCISE 2.2.8. Verify the preceding lemma.

B) Stopping times

Definition 2.2.9. Let (F;)i>0 be a filtration in (Q, A,P). Then a (F,B([0, c0])-
measurable random variable

T:Q—[0,00]
is called (F¢)i=0-stopping time, if for all t € [0,00) we have
{T < t} c F;.

Remark 2.2.10. In other words, being a (Fy)i>o-time T means that T~1([0,])
€ Fi. Imagine the natural filtration (Fi)i>0 of a stochastic process X =
(Xt)i>0- That is F; represents the sigma algebra of all known events’ of X on
the time interval [0,t]. Hence for any point in time t > 0 with the knowledge
of Fy it is ’known’ whether T has occurred so far or not.

If (Fi)e>o is larger than the natural filtration, then at any time t there is more
“information” available to determine whether T has occurred so far or not.

Stopping times satisfy the following easy properties.

Lemma 2.2.11 (Properties of stopping times). For a filtration (F;)i>o in
(Q,AP) and T,S two (Fi)i>0 stopping times. Then the random variables
S+T,SANT, SVT,aT, a > 1 are also (Fy)i>o-stopping times.
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EXERCISE 2.2.12. Show Lemma 2211
Sequences of stopping times also define stopping times.

Lemma 2.2.13 (Properties of stopping times 2). For a filtration (Fi)i>o in
(Q,AP) and (Th)nen a family of (Fi)iso-stopping times. Then the random
variables sup, ey Tr, infpen Ty, limsup, ey Th, and liminf,en T,, are also (Fy)-
stopping times.

EXERCISE 2.2.14. Show Lemma[22.13.

Example 2.2.15. Any constant T(w) = a is a stopping time w.r.t. any filtra-
tion.

However, the typical stopping times are the “hitting times” stochastic pro-
cesses, that is the “first” times a given stochastic process hits a given set. In
order to make this examples rigorous, we have to

Definition 2.2.16. Let (F})i>o be a filtration in (2, A, P). We say that (F})i>o
satisfies the usual conditions in the sense of Protter [57] if it is a right-
continuous, complete filtration.

Proposition 2.2.17. Let (F}):>0 be a filtration in (2, A, P) satisfying the usual
conditions and T : Q — [0,00] a (Ft)-random variable. Then the following are
equivalent:

1) T is a (Fi)e=0-stopping time.
2) We have {T <t} € Fy Vit > 0.

EXERCISE 2.2.18. e Prove that 2) implies 1) using 2), the previous
lemma and the right continuity.

o Prove that 1) implies 2), this is the easy case.
We can now define the main class of examples of stopping times.

Definition 2.2.19. Let (F})i>0 be a filtration in (Q, A,P) satisfying the usual
conditions and (Xy)i>o be (Fi)-adapted cadlag process with values in a separable
Hilbert space H .
1. For B € B(H) open we call
Tg(w) :=inf{t >0 | X;(w) € B}

the hitting time of B by X.
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2. For B € B(H) closed, we call
Tp(w) :=inf{t >0 | X;(w) € B or X;_(w) € B}
the hitting time of B by X.

Lemma 2.2.20. Let (F});»0 be a filtration in (0, A,P) satisfying the usual
conditions and (Xy)i>o be (Fy)-adapted cadlag process with values in a separable
Hilbert space H. Then we have the following

1. For any open set B € B(RY) the hitting time Tp is a (F;)-stopping time.
2. For any closed set B € B(R?) the hitting time T is a (F;)-stopping time.

Proof. 1. Let B be open. Since X has cadlag trajectories, which are de-
termined by a countable dense set, such as Q we obtain the countable
union

{Ts<ty= |J {(X.eB}= |J {X.eBleF.

s€[0,t) s€l0.)NQ 7

2. Let B be closed. Then the open neighborhoods B, := J,cz B
are open and hence

%(x)OfB
{Tp <t} ={Tp =t} U{Tp <t}
={X,eB}u{X,_eBlU(] |J {X.eB,}eFr.
N N——

er, cF, neN s€[0,t)NQ

er: by (1)
O

Remark 2.2.21. The so-called Début theorem shows more generally that the
preceding result is true for any Borel-measurable set. In addition the require-
ment of cadlag paths and adaptedness can be relazed to the notion of (Ft)t>o-
progressive measurability. There is also an inverse of the theorem, saying that
any stopping time can be represented as a stopping time w.r.t. the appropriate
filtration and set.

Example 2.2.22. Consider a Lévy process (Xi)i>o with this enhanced canon-
ical filtration (F; )¢so given in , Then the hitting time

T, :=1inf{t >0 | | X;| > n}

is a (F;")i=0-stopping time.
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C) Stopping time sigma algebras

Definition 2.2.23. Let (F})i>0 be a filtration in (Q, A,P) and T a (Fi)i>o0-
stopping time. Then

Fr={AceA|{T<t}nNAeF foralt>0}
1s called the T-stopped sigma algebra.

Remark 2.2.24. This definition tells us, that all events A € F; known (or
available) up to time t which allow for the decision on A if T has occurred or
not on so far are gathered in Fr.

Lemma 2.2.25. Let (F});>0 be a filtration in (2, A, P) and S,T two (F¢)i>o-
stopping times. Then we have

Fsar = Fr N Fs.

This result is standard in stochastic analysis, a result can be found in [43].

2.2.2 Conditional expectation and a glimpse of martin-
gale theory

In order to prove the strong Markov property of a Lévy process we need some
basics on martingales. We follow the lines of Protter [57] and [45].

A) Discrete conditional expectation: We recall the elementary con-
ditional expectation. Let X : Q — H be an H-valued random variable on
(Q, A,P) with E[|X]|] < co and A € A. Then the conditional expectation
of X w.r.t A is defined

E[X | A : /X )dP(w |A) = /X )1 a(w)dP(w) =

We now extend this notion from events to sigma algebras. First we consider
the case that of a sub sigma algebra F C A which is countably generated.

Definition 2.2.26. Let X : Q@ — H be an R-valued random wvariable on
(Q, A,P) with E[|X]|] < o0 and F = o0((Bp)nen) for a disjoint measurable
decomposition ) = Uzolen. We define the conditional expectation of X
under F by

E[X | F]w) := ) E[X | B.Jlp, ()

neN



95

Remark 2.2.27. Note since the sets By, are disjoint, theres is always exactly
one of the terms non zero.

Lemma 2.2.28. Let X : Q — H be an random vector on (2, A,P) with
E[|X]|] < oo and F = o((Bn)nen) for a disjoint measurable decomposition

Q= Uzolen, Then E[X | F] has the following properties:
1. E[X | F] is F-measurable.

2. E[|E[X | F]|] < o0 and

E[X14] =E[E[X | F]14] VAeF.

EXERCISE 2.2.29. Prove the preceding lemma. Use the fact that E[X | F] =
fog(w) for some discrete function g.

EXERCISE 2.2.30. Consider X : [0,1] — R, X(w) = w?, By = [0,1/2),
By =[1/2,3/4), Bs = [3/4,1], P = dw. Calculate E[X | F] for
F = o(By,Bs, B3) and draw a sketch of the function w— E[X | F].

B) General conditional expectations: For the more general case we
need the Theorem of Radon-Nikodym, which is a consequence of the Lebesgue
decomposition theorem for measures.

Theorem 2.2.31 (Radon-Nikodym). Let u,v : (©2,.A) = [0,00) be two finite
measures. Then the following statements are equivalent:

1. p is absolutely continuous w.r.t. v, that is

VAe A: v(A)=0 = p(4)=0.

2. u has a density with respect to v, that is there exists a (F,B([0,00))-
measurable map [ : Q — [0, 00) with

w(A) = /Af(w)z/(dw) for all A e F,P(A) > 0.

A proof is given for instance in Klenke [45], Korollar 7.34.

Definition 2.2.32. Given (Q, A,P) and a random vector X : Q@ — H with
E[|X|] < o0 and F C A a sub-sigma-algebra. A random vector Y : Q — R is
called conditional expectation of X under F, if

1) Y is F-measurable and
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2) for any A € F we have the identity

E[X14] =E[Y14].

In this case we write E[X | F]:=Y.

Proposition 2.2.33. Given (2, A,P) and a random vector X : Q — H
with E[|X|] < oo and F C A a sub-sigma-algebra. Then the random vector
E[X | F]:Q — H exists and is P-a.s. unique.

Proof. We sketch the proof for X : Q@ — R.

Uniqueness:  Consider two random variables Y, Y’ both satisfying 1) and
2). Setting A ={Y > Y’} we see by 1) that A € F and by 2) that

0=E[Y14] —E[Y'14) =E[(Y — Y')14].

By construction (Y —Y’)14 > 0 P-a.s. and hence also E[(Y — Y")14] > 0.
Now, the monotonicity of the expectation (it is an integral!) then implies that
P(A) = 0, which proves Y < Y’ P-a.s. Analogously we can also prove ¥ < Y’
P-a.s.

Existence: We set XT := X V0 and X~ = —(X — XT) and define for
either case
QE(A):=E[X*1,], AcF.

this defines two finite measures on (2, F), which are both absolutely continuous
w.r.t. P. In this situation the Radon-Nikodym theorem [2.2.31| guarantees the
existence of a F-measurable density Y+ € L'(Q, F,P) such that

QE(A) = E[Y*1,].
Finally set Y =Y+ —Y . O
Definition 2.2.34. For any two random vectors X,Y : Q — H we set
E[X |Y]:=E[X | o(Y)].
Proposition 2.2.35 (Properties of the conditional expectation: ).

Given (Q, A,P), X,Y : Q — H random vectors satisfying E[| X|,E[|Y]] < oo
and G C H C F sub sigma algebras. Then we have two groups of properties:

1. Properties of an integral:
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a) Linearity: For all a,b € R we have
ElaX 4+ bY | H] = aE[X | H] + bE[Y | H] P— a.s.
b) Monotonicity: If X,Y are R-valued, and X <Y P-a.s., then
E[X | H] <E[Y | H] P— a.s.

¢) Dominated convergence: IfE[Y]] < oo, Y > 0 and (X,)nen a
sequence of random vectors with | X, | <Y P-a.s. for alln € N and
X, = X P-a.s.., then

lim E[X,, | H] =E[X | H] P-— a.s. and in L*(P).

n—oo

d) Conditional Jensen’s inequality If X : Q@ — H, ®: R - R is a
convez function and E[|®(X)|] < co. Then

(I»(]E[(I)(X) | gD < ]E[(I)(X) | g}, P— as.

e) In the same spirit: conditional monotonic convergence, conditional
Minkowski’s inequality, conditional Holder’s inequality, conditional
Young’s inequality.

2. Measurability properties:
a’) Triviality: IfP(A) € {0,1} for all A € H, then
E[X | H] = E[X] P— a.s.
b’) Global average: E[E[X | H]] = E[X] P-a.s.
¢’) Independence: If X and H are independent, then we have
E[X | H] = E[X] P— a.s.
d’) Homogeneity for measurable factors: If X|Y are R-valued sat-
isfying E[|XY|] < 0o and Y ~ H, then
E[XY [H] =YE[Y | H] P— a.s.,
in particular E[Y | H] =Y P-a.s.
e’) Tower property: ”The coarser one wins.”

EE[X | %] | 6] =EEX | G] | H]=E[X | G] Pas.

Proofs are given for instance in Klenke [45], Kapitel 8, or Koshnevisan [48],
Chapter 8.

Remark 2.2.36. Conditional expectations can be understood in terms of op-
timal prediction or projection (on your preknowledge) in L?(Q, A,P; H) onto
L2(Q, F,P; H). This is the topic for a proper course on stochastic processes.
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C) Martingales Martingales are a class of stochastic processes, which merit
an entire class on itself. They are the natural objects with respect to which a
stochastic intgral is defined. In this course we shall only introduce the mere
definition and its connection to Lévy processes, since we shall use it in order
to establish for us the much more essential strong Markov property.

Definition 2.2.37. Let (F})i>0 be a filtration in (Q, A,P) satisfying the usual
conditions and X = (Xi)i>0 be (Fi)-adapted cadlag process with values in a
separable Hilbert space H satisfying E[|X¢|] < oo for allt > 0. If X satisfies

E[X, | Fs] = X, P—a.s. forallt>s
it is called a (Fi)i>0-martingale.
Remark 2.2.38. All martingales have constant expectation
E[X:] = E[E[X; |Fo]] = E[Xo] forallt>0

Example 2.2.39. 1. Let X be a (F;)i>0-adapted Lévy process with E[| X;1]] <
oo, then E[X;] — E[Xy] is a (Fi)-martingale, since

E[X: - E[X] | o] = E[X: — X + X —tE[X4] | ]
=E[X; — X,] + X, — tE[X}]
= E[X;_.] + X, — tE[X1] = X, — sE[X]]
= X, — E[X}], P— a.s.

2. Let X be a (Fy)i>0-adapted Lévy process. Then for all w € H we have

ei(u,Xt)

i{u, X¢—tn(u))
E[ei(X0)]

_ ot

a C-valued (Fi)i>o0-martingale, since

Ele¥wXa—tn(w)] | F]] = E[eHwXe—XotXo)—tn(w)] | ]:H
= EfeitXi=Xe) | FJR[0X] | FJemtm)
— [ i(u, X — ] z(u,Xs)e—tn(u)
_ e(t—=s)n(u) X0
etn(u)
= ei<“’X°‘>_5”(“), P— a.s.

In other words for anyt > s

E[ei(u,xt s)—(t—s)n(u ] | ]:] P— a.s..
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Theorem 2.2.40 (Optional stopping theorem). Given a filtration (Fi)i>0 in
(Q, A, P) satisfying the usual conditions. Consider two (F;);>o0-stopping times
S, T :Q —[0,00] satisfying SVT < K < 0o P-a.s. and X = (X4)i>0 a cddldg
(F)e=o0-martingale. Let S(w),T(w) < K < 0o two (Ft)-stopping times and X
a cadlag (F;)-martingale. Then E[|Xg|] < oo and E[|X7|] < o0 and

]E[XT | fs} = Xrps P as

Proof. We show the result in the case of discrete time ¢ € N following Klenke
[45] for 0 < S < T < K P-as.

Xs =E[Xs | Fs] = E[Xk | Fs]
= E[E[XK | .FT] ‘]:s] = ]E[E[XT | ]:T] |.7:s] = IE[XT |.7:S]7 P —a.s.

O

Example 2.2.41. Let X be a (F;)i>0-adapted Lévy process and T be a uni-
formly bounded (F;)-stopping time. Then for any t > s > 0 we have that

]E[einXTH—XT+5>—(75—S)77(U)] | Fros) =1, P— a.s.

In other words, the process t e Xr e —(TH)n(u) s ¢ (Fr4t)i=o0-martingale.

2.2.3 The strong Markov property and the moments of
Lévy processes with bounded jumps

A) The strong Markov property. We are now in the position to prove
the strong Markov property with the help of Example

Theorem 2.2.42. Consider an (F;)-adapted Lévy process X and T a (F)
stopping time. On the event {T < oo} the process (Yi)so defined as

Y = XT+t - Xr

is a (Hi)iso-Lévy process with Hy = Froe. In addition Y is independent of
Fr and X and Y have the same finite dimensional distributions.

Proof. This is a slight adaption of the proof given in [57].

e First assume that T(w) < K for some constant K > 0 for all w € Q.
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o Let A € Fr and (ug,...,Un), (to,...,t,) for some n € N, where (uy,)nen
is the enumeration of a countable dense subset of H. Then

E [IA et 22i=1 (Ui X1 7XT+tj—1>}

n €1<u97XT+t )= (T+tj)n(uy) (bXt ( )

=E (14 .
jl;‘[el(uj’XT“ —(T+t;j-1)n(u;)) H ngXr7 l(uj)

For the second factor we obtain

ox., (
|

n

H ( tin(uz) _ etjfln(“j))

Jj=1

H ti— In(u;) — H ¢th —X0, (Uj)
=1 =1

For the first factor we calculate

u;)

 (45)

Uus Xrpey ) = (T+t5)n(us)

E 14 1_[1 ez uJ,XTth 1~ (T+ti—1)n(uy))
J

g, Xrye;) —(T+t)n(u;)

e
=E [E 1AH 1<u37XT+t _(T+t.] 1)77 uj) ‘]:T—’_t" 1
Jj= 1€

—1 o Xt ) = (THt5)m(uy)

{ H eHuws Xrae; g —(THtj—1)n(uj))

ol iy X ) = (THE)n(uy)

=E|1a H i(ug, Xrtt; _ —(T+tj—1)n(uy))
j=1¢ ’

= P(A).

Hence we have obtained
E|1x et i (ug Xt 7XT+tj71>:| =P(A4) H d)th —Xi,_, (uj).

Therefore the process (Y;)i>0 given by Y¥; = Xp4y — Xp is independent
form Fr and has stationary and independent increments, with the same
finite dimensional distributions as X.
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e If T is unbounded, we may set T" := T A m for any m € N. If then
A € Fr, then the formula is valid on A,, := AN {T < m}, that is
Ay € Fram. Since on the right-hand side P(A,,) < P(A) for all m € N
and

m— 00

lim E[lAm el 2= (ug, Xrm g, = Xop +t_7_1>] H¢Xt-—t (uj)

the dominated convergence theorem yields

E |:1A0{T<oo} ei 2 fug Xrge; —Xrae; >]

=P(AN{T < co}) H Dxi; o, (U5).
N——

=P(A) =1

O

Remark 2.2.43. The result of Theorem[2.2.73 tells us that the law of a Lévy
process “restarted” at a (finite) stopping time has no memory of the past and
evolves with the same law as if started at time zero O from the stopped position.
In other words, the memory of this process is “thin” in the sense that the law
(the finite dimensional distributions) of the process only depend on the current
state.

This strong Markov property can be reformulated as follows:
First note that on a separable Hilbert space (H,B(H)) any probability distribu-
tion is uniquely determined by the collection of the values

{/f | f € Cy(H,R)}

Note that [ f(z)u(dz) = E[f(X)] for any random vector with X ~ p.

Definition 2.2.44. Given (Fi)i>0 a filtration in (2, A,P) satisfying the usual
conditions, and T a (Fi)i>o0-stopping time satisfying T < oo P-a.s. A (Fy)i>o-
adapted cadlag process X = (Xy)i>o0 satisfies the strong Markov property if
for any bounded continuous function f on path space, f € Cy(ID([0,00), H),R)
we have

E[f(Xrs) | Fe| =E[f(Xrs) | X;|  P-as.

We also call X a (Fy)i>o-strong Markov process.
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Corollary 2.2.45. Given (F)i>0 a filtration in (2, A, P) satisfying the usual
conditions. Then any (Xy)i>o0 an (Fi)iso-adapted Lévy process is a strong
Markov process.

We shall see in Part II that the solutions of stochastic (partial) differential
equations driven by a Lévy process inherit this property from the Lévy process.
This property turns out crucial in order to determine the first exit problem in
Part III.

B) Moments of Lévy processes with bounded jumps. In this section
we use the property that Lévy processes with bounded jumps have all moments.

Proposition 2.2.46. Given (F;)i>o a filtration in (Q, A, P) satisfying the usual
conditions, and X = (Xi)i>0 the cadlag version of a (Fi)-Lévy proces with
uniformly bounded jumps, that is there exists a constant K > 0 such that

A X| < K Vt=>0 P— a.s.
Then we have for all p > 0, that
E[|X,[7] < oc.
Proof. We define the sequence of hitting times (T, )nen
T :=inf{t >0 |X¢| > K}

Tn+1 = l{t > T, | ‘Xt _XTn| > K}

Since X has cadlag paths and (F; )0 satisfies the usual conditions (T}, )nen is a
sequence of (F;);>o-stopping times. Since the jumps |A,X| < K and the paths
are right-continuous, we have that the sequence (T3,) is strictly increasing, that
is T, — T,—1 > 0, P-a.s. In addition we have |ArL| for any (F%)-stopping time
T. Therefore we obtain for the stopped process X 7,

n
sup |Xs/\Tn < sup Z |*‘Xvs/\T;C - Xs/\Tk_1| < 2nK.
s€[0,00) s€[0,00) =1

In other words, we have for all n € N
P(|X¢| > 2nK) < P(t < T,).

The (F;)¢>o0-strong Markov property of X tells us that T, —T},—; is independent
from Fr, , and additionally that T,, — T,,—1 ~ T31. The n-fold iteration of this
argument yields

Ele ™) = Efe™ 2t (Te-Ti-1)] = Ele= 11" = g™ € [0, 1).



Now, Markov’s inequality yields

P(|X¢| > 2nK) <P(T,, <t) =Ple™™ > e7%) <
for all n € N. We finally calculate
| X¢| L 00 )
BN =B [ ps s <[ 1 saps s
0 0

:p/ P(|X,| > s)sP~1ds
0

S

2K

S

p—1
2KD ds

<p/0°°P<|Xt S oK |2 |)2K]

< p(2K)P! ipﬂm > 2Kn)(n +1)P~1

n=1

<ef(2K)Pt Zq"(n +1)P7! < 0.

n=1

63
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2.3 Representation in terms of Poisson random
measures

2.3.1 Motivation

In order to construct a general Lévy process on a given probability space we
introduce the concept of a Poisson random measure. What is Poisson random
measure?

Example 2.3.1. 1. Recall the uniform distribution U|_y 5 on the interval
([-1,2], B([-1,2])), which is defined as for any a < b by

b 1 b 1
U[_1,2]([a,b)):/a gl{[_1,2]}($)d$:l ml{[_lg]}(x)dx.

This construction is possible not only for [—1,2] but for any Borel-set
A € B(R) such that A(A) < co.

2. The obvious problem: there is no uniform distribution Ug on the real
numbers R. Since for any uniform distribution since in this case

b
Ur([a, b)) = / @dm =0, since A(R) = oco.

8. In many situations, however, we need a good “model” for an i.i.d. (X, )nen
of “uniformly” distributed random points in R.

Idea:  We change the perspective! Instead of looking at the “location” of
each single point z we only look at any arbitrary interval [a, b) and ask ourselves:
How many points are in there?

We denote the number of points by N([a,b)). What should it satisfy reason-
ably?

1. First of all, since it represents the number of elements of something we
have N([a,b)) € {0,1,2,...}U{oc0}.

2. We should exclude to find infinitely many particles in any finite interval
[a,b).

3. We should exclude to find two particles in precisely the same location in
any finite interval [a, b).

4. Since it is a (surprise!) random number, the map w — N([a,b))(w) is a
random variable over a probability space (€2, A, P).
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5. For [a,b) and [¢, d) with b—a = d—c we should expect that the distribution
of the number of particles found in there is equal

N([a,b)) = N([¢,d)).

6. The number we should expect to find there should be proportional to the
size of the set [a,b):

= const. indep. from [a,b) for any a < b.

7. If we have a set which is the union of two disjoint intervals: A = [a,b) U
[e,d) for a < b < ¢ < d we should simply sum up the (random) numbers:

N([a, b)U[c, d))(w) = N([a, b)) (w) + N([c, d)) (w)-

More generally, whenever there is a sequence (A, )nen of disjoint events,
then

N A0 =Y N4, P-as

neN
neN

8. Since we have a model of an ii.d. sequence (X, )nen the number of
particles in an interval [a,b) should be independent from the number of
any other interval [c,d), which is disjoint from [a,b) (since they cannot
share particles). In general, whenever there is a sequence (A )nen of
disjoint events, then the random variables

(N(An))nGN

are an independent family of random variables.

Remark 2.3.2. Item 3) implies the following condition another should decay
more than linearly

S£%+P(N([t’t +5s))=2)/s=0.
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> 0 then

If e := limsup,_,, " N0:5D)>2)

P( “two particle on the same spot inside”[0,1])

= lim P(2U{N(/€2—", (k+1)27"]) > 2})
k=0
=1- lim P(Zhl{N((kQ*", (k+1)27") < 1})
k=0
=1 lim 2ﬁ1 P(N((k27", (k+1)27"]) < 1)
T (;_ ZEN(0.277) > 2))2”
=1-¢e°>0,

by the exponential formula lim, o (1 — %)™ = e~ for all sequences ay, — a.

Remark 2.3.3. 1. Of course this is true not only for particles in the real
line, for any space, where we have a “volume”, for instance given by the
Lebesgue measure. For instance: (0,00) or in R? or in (0,00) x R%,

2. This construction does not only work for the Lebesgue measures,
Ala,b)) =b —a,

but for any o-finite measure v, which satisfies, that finite intervals (or
balls) always have finite intensity.

3. Note that this construction already implies that N([a,b)) has a Poisson
distribution.

"k—1k - k-1 k
N = — = — ~ 1 3
([0,1)) = N(|JI ) > N([ ))& By 1 — Poiy,
k=1 k=1
in distribution as n — oo.

2.3.2 Definition

Definition 2.3.4. Given o-finite measure on v on (H,B(H)) and a probability
space (Q, A,P). Then we call a measurable mapping N : B(H) x Q — NoU{oo}
a Poisson random measure with intensity measure v if we have the
following:
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1. For each A € B(H) with v(A) < oo there is a random variable N(A) :
Q — Ng such that N(A) ~ Poi, (4.

2. For any family (Ap)nen of pairwise disjoint events A,, € B(H) the family
(N(Ap))nen is a family of independent random variables.

3. For any w € Q the map A — N(A)(w) is a measure on (H,B(H)), that
is for all w € Q we have that N((D)(w) = 0 and for (Ap)nen pairwise
disjoint we have N (U, cy An)(w) = D, cn N(An)(w).

Does such a hybrid object always exist?

Construction of a Poisson random measure on probability space.

Lemma 2.3.5. Given (H,B(H),v) a measure space with a finite measure v.
On (Q, A, P) carrying a family of an i.i.d. sequence Z = (Z,)nen of random
vectors Z,, : Q — H with Zy ~ ﬁ and a Poisson random variable w : ) — Ny
with m 1 Z there exists a Poisson random measure N for the intensity measure
.

Proof. This proof is given in Sato [61], we provide it for convenience. For v = 0
associate N(A)(w) = 0. For short we write vy = v(H). Define

7(w) 7(w)
NA)(w) =Y 14(Z(w)) = Y 0z, (A), weN, AeB(H). (28)
k=1 k=1

For each w € Q this is a counting measure and hence satisfies 3) Now, for
j > 2 and pairwise disjoint sets As,...,A; € B(H) such that | J;_, Ay = H
and ki, ..., k; € Ng with > J_, k¢ = k. Then we have

P(N(A1) = k1,...,N(4;) = kj)
= N =i V) = by | VD) = BN =
=P

(Y 1a(Z) =k, ZlA 2= k) el

=1

- k:ll.k.!. k! (V(21)>k1”' (#?))k e_w%é:

k

o—(A2) v(Ag)*
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Summing over kg, ..., k; we obtain

P(N(A))=ki)= Y P(N(A)=ki,....N(4;) = kj)
ka,...,k; ENg

k
o V(A"
- Z He (A‘)VT;

k:g,‘..,k)jENo =1

) v(A)M
k!

Therefore we also satisfy 1) and 2). O

The same can be carried out for a o-finite intensity measure v.

Lemma 2.3.6. Given (H,B(H),v) a measure space with a o-finite measure v
with repartition of H = Jp o Br such that v(By) < co. On (2, A,P) carrying
a family of an i.i.d. sequence Z = (Z¥),en of random vectors ZF : Q — H
with Zﬁ ~ Vg(%]i’)“) and a Poisson random wvariable w : Q0 — Ng with # L Z
there exists a Poisson random measure N for the intensity measure v.

EXERCISE 2.3.7. Show the preceding lemma with the help of the Borel-
Cantelli lemma.

Example 2.3.8. For X\ being the Lebesque measure we define v([a,b)) :=
BA([a,b)) for some B > 0 and any 0 < a < b on [0,00) we have the repar-
tition of B; = [i,i+ 1). Note that for any 0 < a < b we have v([a,b)) < oco.
Hence we have for ZF ~U([k,k + 1))

N([a, b)) ~ Poig(s—a)

Now a Poisson process was defined via the i.i.d. sequence of waiting times
(T )ken with Ty ~ Expg and the arrival times Ty, = 71 + - + 7%

m(w) =Y YTp(w) <t} => HTi(w) €[04} = N([0,1).
k=1 k=1

This is a Poisson random measure for intensity 8 and intensity measure v = 7.

Example 2.3.9.

Consider N being a Poisson random measure on [0,00) X H with intensity
measure 7(dt,dz) = dt @ v(dz) on a probability space (2, A,P) for some jump
increment distribution v.
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2.3.3 Integrating functions with Poisson random measures

A) The Poisson random integral: = Consider a measurable function f :
[0,00) x H — R and N being a Poisson random measure on a probability space
(Q, A, P) for intensity measure 7(dt,dz) = dt@v(dz) on ([0, 00) x H, B([0, 00) x

Rewrite the Poisson random measure:  For [a,b) x A and w € Q we
rewrite

N([a,b) x A)(w) =: /0 o 1apyxa(s,2) N(dsdz)(w).

B) The Poisson random integral for step functions: For any simple
function f(s,z) := Zif:l celia, b,)% 4, (8, 2) we obtain by linearity

fyy o r2) NI = | S el (5.2) Ndsd) )

0,00)xH y_¢

= ZCZ/ o Ljag,be)x A, (8, 2) N(dsdz)(w)

—1 [0,00) X
k

= ZCgN([az, be) x Ag)(w)
=1

and hence
k
E[/ f(s,2) N(dsdz)] =E[ Y ceN(las,be) x Ay)]

(0,00)x H —

1

= ZCgE ag, bg X Ag)]
= ZCW([%ZJ@) x Ag)
(=1

- / f(s,2)5(ds, dz).
(0,00)x H

C) General scalar measurable functions:  Any measurable f : H — R
can be decomposed into the difference of nonnegative functions f = f+ — f~
for f = max{f,0} and f~ = f— fT.
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D) General scalar nonnegative functions:  For any measurable, non-
negative function f there exists a sequence of simple functions (f,)neny with
fn(s, ) 7 f(s,z) for Lebesgue almost all (s,z) € [0,00) ® H. In this case we
may define for any w € Q by monotone convergence (Beppo-Levi)

/ f(s,2) N(dsdz)(w) := lim fn(s,z) N(dsdz)(w).
(0,00)x H

n90 J(0,00)x H

In particular we obtain again by monotonic convergence

E[/o OO)XHf(s,z) N(dsdz)] ZJE[/(O o lim f,(s,2) N(dsdz)]

H n—o0

=E[ lim fn(s,2) N(dsdz)]

n90 J(0,00)x H

= lim E[/(O’OO)Xan(s,z) N(dsdz)]

n—oo

= lim fn(s 2)p(ds,dz)

n—oo

:/ / lim f,(s,2)v(ds,dz)
(0,00) JH "

/Om)/fsz v(ds,dz).

E) The special case of essentially time homogeneous functions: Now
let f(s,2) = 1jo4xa(s, 2)f(2) for some measurable function f : H — R. We
shall study the Poisson random integrals of type

o [ fomass - [ fonos
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We use the approximation by simple functions f,(s,2) = Lp,qxa(s,2)f(z) =
1j0,yxa(s) >oiq ¢ilp,na(z) to calculate its law via the characteristic function

oo )] oot

= [[ Elexp(itu, c;)N([0,1], B; N A))]
= T exp(tv(B, 1 A) e D)
— explt /A<e”<“’f(z>> ~ r(dz))

=ex elwz) _ vo f~H(dz)).
_ p<t/f(A)< (v o f~1)(dz)

This is the characteristic function of a compound Poisson process with Lévy
measure v o f~!. In other words

[exo (i [ FEN(0.0.d2))] = exptt [ (@7 = 1u(az)).

N/(B)

Example 2.3.10. For f: H — H and f(z) = z we have that

s (@) = fexp (it / [ senas.ae )|

:exp(t/A(eim’Z - 1v(dz)),

in other words, the process

f A):/Ot/AzN(ds,dz):/AZN([OJ],dz)

is a compound Poisson process with intensity A\(A) and jump measure VV'( VARE

Properties of Nj (A):

1. (Ntf(B))@O is a compound Poisson process with

v(MOJ(B))

intensity A (B) := (vof~1)(f(B)) and jump distribution M 3T (B)
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2. (N/(B1))e0; - .., (NJ(By))i>0 are independent
for disjoint By, ..., B, with M (By) 4+ -+ M (B,) < 00

3.1 [, | £(2)|v(dz) < 0o
BV (B)] = ¢ [ fw(az)
4T [, |f(2)[Pv(dz) < 0o
VN (B =t [ 1) Pv(az)
5. For f: H — R such that the Laplace transform satisfies for any u > 0
E[exp(fuNtf)} :exp(ft/H(l fe“f(z))u(dz)).

6. For f: H — R such that [, (e*/*) — 1)1 (dz) < oo for some ug > 0 we
have the exponential moment of for all u < ug that

E[exp(uNtf)} = exp (t/

H

(ewf ) — 1)V(d2’)>.

Exponential moments for general integrals: We will apply the follow-
ing result.

Lemma 2.3.11. For a measurable function f : [0,00) x H — [0,00) satisfying

¢
/ / (euof (%) _1)p(dz)ds < oo for some uy > 0.
o JH

we have

E[ exp(u /O t /H f(s.2)N(ds, d2))] = exp ( /0 t /H (") — 1)(dz)ds).

F) Construction of the Poisson random integral from a given com-
pound Poisson process: Consider a compound Poisson process (C})i>o0
with C; ~ Cpp(A,v). By definition there are a Poisson process m = (m¢)t>0
and an i.i.d. family (Zy)gen with Zy ~ v satisfying # L Z such that

a3
Cy = Z Zy, P-a.s.,t > 0.
k=1
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Denote the arrival times of © by (Tk)ren - Then the waiting times of m between
the arrival times ¢, = Ty, —Tr—1 are an i.i.d. family (¢;)ren of random variables
with distribution Exp(A). That is the event {m; = k} = {T), <t < Tip4+1} and
by definition Zy, = Cr, — Cp,— = Aq, C. Therefore given a compound Poisson
process (Ct)¢>o we write for t > 0

Tt

Cr =Y AnC=> (An,C)p(Ar,C) =Y (A.C) d(ar, o) (H).
= k=1

k=1

By construction (2.8]) we have for the corresponding Poisson random measure
N given by

((a b X‘A j{: 6AATAC)
k=mg,+1

n (H,B(H)) that

= z 2) = N'(H).
ct—/H N([0,1], dz) = Nj(H)

2.3.4 Paths of a Lévy process: the Lévy-Ito decomposi-
tion

We consider given an adapted Lévy process (X;);>o with values in H on
(Q, A, P) with cadlag paths and characteristic triplet (b, @, v).

We shall remove more and more jumps of X and construct from these jumps

a new pure jump process X with known characteristic function. Comparing

it with the Lévy-Khinchin decomposition of X we can identify the process X

path-by-path.

A) Subtracting large jumps: By Lemma [2.1.48) we have for any x > 0
#{s € [0,T] | |AsX| > k} < o0, P—a.s.

We consider the compound Poisson process defined by the jumps beyond the
threshold x by

/> aN([0,8],dz) = Y (A X)L(ja, x|50)

o<r<t

and remove the large jumps of the process X by subtracting them

XFi— X, — / AN([0,1], d2).
||>n
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B) The remainder process (X/);>¢ is still a Lévy process: = We check
stationarity and independence of the increments: Since

XF— X~
=X, — Z (A X)1ga, x|5ry — Xs — Z (ArL)1gia, X|>r)

o<r<t 0<r<s
=X - Xot > (AX)1ga, x|k}

s<r<t
d K
:ths—i_ Z (ATX)]'{‘ATX‘>R} :ths'
0<r<t—s

Hence it is measurable with respect to the o-algebra
o({X, — X, | s<q<r<t}),

and independent from F, := o({X, | 0 < r < s}). Therefore we have obtained
a Lévy process and by construction it has bounded jumps |[A;X"| < k. The
processes

(X))o and (/ zN([O,t],dz)) are independent.
|z|>k >0

The consequence of a Lévy processes with bounded jumps having
any moment: By Proposition we know that X* has any moment
of order p > 0 for any ¢t > 0 finite: E[|X[|P] < oo .

In can be shown more generally, that for any submultiplicative function f :

H — R the existence of moments E[\f(Lf)@ < oo is equivalent to the integra-
bility of the tail

/||> 1£(2)|v(dz) < oo.

See Sato [61].

Now, since any Lévy measure v on BS(0) is a finite measure by the Lévy-
Khinchin representation and for measures with additional bounded support we
have that they exhibit finite polynomial and even exponential moments the
result is somehow less surprising.

Nevertheless we have encountered here a breach between the “small” jump
integrable part of a Lévy process and the “large” jump part, which we will
exploit in the third part of these lecture notes. More precisely we can always
divide the Lévy measure v in a part 1/| B (0) and v Be(0) with very different
behavior. While the first one is an infinite measure, hox?vever, with exponential
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moments, the second one is a finite measure with only some or no moments at
all. For a given pure jump Lévy processes L this corresponds to the fact that we
can rewrite it as the sum L; = Lj + Cf of a process L™ with infinitely many «-
bounded jumps from above with exponential moments and a compound Poisson
process C* with k-bounded jumps from below with only some moments.

C) Compensated Poisson random measure We define the compensated
Poisson measure for any A € B(H) such that v(A4) < oo by
N([0,t], A) := N([0,1], A) — tv(A)

and for any f: H — H measurable such that [, |f(2)|v(dz) < co we define
/f ([0,t],dz) /f ([0 t],dz)—t/ f(z)v(dz
A

Properties of compensated Poisson random measures:

1. For disjoint Bi,..., B, with M (By) + --- + M(B,) < oo, M(B) =
A(f~to f(B;)) we have that the family of processes

((ﬁtf (B1))is0,. .., (N} (Bn))go) is independent.

2. (1\7 ([0,t], A)¢>0 defines a compensated Poisson process at intensity Ay =

v(A) < oo

3. Since E[N} ( T(A) =t Juf A ), whenever the right-hand side is finite,
we have that fA |f(z |1/(dz) < o0 1mphes that E[N]] = 0.

4. In addition, if v(4) < oo the (N([0,1], A))i>0 is a square integrable mar-
tingale with respect to its augmented, right-continuous natural filtration
with finite variation paths.
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5. "Ito’s Isometry”: If [, |z[*v(dz) < oo

V(/Bzﬁ([o,t},dz)) =E :|/Bzﬁ([0,t],d2>|2}

—E |/Bz N([O,t],dz)—t/BzV(dz)ﬂ
=l [ = N0, [ [ = x(10.100)] ]

=V /BZN([O,t],dz)}

_ t/B 12 20(dz).

6. Similarly, we calculate its characteristic function

E [ez«u,fB f(z)ﬁqo,ﬂ,dz»} —F {eiw,f,; FEIN([0.4],d2)—t [ f(z)u(dz))}
—E {eiw,fB f(z)N([o,tLdﬂ e~ ilust [ f(z)v(dz)

— ot Ju (e —D)w(dz) ,—i{ust [ f(2)v(dz))

= eXp(t/B(ei<“’f(z)> —1—i{u, f(2)))r(dz)).

D) Remove more and more compensated jumps Recenter L"

Xp = X[ - E[X]).

Add up compensated small jumps: For g = « and ¢, \, 0 the convergence
in L? is obvious since by the It6 isometry

i ~ 2
(> / o #N(0.da2) ]

n=1

= ZE [(/en1<|z|<an zN([O,t],dz))ﬂ

/ |z (dz) < t/ |2|?v(dz) < oo.
en—1<|z|<en B, (0)

K

The right-hand side is independent of m and we can pass to the limit m — oo.
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The P-a.s. convergence: Denote by

1
Z / |z|2u(dz)|) F N, 0,m — 0.
n=m+1"Y¢€n— 1<]2|<en

Hence the Chevbyshev inequality yields

P> =N (0,4],d2)] > 1)

n=m+1"en-1<|z|<en

l Z / <lelgen (0.1} d2) ]
<> [t

mnm+1

=t —0 as m — oo.

Now, since |z|?v(dz) is a finite measure we may choose &, N\, 0 converging fast
enough such that
o0
Z Nm < 00.
m=1

The Borel-Cantelli lemma then yields

SR Z/ SN([0,8],d2)| > 1) < an<oo

571—1<|Z|<5n

m=1 n=m-+1
such that
0= ]P’(limsup{| Z / 2N([0,4), dz)| > nm})
m—oo en—1<|z|<en

n=m-+1

= P(#{] Z /

n=m+41"En— 1<]z \<€n

N([0,1],d2)| > mn} = o).
In other words we have a random variable m* : Q — N such that P-a.s.

lim | / N([0, 8], dz)|
oo Z en-1<|z \<sn

< \Z/ 2N ([0, d2)] + - < 0.
n—1en—1<|2|<en
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Therefore we obtain P-a.s.

Xp = Z/ zN([0,t],dz) = Z/ zN([0,t],dz).

T Jen_1<|zl<en = Jen 1<|zl<en
Subtracting all remaining small jumps X/ of X"
X¢ = X[ - XF,
we know by construction that X¢ is a continuous process. With the same

stationarity and independence argument for the increments as for the indepen-
dence ofof‘ZDK yN([0,t],dz) L f|z|>n 2N ([0, 1], dz) we have that it is a Lévy

process. In addition, we have X¢ | X4,

E) X7 is a Brownian motion with drift We now identify the law of X¢
via the Lévy-Khinchin representation. Since X¢ 1 X — X< and

exp |t / otuz) _ | _ w, w(dz
( Z 5n+1<\z\<sn( < >) ( )

n=1

=ex eHw2) 1 ity 2Nu(dz) | . .
p<t/o<z|<1( 1 i(u, 2))w(d >> (2.9)

Looking back what have we achieved? The process

=
L |
)
..
B
ol
*+x
L
Il

Xf:Xt—/ZM,zN([O,t],H) —]E[X[”]—/ SN([0,4]  d2)

lzI<k

is a continuous Lévy process and

E [ez'(u,xﬁf‘zm yN([0,],d2)—E[X[]— [ < zﬁ([o,t],dﬂ

IE |:ei<u7Xt_t]E[Xf]_(f|z\>ﬁ, yN([Ovt]vdZ)J’_f\ﬂgﬁ Zﬁ([ovt]vdz)>:|

— tO-EIXT]u) ~ § (w,Qu))

Hence X7 is a Brownian motion with drift.
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The Lévy-It6 representation of a Lévy process: As a consequence, we
have proved the following result.

Theorem 2.3.12 (Lévy-It6 representation of a Lévy process). For a given
Levy process (X¢) on (Q, A,P) in H with canonical triplet (b, Q,v) there is

e a vector b=E[X; — |

|zI<1

zN([0,1],dz)]
e a Q-Brownian motion (By)i>o0 and

® a pure jump process ()?t)tgo corresponding to the Lévy measure v

such that _ _
Xi=bt+ B+ X, forallt >0 P-a.s.

with
)N(t = zN([0,t],dz) + zN([0,t],dz
/|Z|<1 ([0,1], dz=) / ([0,1], d=)

|z|>1

In addition, the processes X and B are independent.
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2.4 Quadratic variation and Burkholder’s inequal-
ity

2.4.1 The quadratic variation of a compensated Poisson
random integral:

A) The total and the quadratic variation of a Lévy process: Denote
for T > 0 by II([0, T]) the set of all finite partitions 0 =ty < t; < ...¢, < T,
n € N.

The total variation of a function f :[0,7] — H is given as

|flr:=  sup sup|f(tiy1) — f(t:)] € [0,00]
reII([0,T]) ti€m

and describes the total “length” of the image f([0,7]) in H and can well be
infinite.
The quadratic variation of a function f : [0,7] — H is given as

[f]T = sup Z |f z-‘rl )| € [O’OO}

7ell(][0,7]) tier
EXERCISE 2.4.1. Check that f(s) := bs for some b€ H we have
[flo =T and  [flr =0.

Remark 2.4.2. The quadratic or more generally the p-variation for p > 1
measures different types of “infinite” path lengths.

Remark 2.4.3. For any Lévy process X the quadratic variation is finite P-a.s.

Theorem 2.4.4 (Lévy). The quadratic variation of a Q-Brownian motion in
H satisfies

[B]t ;== sup Z |Bt,,, — Bu|* = ttrace(Q) P— a.s. forallt>0.
w0 ([0,1]) { ca

See for instance [57].

Example 2.4.5. For a pure jump process this is easier to calculate. For a
compound Poisson process Cy = fot J3 2N (ds, dz) with Cy ~ Cpp(X, ) we have

Tt

ICle = 12| < 0.

k=1



and

Tt

[Cle =Y 1Zk]? < 0.

k=1

Note that these representations themselves are Poisson random integrals:

¢ ¢
|C|t:/ / |z|N(ds,dz) and |C|t:/ / |2|>N (ds, dz).
o Ju o JH

For a pure jump Lévy process X in H we have
X, = / AN([0,4], d2) +/ AN([0,4], d2)
|z|<1 |z]>1

we have

X)e < /| O d [ N o)

|2l>1

For the second term we know by the preceding example that

[/|Z|>1ZN([0,-],dz)]t:/Ot/H|z|2N(ds,dz).

For the first term we see that in case of le|<1 |z|v(dz) < 0o we can write

¢ ¢ ¢
/ / zN(ds,dz) :/ / zN(ds,dz) 7/ / zv(dz)ds
0 JlzI<1 0 JlzI<1 0 JlzI<1

and hence

[/0‘ /|z|<1 zN(ds,dz)); = [/0 /zgl zN(ds,dz) — /Ot /|z|g1 zv(dz)ds];
-1 / 2N(ds,d2)];
_ /Ot /Zgl 121> N(ds, d=).

The right-hand side is finite P-a.s. since

¢ ¢
E{/ / |z|2N(ds,dz)} :/ / 12|?v(dz)ds < oo
o Jizi1 0 Jizl<1

81
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for any Lévy measure. By (2.9) we have for a general pure jump Lévy process
forany m e Nand 0 < g,41 < e, < ... < k with g, \,(0 as n — oo that

Z /| _ AN 1dz>]]
- [z—: /€n+1<| |<€n ([ ) dZ)} ]

/ AN ) ]

|20 (dz) < t/ 2|2v(dz) < oo.
B, (0)

1V ent1<|2|<en

m
:tz
n=

The right-hand side is independent of m and we can pass to the limit and
obtain that

E l[/oqzm N (0,1, d2)] ] —1;2/%1< o ) zt/Bn(O)|z|2V(dz).

For later purpose in Part III we need the following natural generalization. For
a pure jump Lévy process X

X = /|z|<n ZN([0,t],d=)

and a measurable function f : [0,00) x H — [0,00) we obtain

Lemma 2.4.6. Under the previous assumptions we obtain for all P-a.s. for

allt >0
[/O' /Zw F(s,2)N(ds, d2)], = /Ot /Zgﬁ £ (s, 2)]2N (ds, d=).

2.4.2 The Burkholder-Davis-Gundy inequality

The following result links the expected the supremum of a Poisson random
integral to its the expectation of the square root of its quadratic variation.

Theorem 2.4.7. Let X be a pure jump Lévy process with values in a separable
Hilbert space H given as

¢
X = / / zN(ds,dz), P—a.s forallt >0
0 J|z|<1
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and a measurable function f :[0,00) x H — H — H. Then there is a constant
C > 0 such that for any p > 1 such that for all T >0

te()T] / /|<1 52N (ds dZ)H
<o[l[ [ 2N ao)]
:cpE[(/OT /|ZK1|f(s,z)|2N(ds,dz))g]

Remark 2.4.8. This result is much more general than stated here, for a proof
see for instance [53)]. In particular, the inverse inequality is also true for an-
other constant. In addition it remains true if T' is replaced by a (Fy)i>0-stopping
time T.

Remark 2.4.9. In particular for p = 2 we obtain the useful inequality

// (s, 2)N(ds, dz)| 02/ / f(s,2)]Pv(dz)ds
te[O T] |z|<1 | |<1

Recently the field of a pathwise approach of stochastic integration associated to
the integration theory of rough paths has given rise to many interesting insights.
This theory is associated to Terry Lyons, Martin Hairer (Fields medal 2014)
and Massimo Gubinelli.

In 2015 Siorpaes and Beiglbock [62] proved a path-by-path version of the
Burkholder Davis Gundy inequality, which can be formulated in our language
of compensated Poisson random measures as follows.

Theorem 2.4.10 (Siorpaes/Beiglbock). Given a pure jump (F;)-adapted Lévy
process X = (X;)i>0 over (2, A, P) with values in H and with Lévy-Ité decom-

position
t
X, = / / zN(ds,dz), t >0,
0 Jlzl<p

for some p > 0 and (Vy)1>0 an (Fi)-adapted cadlag process. Then the stochastic

process
t ~
M, ::// e (U, z)N(ds,dz)
0 Jlzl<p
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satisfies P-a.s. for any T > 0

T
sup |My| §6\/[M]T+/ H,_dM;

t€[0,T)
_6\/// ¢2as (W, 2)2N (dsdz)
lzI<p

Hy_e®(U,_, 2)N(ds,dz),
lz|<p

where Hy := Mt/\/[M]t +sup,< | M| € [-1,1].



Part 11

The Allen-Cahn equation
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Chapter 3

The deterministic
Allen-Cahn equation and
its dynamics

3.1 The state space

We consider the following function spaces over interval J = (0,1), which will
serve as the state space. The “spatial variable” will be throughout out the text
denoted by ¢ € J.

L£%(J) :={z : J — R | measurable and / z(¢)%d¢ < oo},
J
equipped with the seminorm

ol = ( [ a(¢ra0)".

We denote by ~ the equivalence relation
x1 ~xe = x1(¢) = x2(() for Lebesgue almost all ¢ € J.
The Lebesgue space of square integrable functions is then defined by
L2(J) = EQ(J)/ ~
and

|| := |Z|~, for any representative Z of the equivalence class of .

87
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We define the following bilinear form on L?(.J)

(2, ) = / wOY(Ode,  xy € LX),

EXERCISE 3.1.1. 1. Show that | - |~ defines seminorms in L>(J).
2. Show that | - |2 define a norm in L*(0,1).

3. Show that (-,-) defines an inner product with associated norm | - | and
verify the parallelogram identity

@+ yl* 4+ |o =y =22 + 2y, @y e L2().
4. Show that the normed space (L?(J),| - |) with inner product (-,-) is com-
plete, in other words, it is a Hilbert space.
Analogously we define the space

L£2(J):={z:J — R | measurable and sup|z(¢)| < oo}
ced

equipped with the seminorm

|%[o0,~ := sup [z(C)].
ced

We set
L®(J) = LOO(J)/ ~
and for the same equivalence relation ~ as before we set
|Z]oo = |T|oo,~, for any representative Z of the equivalence class of .
EXERCISE 3.1.2. 1. Show that | - |oo,~ defines a seminorm in L(J).
2. Show that | - |eo defines a norm in L (J).

3. Show that the normed space (L>°(J),| - |oo) s complete, in other words,
it 1s a Banach space.

However, the true state space will be a subspace of L?(.J) with “smoother”
elements. Define

Cy(J) == {z € C'(J,R) NC(J,R)|z(0) = z(1) = 0}.
This space is a normed space with the norm

2|1 := sup |x({)| + sup [2'(¢)]
ceJ ceJ
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EXERCISE 3.1.3.
Show that (CA(J),| - |1) is a normed space.

Show that (CL(J),| - |1) is complete, in other words, it is a Banach space.

Since all continuous functions C(J,R) are square integrable, we have for all
x,y € CL(J) the integration by parts formula

(z,y) =2(1)Y (1) = 2(0)Y(0) — (V) = (2", Y), (3.1)
where Y (¢) = foc y(r)dr + C for some constant C' € R. Therefore we can define

the space of all functions z € L?(J) which have some “weak” derivative z’ €
L?(J) such that equation (3.1)) is satisfied for all “test functions” y € Ca(J):

H = Hy(J):={x € L*(J) | 32’ € L*(J) : Y € C*(J) | (¢, x) = —(a’,¥)}.
We consider on this space the bilinear form
{({z,9))o = (z,y) + (&, ¢/).

EXERCISE 3.1.4. 1. Show that (H,| - o), |z]lo := /{{z,x))o defines a
normed space with the inner product {{-,-))o.

2. Show that (H,|| - |lo) is complete, that is it forms together with the inner
product ({-,-))o a Hilbert space.

EXERCISE 3.1.5. 1. Use the fundamental theorem of calculus and
Holder’s inequality to show that for all C}(J) we have the so-called
Poincaré inequality

o) < J2'|? (3.2)

and infer that HX(J) — L*(J).
2. Show that
o]l == (2" a"), @€ Hy(J)
is an equivalent norm on H to || - |0 and hence
(L - 11 G5o0)
is a Hilbert space.
A special case of the Sobolev embedding yields H C Co(J).
EXERCISE 3.1.6. Show that for all x € H we have
%00 < [|2]]-
and infer H3(J) < Co(J). It works analogously to inequality .

We summarize our results:

(Ho () 11 (G 1)) = (Col )] - loo) = (L), | foo) <> (L2(T), |-, ().
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3.2 The linear heat equation

A) The linear heat equation: In this section we provide the results for
the scalar linear heat equation with Dirichlet boundary conditions and initial
values in x € H or z € L?(0,1)

Lut,¢) = Zu(t,¢) t>0,€(0,1)
u(0,¢) = z(¢) (e (0,1) (3.3)
u(t,0) =u(t,1) =0 ¢t >0.

The operator A := —68—; is an unbounded operator on a densely defined do-
main A : D(A) — H, with D(A) := C3(J), where C3(J) := C*(J,R) N {z €
C(J,R)|z(0) = z(1) = 0}.

The sequence of eigenvalues (\;)ren and eigenvectors (wy)nen of A in L2(0, 1)
are given as

e = (mk)?, and wi(¢) = V2sin(kn(), for all k € N.

Note that the eigenvectors are extremely regular, that is wy, € C3°(J) :=

C®(J)NCy(J) for all k € N.

EXERCISE 3.2.1. 1. Verify that (Ag)ren and (wi)ren are the sequence
of eigenvalues and eigenvectors in Cg.

2. The sequence (wy)nen is an orthonormal basis in L?(J).

B) The semigroup: Since (Az,z) = (2/,2') for any z € C? we have by
(3.2) that there is a constant Ag such that

(Az,z) < Aolz|?, reHax#0

for any t > 0.
Solving equation (3.3) for initial condition wy we obtain the ordinary linear
differential equation

%U(t;wk) = —pu(t; wy), uw(0;wi) = wi

That is u(t;wy) = e twy. Since (wy,)ren is an orthonormal basis in L2(J)
and the linearity of equation (3.3]) we have vor any x € H that

u(t; ) = u(t; Z(x,wk>wk) = Z(m,wk>u(t; wy) = Z e~ M wy ) wy.

keN keN keN
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Since the operator A acts as —A; on the eigenspace Lin(wy) we may rewrite

u(t;x) as
u(t; ) : m—Ze)"‘txwk Wi
keN

In addition we note that %x = 2/ = A%z. Therefore the orthogonality of
(wi)ken implies for any = € H that

2||? = |Azav|2 = |Z)\ o, wyywg|? Z)\k| z,wi)|* < oo.
keN keN

Remark 3.2.2. The solution operator H 3 x — u(t;x) € H defines a strongly
continuous semigroup on L?(0,1) and H, called the heat semigroup. For
notational convenience we shall denote S(t) := eAt. See for instance [22, [63].

For an construction of the semigroup S starting with the problem on R instead
of J = (0,1) by the so-called method of images we refer to section 1.3 and 1.4
of [II]. In the sequel we shall stick to this setting.

Properties of the semigroup S: The semigroup S is contracting on
L?(0,1) and H
e~ Mtz xeL?0,1) (3.4)

|S(t)z| <
| ée_A(’tHxH, r € H,

15(t)x]
and as a consequence the operator norm satisfies
IS <e Mt t>0. (3.6)

EXERCISE 3.2.3. Prove , and (@) with the help of the basis
(wr) -

The semigroup is very regularizing in the sense that between between the spaces
H C Co([0,1]) N L>=(0,1) C L?(0,1) as follows. There is a constant C' > 0 such
that for all ¢ > 0

67A()t
IS@all < C—gz-lal, @€ L2(0,1)
— Aot

1S(t)2]00 < CF

Wle .TGL2(0,1)

We refer to Proposition A.12 in [22].
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3.3 The deterministic Allen-Cahn equation

A) The Allen-Cahn equation: = We consider following nonlinear partial
differential equation. For ¢t > 0, z € H and ( € J consider

o _ %
aru(t,¢) = ac? (t,¢) + f(u(t, Q)
u(t,0) =u(t,1) =0 Dirichlet boundary conditions (3.7)

u(0, ¢ x) = z(¢) initial value z,
where the non-linearity f is given for some A > 0 by

flr):==A(r®=r),  r>=0 (3.8)

B) Weak solutions:  There is some freedom of choice for the space of the
initial conditions . Our aim is the establishment of a dynamical system in H,
since formally if v € H we obtain most conveniently

8%u ou Ou

g vey 2
ae W = {50 ) = Il

(

In [65], II1.1.1 it is shown via Faedo-Galerkin approximations that equation
(3-7) has a unique weak solution in the sense that

%(u,v)—f—((u,v»—(f(u),@ =0, for all v € H N L*(J).

For this prove it is used mainly the polynomial structure of the nonlinearity.
In addition it is shown there that for all x € H any T >ty > 0

u € C([0, 7, H) N L*((0, T, H2(J)).
C) Mild solutions: In the sequel we shall establish mild solutions. For this
aim we note the following:

Lemma 3.3.1. For any x > 0 we have constants K ., K2, > 0 such that

|f(7’1)—f(7°2)|
1f(z) = FW)l

Proof. The proof is found in [63], Chapter 5.1.1., and in [20], Lemma 2.1. The
first inequality is obvious for polynomials. We show the second inequality.

< Ky |r — 72 ri,72 € R with |rq], |re] < x
< Koyllz =yl xy € H with ||z, [yl < x.
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Step 1: f is locally Lipschitz from L?(0,1) to H. We start with z,y €
B,(0) ¢ H < L*(0,1). Due to |zr| < |Vz| for all z € H, we have
7] 00, |]0o < x- In particular for each ¢ € (0,1), 6 € [0,1]
Q) +0(0) — 2 ON < sup [F W)l = Ky <00, (39)
y€Bx(0)
[f"(@(Q) + 0(y(Q) —2(ONI < sup [ (y)loc =t K2y < 0.

y€B(0)

Hence due to the mean value theorem

@)= Sl = [ (70 = P ¢
1 1
= [0 760 +60(0) = 2(0) 46) (0) ~ w(e)) [ a¢
0 0

<K lo =yl < K7 llz =yl

Step 2: f is locally Lipschitz from H to H For z,y € B,(0) C H we
may calculate

1 () = FW)II?

= (@)2’ = f' )y 12

<2/f' (@)’ = f' ()2’ + 2/ ()2’ = ')y 72
<2/ (@) = )Pl + 2 )Pz - yll?

<K' RPw -y 4+ 2K3 o — )2 <2 (K100 + K75, ) o — w2

::KXYR

O

A mild solution of the Allen-Cahn equation (3.7)) satisfies the following
variation of constants formula in the space H.

u(t;z) = S(t)z +/O S(t — s)f(u(s;x))ds.

This equation has unique and well-posed weak and mild solutions in L2(0,1)
and H (cf. [20] [65]). The solutions are most regular for any ¢ > 0 and = €
L?(0,1), that is u(t;z) € C°(0,1) N Co[0, 1].
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3.4 The dynamics of the Allen-Cahn equation

A) Gradient structure: It is well-known that equation (3.7]) enjoys the
nonnegative potential function V(z) = [, ((Vz(¢))? + F(x(¢)))d¢ on H for
F(r)= f:o f(s)ds for some 7 and is rewritten as the following gradient system

%u(t,(j) = —(DV)(u(t,()) with  u(0,(;z) =x(¢) for x € H.

See for instance Brassesco [II]. As a consequence, V serves as a Lyapunov
function and yields the following result (cf. [32, [34]). The level sets of V
remain bounded in H and positive invariant under the dynamical system (3.7)).

U= {z € H| V() <dr)},  dir)=inf{r’ >0[ B.0) U}, r>0.

Proposition 3.4.1. Denote by P C H the set of fixed points of . Then
0 < |P| < o0 and for any x € H there exists a stationary state ¢ € P of the

system such that lim;_, o u(t; x) = .

B) Generic parameters and domains of attraction: In [I4] B3] it is
shown that the dynamical system u has the Morse-Smale property, when-
ever A # (2mn)?, that is there are only finitely many critical points ¢ € H
0*¢
8?2(0 +f(e(Q) =0,  ¢€(0,1)
and the (unbounded) linearization of the right-hand side

*y

a¢
has all eigenvalues different from zero. In addition, the infinite-dimensional
stable and the finite-dimensional unstable manifolds are known to intersect
transversally.
For ¢ € P we denote the domain of attraction

D) :={x € H | Jim u(t;z) = ¢}.

The subset P~ of all ¢ € P such that D(¢) contains an open ball in H is
the set of stable states. For ¢= € P~ we denote its domain of attraction
D* = D(¢*) and the separating manifold between them by S := H \ J, D*.
For A\ # (2mn)?, n € N, the Morse-Smale property implies that S is a closed
C!-manifold without boundary in H of codimension 1 separating all elements of
(D*) 4t cp- called separatrix and containing all unstable fixed points P\ P~
(cf. [59]).
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C) The dissipativity: =~ We shall see that the solution of equation is
uniformly absorbed in a large ball. That is, there are constants x* > 0
and r* > 0 such that such that ¢ > x* implies that the solution satisfies
sup,e  [[u(t; z)[ <.

In order to see this we have to recall the following non-linear version of Gron-
wall’s lemma.

Lemma 3.4.2. Leta: (0,00) — (0,00) be a measurable and absolutely contin-
uous function satisfying

da
— P<5
dt+’ya

for somep>1 and 6 > 0. Then fort > 0 we have

a\ " 1
alt) < (7) M e

Remark 3.4.3. Note that the right-hand side does not depend on a(0).
EXERCISE 3.4.4. Prove the Lemma[3.4.3

Consider the ordinary differential equation

%u = \u® —u), u(0) =z € R.

Then multiplying the equation with %u we obtain

1 d d o 4_ 2 2y2 _ 2
i(au)u = U= At —u?) = =A((u?)? —u?).
Hence for all initial values z € R such that z2 > 2 we have
d o 4 _ 2 A4
S = At — ) < -2 . 1
s Au® —u?) 5 U +C (3.10)
EXERCISE 3.4.5. Check inequality and determine the constant C' >

0.

Lemma, applied to inequality li for the values p =2, 6 =C, v = %
and a(t) = u(t)? yields

20\'? 2
R = .
u(t)\<A> + 5 V>0

This argument is the core of the same argument given in the space H. This
argument can be made rigorous for u (¢, z({)) for Lebesgue all ¢ € J and hence
leads to the same result in L>°(J). Now we can use the mild solution and the
regularization from L>°(J) to H and obtain the following dissipativity result.
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Proposition 3.4.6. There exist constants k*,r* > 0 such that for all t > Kk*
and r € H we have

[ut; z)[| <"

A complete proof is given in Section 4.1 of [20]. Another point of view on the
dissipativity is the following.

EXERCISE 3.4.7 (Dissipativity in finite dimensions = blow up in finite back-
ward time).

1) Solve the ordinary differential equation

d
d—?:uQ, u(0)=z€R

explicitly (separation of variables). What can you say about the life time
of the solution t — u(t;x)?

The time reversal t — —t leads to the equation

d

d—: = v v(0) =z € R.

2) What does the first result imply for the convergence of the solution t —
v(t; x) for different initial values to the unit ball?

D) The fine dynamics justifies reduced domains of attractions: We
summarize our knowledge so far.

Dissipativity: There are a finite time x > 0 and a radius 7* > 0 such that
uniformly for all initial values € H the solution ¢ — u(t; x) has entered
a ball of B,«(0) before time ¢ = k.

Gradient structure: Inside this ball there all finitely many but at least one
critical state. For A\ > 72 there are at least three critical states, precisely
or two of them (denoted by ¢ and ¢~) are stable and all the others (the
zero solution and always pairs) are unstable. The deterministic Allen-
Cahn equation is a gradient system, that is no state visited once can
be visited again, since the “energy” along the trajectory t — V(u(t; x))
decreases excluding loops. The stable states ¢* are the only local minima.
All other critical states are saddle points.
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The global picture of the state space: The state space H is divided com-
pletely into two open domains of attraction of the stable states ¢ and
¢~ separated by a smooth unbounded manifold without borders of codi-
mension 1, which is the complement of the domains of attraction. While
the stable states are trivially inside the respective domains of attraction,
the unstable states all sit on the separating manifold.

The Morse-Smale property: The Allen-Cahn equation has generically the
Morse-Smale property, that is, excluding the values A # (7n)?, n € N all
critical points have linearizations with eigenvalues whose real parts are
zero, that is there are no purely imaginary eigenvalues. In addition, the
eigenvectors of the eigenspaces with positive real part and negative part
of the linearization linearly independent in H.

The local dynamics close to a stable state: The dynamics close (that is
in a small ball of radius § > 0, say) to the stable state is topologically
equivalent to the dynamics of the linearization with only negative eigen-
values. Hence we encounter an exponential attraction to the stable state
with an exponential rate given by the largest negative eigenvalue of the
linearization.

Therefore we obtain the following upper bound starting in a ball of radius
0 centered in the stable state but out side a ball of radius €7 for some
g,7 > 0 (6§ > &7) to reach the ball B.(¢*). There is a constant ' > 0
such that for all z € Bs(¢F)\ B (¢F) the condition t > £'v|In(e)]| yields
that u(t;z) € Ber (¢F).

The local dynamics close to an unstable state inside a d.o.a.:  This
dynamics is a bit more subtle. As a consequence of the Morse-Smale
property, the linearization of any unstable state has exactly one eigen-
vector, which transversally points into the domain of attraction of the
stable states (in one of the domain of attraction, while by symmetry its
negative points to the opposed domain of attraction). More precisely, the
projection of the unstable eigenvector in normal direction to the separat-
ing manifold is non zero.

Starting close to an unstable state (that is in a ball of fixed radius ¢ > 0,
say) but inside of a domain of attraction (that is not sitting the separating
manifold) we obtain the repulsion of the solution ¢t — w(t;z) from the
unstable state in the following sense.

Let 7 be the normal vector of the (smooth) separating manifold at an
unstable state ¢ and A* > 0 be the eigenvalue of the unstable eigenvector
which is inward pointing to the domain of a stable attraction.
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Starting inside the small ball Bs(¢) but outside a small ball B.s(¢) C
Bs(¢) of radius €7, £, > 0 with § > €7 we have that

lu(t;z) — @l = e Tt |({x — ms (@), @))| > e te.

Hence 6 > erte implies the existence of a constant x” > 0 such that
for all ¢t > k”+|1In(e)| we have that u(t;z) ¢ Bs(9).

Note that we are interested in the exit from a domain of attraction of a sta-
ble state D*. Taking into account the mentioned ingredients we will reduce
D* glightly to all initial values 2 € D such that for times ¢t > 0 we have
dist(u(t; z),S) > &Y for arbitrarily small € > 0. This set will be denoted
Df (¢7). By construction it is a subset of D* and it is positive in variant under
the solution flow, that is € Di(e”) implies u(t;z) € D (") for all times
t > 0. Its formal definition is given in Definition [3.4.9

Now, we are in the position to sketch the following “worst case” trajectory
t— u(t; ).

Global relaxation to a bounded set: Starting in some point z € Di(e7)
the solution enters the large ball B,.(0)N.Di(7) in at most a time £ > 0
inside of which all critical states are found.

Traveling from ball to ball between the unstable states: We fix
once and for all a sufficiently small radius § > 0 and consider all §-balls
centered in the (finitely many) critical states. Now we count the times
the trajectory u(t; ) needs at most to visit the maximal amount of these
balls inside the positive invariant set Dli(s"’).

Due to the fact that the solution operator of  — u(t; x) is regularizing in
the sense that bounded sets are sent to compact sets, there is a finite time
t1(0) until u enters the §-ball around the “first” unstable state. By our
discussion of the local dynamics of close to unstable states u leaves this
ball in at least time x'+|In(e)| but staying inside the positive invariant
(reduced) domain of attraction Di"(g7).

There exists a uniform time t5(d) until u enters the “second” ball of radius
0 around the another unstable state. This ball is left before another time
k'] In(e)| again staying inside the positive invariant (reduced) domain of
attraction DT (7).

However, this procedure can be repeated only finitely many times since
there are only finitely many unstable states. Hence we take the maximum
of the “local” constants t2(d) and «’. In addition, having a gradient sys-
tem prevents that the solution “returns” to a previously visited unstable
state.
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Travel between the “last” unstable state to the stable state: Finally
there is an absolute time ¢3(d) that u travels from any of the balls of ra-
dius § around the unstable states to the d-ball around the stable state of
the respective domain of attraction.

Local convergence to the stable state: Having reached the é-ball around
the stable state ¢ we need a time at most x| In(¢)| until reach a ball
of €7 around the stable state.

Remark 3.4.8. Summing up the upper bounds of the time we obtain the fol-
lowing. Let m = |P| then for x € D*(e") we obtain the rather crude but
qualitatively correct (with respect to its logarithmic growth for small €) bound
that

t > k4 t1(0) + m(ta + k' In(e)]) + t3 + &"y|In(e)|

implies that u(t; x) € Ber (¢F). All the previous heuristics can be made rigorous
via the rather technical construction of the stable and the unstable manifold. For
the proofs we refer to Chapter 2 in [20)].

Definition 3.4.9. Define for 61 > 0

D¥(61) := {x € D* | | Bs, (u(t;x)) € D*}. (3.11)

>0

In finite dimensions, where the dynamical system ¢ — u(t;z) also exists for
negative times, these reductions have a much more natural shape, see Appendix
in [36).

In the light of Remark we obtain the following result.

Proposition 3.4.10. For any generic choice of f such that is Morse
Smale there exist constants kg, k1 > 0 (depending only on f) which satisfy the
following. For any monotonically growing function ~. : (0,1] — (0,1) with
lim. 0. = 0 there is a constant gy € (0,1] such that for each & € (0,e0] the
conditions t > ro + k1| Inv.| and z € DE(y.) imply ||Ju(t;z) — || < 17

E) Further reduction of the domains of attraction: =~ We have seen that
in order to capture the main dynamics of u and steer clear for all times from
sticky unstable fixed point it is appropriate to introduce the reduced domain
of attraction DT (4;).

In order to account also for small perturbations of u we introduce the following
nested further reduced domains of attraction with positive invariance proper-
ties. For perturbations ¢p € DN L*>(]0,00),H) and © € H we consider the
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unique cadlag mild solution vy, of the equation

o 0%y,

2t (5,¢) = ac? (t,¢) + fuy(t,C) +4(t,¢))  for 20, (e€(0,1)
vy (t,0) = vy (t,1) =0 Dirichlet b. c.
vy (0,¢) = z(() initial condition x.

(3.12)
We define for é; > 0, i = 1,...,4 and x > 0 sufficiently large the following
reductions of D* (and Di(6;)):

DE(8y,x) := {z € D* | U Bs, (u(t;z)) € DF nuxy,

>0

Dy (81,62,X) := {z € DY (d1,x) | V¢ € D([0,00), H) with sup [ @) < 62 :
t=0

U B (vu(t:2)) € DE(1.0) ),

t>0

DZE (31,8, 03,x) := {x € DF (61,09, x) | for all ¥ € D([0, 00), H)

with sup [[¢(t)]| < s : | Bs, (vy(t;2)) € D3 (81,62,%) }

t20 £>0
D (81,02,03, 04, x) := {z € D5 (61,82,03,X) | v € Bs,(x) € D5 (81,02,05, %) }.
(3.13)

The reduced domains of attractions are nested by construction and for all
§ € (0,1) we have DT = Useo.1] DF(5,6,0,0) (cf. [19]). For any &y € (0, 1] such
that ¢ € D (dy) and § € (0, 5] we have the positive invariance of the reduced
domains of attraction under the dynamical system (3.7). For convenience we
set D (8) := DF(6,9), DF (§) := DF(6,6,8) and D (§) analogously.

These properties are shown in [19] Chapter 2.

EXERCISE 3.4.11 (Properties of the associated scalar system). We study
for a parameter A > 0 the ordinary differential equation

d

& “Au® —u), u(0) =z € R.

dt

1) What can you say about existence and uniqueness of the solution t —
u(t;x)?

2) Calculate the stationary states and determine its stability.

3) Calculate a lower bound ko such that t > ko implies for any x € R that
u(t; x) € Ba(0).
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4) What can you say about the role of the parameter A > 07

5) Consider a stable state ¢ of the previous system. Consider 0 < e < 0 for
6 < %, say. Compare the original system to the linearized system and
calculate a lower bound k > 0 such that t > k and x € Bs(¢) implies

u(t;x) € Be(¢). How does that constant grow in terms of €?
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Chapter 4

The Allen-Cahn equation
perturbed by additive pure
jump Lévy noise

4.1 The stochastic convolution

Given a filtered probability space Q@ = (Q, A, P, (F)i>0) satisfying the usual
conditions in the sense of Protter [57] let L = (L(t))t>0 be a cadlag version of a
pure jump Lévy process in (H, B(H)), that is the characteristic triplet satisfies
b=0and @ =0and 0 # v € My(H). By the Lévy-It6 decomposition given in
Theorem 2.3.12] we have seen that there exists an associated Poisson random
measure N on {2 such that

t t

L(¢t) :/ / zN(ds,dz) +/ / zN(ds,dz), P —a.s. for all ¢ > 0.
0 JllzlI<1 0 Jz|>1

(4.1)

The stochastic convolution w.r.t. the square-integrable martingale
part of (4.1):  We denote the first term of L(¢) by L(t) and consider the
linear equation

2

= a—ng(t)dt +edL(t), X(0)==z € H. (4.2)

dX (t)

Theorem 4.1.1. The stochastic differential equation has a unique mild

103



104
solution satisfying
t
X(t)=S{t)x+ / / S(t — s)ezN(ds,dz), P—as t>0, (4.3
0 Jlzl<1

where S is the heat semigroup given in Section [33 In addition, the property

implies that the process X has a cadlag version in H. The transition
probabilities of the process X define a Feller family and imply the strong Markov
property in H w.r.t. the enhanced natural filtration (Fi)i>0. That is for any
bounded continuous function f: H — R and any (Ft)i>o-stopping times o < T
P-a.s. we have

E[f(Xm) | 7] =E[fR0) | X(0)], s<tP- as

The interlacing of the compound Poisson part of (4.1)):  Note that
the second term, which we will denote by 7 in 1) ne=J, f”Z”>1 2N (ds,dz)
is a compound Poisson process, that is we know

me= Y Wil{ti + - +tp <t}
k=1

V(NB5(0)
sty and

(tx)ken the i.i.d. family of waiting times between the jumps with distribution
Exp, (B (0))- Then the solution of

for an i.i.d. family (W )ren of random vectors with distribution

2

X(t)dt +edL(t),  X(0) =z € H. (4.4)

is constructed as follows. Set the arrival times T} := ¢ + - - - + ¢;.

e On [0,7}) we have X(t) = X(t) = X'(t) that is it follows the dynamic
by (4.2).

e At the moment t = T} we set X (1) = X*(T}) + Wi.

e On (T1,T3), the system starts in X (T1) evolves according to the dynamics

in (4.2) however, with respect to the noise Lyy7, — L1,. We denote this
process by X2,

e At the moment ¢t = T we set X(T5) = )?%2 + Wa

e On (T, T3), the system starts in X (T5) evolves according to the dynamics
in (4.2) however, with respect to the noise Ly, — L1,. We denote this
process by X3.
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e At the moment ¢t = T3 we set X(T3) = )N(%g + W5
e ctc.
Remark 4.1.2. Since the processes L and 1 are independent, the strong Markov

property and the cadlag property remain untouched.

An estimate of the stochastic Lévy convolution: In the spirit of the
inequality by Siorpaez [62] there are path-by-path estimates of the stochastic
convolution (4.3]) given recently by Salavati and Zangeneh in Theorem 6 of [64].

Theorem 4.1.3 (Salavati and Zangeneh). Fiz p > 0 and let L = (L;)i>0 be
the H-valued cadlag version of a Lévy process given by

t
Lt:// zN(ds,dz).
0 Jiz|<p

Under the previous assumptions on S and H we denote the process

X(t) S(t)er/Ot/” - S(t—s)zN(ds,dz), P—as t=0. (4.5)

Then we have P-a.s. for allt > 0

t
IX(6)]2 < e2M ]? 42 / / (X )N (s, i)
ZllspP

t
+// e 2M012||2 N (ds, dz).
0 Jllzll<p

4.2 The solution of the stochastic reaction dif-
fusion equation

Given a filtered probability space Q@ = (Q, A, P, (F)i>0) satisfying the usual
conditions in the sense of Protter [57] let L = (L(¢))¢>0 be a cadlag version of
a pure jump Lévy process in (H,B(H)).

Consider the formal stochastic reaction diffusion equation for t > 0,z € H,( €
J and € € (0,1]

4X3(1,0) = (%Xﬁ(t, ¢+ F(X¥(t,)))dt + edLit, )
(4.6)

with  X°(t,0)= X°(t,1)=0 and X°(0,¢) = z(C),
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in the sense that

dL(t,C) = / _HON @) + / N aaz),

Proposition 4.2.1. Then for any mean zero cadlag L?(P; H)-martingale & =
(&(t))t>0, T > 0, and initial value x € H equation @ driven by ed§ instead of
edL has a unique cadlag mild solution (Y*(t;x))scpo,r)- The transition kernels
of the solution process Y ¢ induce a homogeneous Markov family satisfying the
Feller property and hence the strong Markov property.

The proof relies on the local Lipschitz continuity of f : H — H. A proof for
dissipative polynomials f is given in [58], Chapter 10, and for Allen-Cahn in
[19]. By interlacing of large jumps this notion of solution is extended to the
heavy-tailed process L.

Corollary 4.2.2. For z € H equation @ has a global cadlag mild solution
(Xe(t; )0, which satisfies the strong Markov property.
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The First Exit Problem
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Chapter 5

The specific hypotheses and
the main results

5.1 The asymptotic first exit problem

The main object of study: For v,e € (0,1] and x > 0 sufficiently large,
z € DF (7, ) and the cadlag mild solution (X*(t;2))¢>0 of (4.6) we define the
first exit time from the reduced domain of attraction D3 (¢7,x)

() == inf{t > 0| X*(t;x) ¢ DE(e?,x)}.

x

Specific Hypotheses:
(D) The function f satisfies X\ # (7n)? and A\ > 2.

(S.1) The Lévy measure v € Mo(H) is regularly varying with index —a, o >
0 and limit measure p € Mo(H). We denote h the regularly varying
function h(r) = r~*£(r) such that

v(rBi(0))

tim T = (B (0))

rT—00

We refer to Subsection 1.2.5 for further explanations.

The limit measure of relevant increments: We define the set of es-
sential increment vectors z € H sending x € H to the set U € B(H)
as

JY(z):={2€H|z+2€cU}, r € H,
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and the asymptotic essential increment measure
mE(A) = u(JT4(o%)) for A€ B(H) with 0 ¢ A

and 1
he = h(g) for e € (0, 1].

We further assume the joint non-degeneracy of p and the dynamical system.
(S.2) For all ¢* € P~ we have m* ((D*)¢) > 0.
(S.3) For all ¢* € P~ and n > 0 there are 6,x > 0 such that

m*(H \ (D (8,x) U Dy (6,x)) < -

We define the characteristic exit rate AT of system (4.6) from D* by

1 c
M=r(27Peh), s 01 (5.1)
€
Then (S.1) implies )}‘E = su);é) ek mE((D*F)e).

The exit time result: The main exit time result theorem reads as follows.

Theorem 5.1.1. Let Hypotheses (D) and (S.1-8) be satisfied. Then there is
a EXP(1)-distributed family of random variables (si(e))ee(o,l} on Q) satisfying
the following. For any C > 0 and 6 € (0,1) there are x > 0 and €9,y € (0,1]
such that € € (0,e0] implies

sup E[eelerg%(e,x)—si(en <1+C.
zEDfsi(s'V,x)

As a consequence, we have the convergence of all moments

lim  sup  E[MErE(e,x)|"] € [n! — C,n! + (]
=0 z€DF (€7,X)

and the following polynomial behavior

1-C 14+C
sup E[Tw:t(€7X):| S [Ta T]
16D3i (e7,x) )‘5 )‘5
1-2C 14 2C

cl J-

el()mE((DF)e) (L )m=((D*)e)
The supremum in the previous expressions can be changed to the infimum.

In terms of [I0] the memorylessness of s(g) describes the “unpredictability” of
the exit times with a “polynomial” loss of memory as opposed to a Gaussian
“exponential” loss of memory.
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The flow decomposition: For the statement of the main result about the
exit loci we write AL := L(t) — L(t—), t > 0 for L given as the pure jump
Lévy process in Section[{.2]and (S.1). For p € (0,1) and ¢ € (0, 1] we construct
large jump times of L by

To(e) :=0, Ti(e) :==inf {t > Th_1(e) | ALl > P}, k=1, (52)

and large jump increments by Wi (e) := Aq, ()L, k € N. The family (W (g))ren
is i.i.d. with
V(AN BE,(0))

P(EWk S A) = V(Bc, (0)) ,

where 3. := v(B:_,(0))

behaves as P 20 mE(BS(0)).

(p=)~L(p°)
The exit locus result:

Theorem 5.1.2. Let Hypotheses (D) and (S.1-8) be satisfied. Then there is

+
a family of random wvariables (k*(€))zc0,1] on Q with k*(e) being GEO(%Z)
distributed and satisfying the following. For any C' > 0 and 0 < p < « there
are x > 0 and v, p,eo € (0,1] such that € € (0,e0] implies

sup B[ X(rF (e, x)5w) = (6F + Wi )] < ©
ZED;E(E'Y,X)

and in particular for any U € B(H) with m*(U) > 0 and m*(0U) = 0 we
have
m* (AN (DF)%)

m=((D*)°)

The second result follows from the first one since lim. o P(eWj+(.)(e) € A) =

sup ‘]P)(XE(Ti(e,X); x) € A) — <C.

.’L'EDBi(E'Y,X)

+
% for any A € B(H). In fact we will only prove in the first result the
convergence in probability. In order to infer convergence in L?, p € (0, ) it is
only necessary to prove uniform integrability. This is carried out in the more

general setting of multiplicative noise in [35].

5.2 Understanding the models of the exit times
and exit loci

We now construct on (€2, A, P) the random variables (s*(¢)).¢(0,1] of Theorem

and (k*(¢))ze(0,1) of Theorem
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Definition 5.2.1. For given scales p and 7. in B;?(E) = {eW, €

j(Di)c((bi)} and the arrival times Ty, of Wy, given in we define

oo k—1
ste) =Y T [[a-1BMUB), (0,1,
k=1  j=1
and
oo k—1
k(e) =Y (k—1) J](1—1(B)1(BY).
k=1 j=1

Lemma 5.2.2. For given scale p* in the random variables s*(g) is ex-

ponentially distributed with rate XX and any of the random variables k*(g) is
+

geometrically distributed with rate P(B®) = 255 . In particular 5% () := M\FsT(¢)

s exponentially distributed with rate 1.

Proof. Since the family (Wj)gen is i.i.d. and Bf = {eW) € (D*)} we have

+
that k*(e) is geometrically distributed by construction with rate P(B°¢) = )/‘3—5

Let # > 0. We calculate the Laplace transform of s*(¢) ’

E {e_esi@} - E [670 SR T H_?’;f(lfl(B;?))l(BZ)}

T e07 L= 02

= E
k=1

e [ k—1

= Y E e T - 1(B)1(BY)
k=1 | j=1
o  [k-1

= Y E|[[e 0 -1(B)e " 1(By)
k=1 j=1

Exploiting the independence of (W) ey and (Tk)ren as well as the stationarity
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of (Wg)ren each summand takes the form

k—
E [H e (1 - 1(B))e " 1(BY)

= (B[] (1 -P(B) T E[e "] B(BY)

Be AN B af
:<9+ﬂe(1_65)> 0+ 8. B

Finally we conclude

o5t (e — [ B AENMTT B
E[e ()}:Z<9+55(1_55)>

Pt 0+ B B
B g 1 _ E 1
0+ B Be 1_05%5(1_%) Be 9-;%_(1_)6;56))

AE r——
= ¢ _ —EXP(\.)(0).
7 o5E = EXPOL0)
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Chapter 6

Deviations of the small
noise solution

This section is devoted to a large deviations type estimate for the stochastic
convolution on the time scale of the waiting time between consecutive large
jumps [T;,T;+1). Due to the strong Markov property it turns out that it is
sufficient to treat the time interval [0,77). In this section we quantify the fact,
that in the time interval strictly between two adjacent large jumps the solution
of is perturbed by only the small noise component and deviates from the
solution of the deterministic equation by only a small e-dependent quantity,
with probability converging to 1 exponentially in the small noise limit € — 0.

Time scales:  For the correct understanding of the role of the different scales
we should avoid cancelations and therefore formulate and prove our results for
the following abstract scale functions

. . - . e
p :(0,1] = [1,00), El_l)I(I)1+p = 00, 61_1>151+5p =0
7 (0,1 = (0,1, lim 5 =0+ (6.1)
T :(0,1] — [1,00), lim T° = co.

e—=0+

before choosing them numerically in Proposition We assume that all
expressions appearing in are monotonic.

In this section we shall use the language of Poisson random measures introduced
in Section 2.3.
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The flow decomposition of L:  We recall the following notation for the
abstract scales of (6.1])

To:=0, Ty:=inf{t>Ts1|||AL|>p"}, Wi:=AqL, k>1. (6.2)

We define the compound Poisson 7° process of L which consists only of large
jumps with intensity B := v (B;E (0)) and the jump probability measure by
P(Wy € A) =v(AN B(0))/pBe, in other words

// N(ds,dz) = Wilig,<py, t=0,
I ||>p

k=1

The complementary small jumps process £° := L — n° has the following shape

/ /| < zN ds,dz) + / /<|Z|<p N(ds,dz)
/ /l ||<P dS “ / /<| H<P v(d=)ds

Due to its uniformly bounded jump size the process £° has exponential moments
531? any € € (0,1] and &° — tf1<”2”<ps zv(dz) is a mean zero F-martingale in
The i.i.d. family of EXP(f,)-distributed waiting times between successive large
jumps of n; is given by tg = 0 and ty := T} — Tk—1, for £ > 1. Denote by
the process L between the waiting times ¢5%(t) := Ly q,_, — Lq,_, for t €
[0,t). In particular, the i.i.d. families (tx)ren, (Wi)ren, (§5F(t))ie(0,t0),ken
are independent.

The small jumps solution before the first large jump 77:  Denote for
€(0,1],y€ H,t >0 and ¢ € J by Y the mild solution of

aY<(t,0) = (Z5-(4,Q) + FVE(,Q)) )dt + 2d€5(£,¢) £>0,¢ € (0,1)

Ye(t,0;y) =Ye(¢,1;y) =0 Dirichlet b.c.

Y<e(0,¢y) = y(() initial value y € H.

(6.3)

In the following two subsections we derive all results on the stochastic convo-
lution w.r.t. to £° up to the hitting time of Y© leaving a large ball. We shall
get rid of that artificial time horizon in the proof of Proposition [6.2.3] showing
that the process Y¢ at time o is inside the large ball on the event of small noise
convolution. For x >0, e € (0,1] and y € Dzi(%, X) set

ol =0y () :=inf{t > 0| Y*(t;y) ¢ UX}. (6.4)
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6.1 Exponential estimate of a stochastic convo-

lution with bounded jumps
In this subsection we show that on a time interval [0,7¢], T¢ ~ oo,e \, 0,
the stochastic convolution with respect to ed§°(s) is very small (i.e. of order
< 2 for some ¢ > 1) with exponential probability in terms of v, tending to 1

as long as Y* and the stochastic convolution remain inside the sublevel set UX
containting a (large) ball of radius y > 0.

The stochastic small noise convolution:  For the solution Y* of (6.3)
with y € DQi(%, X) we consider the stochastic convolution process

e /0 S(t — 5)d(c€%(s))

t t
= / / S(t —s)ezN(ds,dz) + / / S(t — s)ezv(dz)ds
o Jo<ilzli<oe 0 Ji<|zl<pe

= U 4+
The process (¥5)¢>0 is a F-adapted cadlag process. For x > 0, ¢ € (0,1] and
y € D3 (72, x) set

o? = ai(a) =1inf{t >0 | U] & UX} and o:=0c" Ao (6.5)

Proposition 6.1.1. Let the Hypotheses (D) and (S.1-3) be satisfied. The
functions p',~y. and T given by satisfy for some q > 1 the limit relation

=

Eli_r}(l) I'(e) =0, where I(e) := %TE is monotonic . (6.6)
Then there are x > 0 and ¢ € (0, 1] such that € € (0,g¢] implies

P sup ([ E)] > 9) < exp(—(57) 7). (67)
s€[0,0AT*]
Proof. The plan of the proof is as follows. First we get rid of the drift b° (Step
0). In order to control U we start with the exponential Kolmogorov inequality
where we introduce the free parameters A and c¢. We estimate the stochastic
convolution by a result of Salavati and Zangeneh and derive an exponential
version of the Burkholder-Davis-Gundy inequality (Step 1). Then we optimize
over the free parameters and use the Campbell representation of the Laplace
transform of the quadratic variation of Poisson random integrals and a Camp-
bell type estimate given in Lemmal[6.1.2] This allows for a comparison principle
for the characteristic exponent of ¥¢ (Step 2) and allows to conclude (Step 3).
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Step 0: Drift estimate. We show there are x > 0 and gy € (0, 1] such that
e € (0,e0] implies

1
165 a7e I < 573-

The triangular inequality and the norm estimate of the heat semigroup S yield

oAT*®
05 A || < ||/0 /<| < S(o ANT® — s)ezv(dz)ds||
zl<p

oNT*®
< / / [S(c AT — s)ez||v(dz)ds
0 INEN7
oNT*
< / / e 20O =9 o2 ||w(dz)ds
0 INEEN

oAT*® i
= s/ e Ao(onT ’S)ds/ l|2]|v(dz)
0 1<zl <pe

Note that the right side is independent of the size of 0. We assume Cy >
without loss of generality. The limit (6.6]) implies the ex1stence of a constant
go € (0,1] such that for € € (0,e0] we have ep® < 2C 72 < $92 and hence
satisfies the claim.

We start the proof of main estimate.

Step 1: Exponential estimate of the stochastic convolution: For ¢
of Step 0 and e € (0,&0] we have

~ 1 1
P( sup [JW7][ > ~2) <P( sup R > 578 + PARG > 57E)
t<oATe t<oAT 2 2

~ 1
=P( sup [ ¥ > 519).

t<oATe

Kolmogorov’s exponential inequality yields for the free parameter A > 0

g, 1 g,
P( sup [|W5Y) > 372) =P sup % yH2>/\ 72)

t<oATe t<oNTe

< exp(-A720E [exp(n sup )] (68)

t<oNTE

Note that (Mt(l))mg defined as Mt(l) = &&f = fg f0<”2”<ps ezN(ds, dz) is a
F-martingale. The pathwise estimate of the stochastic convolution shown by
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Salavati and Zangeneh in Theorem 6 of [64] yields the P-a.s. inequality (¥§ = 0)
for any n € N and ¢ > 0 with multiplicative integrand

1512 = (195)2)
t
< (2 oo an)

0

TS e (2 | - 2<<@z_,AsM<l>>>))

0<s<t

‘Q"A“( / / PRos (W2 e2)) N (ds, dz)
IzlI<ps
/ / ¢28os 252N (ds, dz)>
o Jl=l<or

= 2ot () 4 M)
Therefore we obtain

sup B2 < e AT ( sup M4 sup (M)

te[0,0AT] te[0,0ATe] te[0,0ATe]
e*Q”A"("ATE)( sup |Mt(2)| + Mzg?/’\)Ta) .
te[0,0AT*]

Using the pathwise Burkholder-Davis-Gundy inequality by Siorpaes [62] we
continue for Hy := Ms(z)/(\/[M(Q)]S + SUP,.¢[0,4] (MP)2 )_1, s > 0 (which sat-
isfies P-a.s. |H;| < 1) the inequality

( sup jnf |+M§%s)
te[0,0ATe]

(,/MUMTE / H, dM2)+M(A)T5)

and furthermore

B[ swp W]
te[0,0AT*e]

oAT n
gJE{e_Z"A“(”ATE)(&/ [M®],pre — /0 Hy_dM® + M A>TE> }

We continue the estimate of the exponential factor on the right side of (6.8).
With the help of the monotone convergence theorem and the elementary esti-
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mate abed < §(a* + b* + ¢* + d*) we obtain

]E[exp()\ sup HE@HQ)}
t<oNTe

o0 AP

X sup (%]
n—0 ~t<o/\

>\n 1> n

“TE[ sw 1%)7]

0 t<oNTe

ED' nAo(oAT?) (\/MTMT / H, dM2)+M§3A)TE>n}
()\ —2A0(aAT*®) ( m / Hs—dM, 2)+M‘53A)TE)>}

3\ in o
exp((cze 4Ao(oAT )[M(Q)]O'/\TE) +3>\02

qu_

3
I

/AN
NE

n=0

=E|e

&=

l_\l_|

<

o AT
. )\672A0(U/\TE) (/ Hs_dM(2) 72/\0(0’/\T€)M(?;\)T5)>:|
0
1 12 c 1
< ZE[exp (—2)\6_4A°(UAT )[M(Q)L,ATE)] + 1 exp (12/\02)
C

oANT¢
E[exp ( — 4re2Ao(onT) / Hs_dMs(Q))]
0

—4Ao(oATE 3
E{exp (4/\6 4o (oAT )M(S/\)Ts)}

=: J1(€) + JQ(&‘) + J3(€) + J4(E).

Step 2: Campbell’s formula and Optimization over the free parame-

ters. The idea is now to choose the free parameters A and c as e-dependent
functions A, := 724% and ¢, = v¢*1 such that on the right side of the

term structure wesobtain reads
1
exp(=Xe712) (T1() + Ta(0) + Ja(e) + a(e) )
from which we extract the desired estimate. Note that

1 11
exp(—Ae7727) = exp(—7 =)

€

which gives the desired convergence in ¢ as long as the terms J;(¢) remain
uniformly bounded. We estimate the terms J; — J4 one by one.
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Ji: Note that P-a.s. we have

[MP]gare = [2 /O | /” - e2A°S(<<§/§_,sz>>)ﬁ(ds,dz)]

oNTe

. /OUATE /|z|<rf eor (T, e2))) N(ds, dz)

oNT® _
<c / / 1808|2222V (ds, d)
0 |z]|<p®

< 02/ / e*os||ez||2 N (ds, dz).
0 llzl<p®
Campbell’s formula for Poisson random measures yields

E [eXp (%€—4A0(0AT5) IQ[M(Q)]UATE)}
€

C oNT*® i
< E[exp (Ti?) / / ethols—onT )||€z||2N(ds7dz))}
Ve 0 llzll<pe

C,?, T 2
< E[exp (W N lez]| N(ds,dz))}

= E[exp (TE/| (exp (Ciﬂf_ﬂp) - 1)1/(dz)ds)}.

z||<p®

The limit implies then

lez]|?  (ep®)?
sup sup <
sel0.onTe] [z <ps 12TD T 420D

— 0, as e — 0.

(662

Hence for g9 € (0,1] such that ¢ € (0,g0] implies ’Yfﬁ)?, < 1 and p° >
fl\ZH<1 |z|I?v(dz) /v(B$(0)) using the estimate (e”—1) < (e—1)r for all r € [0, 1]
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we obtain
E[exp (TE/” (exp (C’%jﬂp) — l)u(dz)ds)]
Cs|lez||”

<E :exp ((e — l)TE/ WV(dZ))}

IzlI<ps Ve

<E[exp (03(6—1)T652/ I2l120(d2) )
: 72T Jzi<pr

z||<p®

< E[exp (Ca(e = 1) S [, IRz £ prvts))

(ep°)°T*

g exp (203 04 4943
Ve

) = exp (20304F(5))

for Cy = f\|2\|<1 |zl|2v(dz) + v(B$§(0)). The limit yields the result. Note
that the right-hand side is estimated only by monotonicity. We have thus
obtained for € € (0, gg]

1 11
exp(=Ae 172)1(6) < exp(—— 1)1 (e)
€
1 11 1 11
X - = F X - =
§90(—- 7 +T(0) < gexp(-—3)

Ja: Trivially, there is g € (0, 1] such that for € € (0,&¢] we have

1 1 11
exp(—Ac~ 721 Jo(g) < — exp(——- + 6A.c?)

4 4 . 4
1 11 1 11
= S oxp(——7 +679.) < Jep(——3).
4e><1o( %4+ Ve) 4exp( %5)

J3:  Recall that

Ja(e) = iE[exp ( — A\ e 2o (@ATT) /0 MTE HsfdMsQ))}

oNT*®
< E[exp (2672A°(”AT5))\§(/ HS_dMS(Q))2 + 2)]
0

NG

oANT*®
< QE[eXp (2@*“0(””%5( / Hs_dM§2))2)]
0

and

t
M§2>:2// 2N (WS e2))N(ds, dz).
0 Jlzl<pe
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For the function h(s—,ez) := e2Mos~ H, ((¥¢

s—9

oANT*® oNT* -
/ H,_dM® = 2/ / h(s—,ez)N(ds, dz).
0 0 llzll<p®

Note that for s € [0,0 AT¢], z € H and € € (0, 1] we have

£z)) we have

[A(s—,e2)] < d(x)e* o%e]|z|

and hence the limit yields P-a.s. as € — 0+

£

ep

sup sup 2)\36—2A0(0'/\TE)|h(S—,EZ>| < Qd(x)m —
Ye

s€0,0ATe] ||zl <p*

0.
Lemma yields that there is €9 € (0, 1] such that € € (0,£¢] implies

oNT*®
E[ exp (26*2A0<MTE>A§(/ H,-dM®)?)| <2.
0

and hence
J3(E) < 4.

This yields for slightly reduced ¢y € (0,1) and ¢ € (0,¢¢] the estimate
exp(—Ae1729)J3(e) < gexp(—3-3).

Jy:  This case resembles the one of J;(g). Since we have only positive jumps
we have P-a.s.

oNT*
M= [ [ e PN s
0 llzlI<ps
leading to
)
oNT*® .
—sleo( [ [ (enre T ?) - 1)u(dz)ds)].
0 llzl<p®

Analogously to J1(g) we obtain with the help of the limit that for e — 0+
we have P-a.s.

. epf 2
sup  sup sup A 2Aol@ATI=8) 102112 < M\ (ep°)? < % — 0.
meN s€[0,0ATe] ||z]|<p® Ve
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The additional choice of g9 € (0, 1] such that € € (0, o] implies 2 (52”;)? < 1 and
p° 2> f”Z”<1 llz|I2v(dz)/v(BS$(0)) ensures

1 o 200((oAT® 2
Ji(e) < B[ e </0 /| < (exp (2Ace 200N TI=) ez 2) — 1) (d2)ds ) |
z||<p®
1 oNT* .
< ZE{exp ((e - 1)206/ e~ 2Mol(onT )_S)ds/\e(sps)z)}
0
1 - 1)C £)?2 1
<1exp((e AO) 6(726121)_>4’ ase — 0 +.

Step 3:  We conclude for gy € (0, 1] chosen sufficiently small that ¢ € (0, &¢)
yields

1 ~
[ >98) < exp(=A-72)E [ exp(h sup [ F57]%)
t<oATe

P( sup ¥y
te[0,0AT*]

L,

<ex
< exp( 5

Lemma 6.1.2 (A Campbell type estimate). Under the notation of Step 2 of
the proof of the preceding theorem there is g9 € (0,1] such that ¢ € (0,&0]
mmplies

E {exp(/\5672A“(t/\”)Zf/\a)} < 2.

Proof. Recall the notation h(s—,ez) := e>205~ H,_ (05" G(Y (s—),£2))) and

oNT*® oNT*® _
/ H, dM® = / / h(s—,ez)N(dsdz).
0 0 lzll<p®

Consider for any z € H the process an (F;);>o-predictable process (H(t, z))¢>0

t
Z ;:// h(s—,ez)N(ds,dz).
0 Jlzll<p®
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Then It6’s formula for Poisson random measures yields P-a.s.

exp(A.e” 2ot 72)

t
=1+ / exp(Aee 20— 72 Y\ 27, e Nos—dz,
0

t
- 2A0/ exp()\aefmosZf,)eiAOS/\EZf,ds
0
+ Z (eXp(Age_QAOSZf) —exp()\ge_QAos_fo)
0<s<t
- exp()\geszOS*Zf_)/\ge*ZAUS*QZS_ASZ)
¢
=1 +/ exp(Ace 20872 Y\ e7 o527 h(s—,e2)N(dsdz)
0
t
—I—/ exp(Ace™ 2808 Z22)\ e 7208 (oA o) Z2ds
0
t
+/ / (exp()\se*ZAOS(ZS_ + h(s—,e2))?)
0 Jlzll<pe
- exp()\ae_QAos_ZSQ_))N(dsdz)
t
+/ / (exp()\gesz"s(Zs_ + h(s—,e2))?) — exp(A.e 2R 72 )
0 Jlzll<pe
—exp(Aee 28057 72 Y\ e 205727 h(s—, 62))ll(dz)d8.

Let o be the (F;);>0-stopping time o defined in (6.4]) and (6.5) then the optimal
stopping theorem yields

E {exp()\ge_%o(MU)Zng)}

tAo
=1- 2A0/\5E{/ exp(Aee 2205(Z, + h(s—,sz))z)e_onsZszds}
0
tAo
+ E[/ / (exp(AEe*ZAOS(ZS_ + h(s—,e2))?) — exp(A.e2hos= 72 )
0 llzll<p®

+ exp(\ee 22057 72 Y\ e 2M05727  h(s—, sz)) V(dz)ds} .
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Due to the nonnegativity of the second term we obtain

B[ exp(hee 200022, )]

tAo
<1+4+E / / exp(Aee 208 (Z,_ 4 h(s—,e2))?) — exp(Ace 2M057 72 )
z||<p

+ exp(Ace 28057 72 Y\ e 205727, h(s—, Ez))u(dz)ds] .
Taylor’s formula yields

(exp(/\ee_mos(Zs_ + h(s—,e2))%) — exp()\ge_QAOs_Zf_)

+ exp(Aee 28057 72 )\ e N0 27, h(s—, 62))
1
2(1 + 2\~ 280%|| Z,_||2) e~ 208 exp()\se_QAOs(Zs,)Q)i [h(s—,e2)|

On the event s < ¢ and having in mind that A.ep® — 0 by the limit as
€ — 0 we have

(exp(AEe*QAOS(ZS, + h(s—,e2))?) — exp(Ace2hos= 72 )

+exp(\ee 22057 22 Y\ e 72205727 h(s—, 62’))
< 4d(x)g7 (x) exp(Ace™220%(Z, 1)) A2z,
Hence

E[ exp(Ae 2A°<“">ZEM)}
tAo
<1+ 4d(x / / exp(hee7 (Z,)?) N2 |Pr(dz)ds]
llzlI<p®

t
<L 0NE [ alP(a:) / E[ exphee249°(Z,10)?)| ds
0

llzll<pe

<1+ 4d00%02 () ( / 1#1120(d=) + v(B5(0)) (heep®)?

llzl1<1

. /Ot E [exp()\ge_QAos(Zs—/\a)Q)} ds.

For ¢(t) = ]E[exp()\se_QAO(t/\”)ZtQ/\g)} we obtain Gronwall-Bellman inequality

t) <1+ K, /td)(s)ds
0
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and hence
o(t) < exp(tKy).

For t < T°¢ with T¢(ep*A.)? — 0 there is g9 € (0, 1] such that € € (0, o] implies

o(T°) < exp(T*K.) < 2.

6.2 Exponential estimates of the deviations of
the small jump equation

For e,y € (0,1], y € H, t > 0 we define the event of a small stochastic
convolution

Ety(v,e) == { sup [[U3¥]| <~} (6.9)
s€[0,t]

Ey(y,e) :=={ sup [[Y*(s;9) — u(s;y)l| <~} (6.10)
s€[0,T1]

We suppress the dependence on ¢ € (0,1]. This subsection is dedicated to the
proof the following estimate used in the proof of the main result.

Proposition 6.2.1. Let the Hypotheses (D) and (S.1) be satisfied and the
functions ~., p" given by . Then there exists a constant ¢ > 1 such that if
v.,p" satisfy in condition (0.6 for ¢ we obtain there is x >¢ such that for any
6 € (0,1) there is a constant gg € (0,1] such that € € (0,1] satisfies

1
) (6.11)

sup E {eeAi(E)Tll(E;)} < 2exp(
meDzi ('YE;X)

In addition, the scales can be chosen as follows

’ ’
£

=g, pPme ' Bo=v(pB5(0) = O((p) )emsoT" = e (6.12)

satisfying (14 2a)p’ + (4q¢ + 3)y < and 0 =2ap.

Remark 6.2.2. In this case the scales satisfy and T¢B. /o0 as e \( 0.
Without loss of generality we set v < ap’.
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The proof strategy consists in the estimate the event of E, by &, r,. For this
effect we introduce the nonlinear residuum R® of the randomness in Y¢

Ri® = Ye(ta) —ult;e) —UE, £330, 2 € DE(re ), €€ (0,1]. (6.13)

The quantity we have to control in E, has the shape Y* —u = ¥¢ + R°. By
Proposition [6.1.1] we have a good estimate of W=. It is therefore natural to
control R in terms of ¥¢, which is done first for large initial values (of Y#)
on small time scales and then for initial values (of Y¢) close to the stable state
and large time scales.

Proposition 6.2.3. Let the Hypotheses (D) and (S.1) be satisfied and the
functions ., p", T" given by . Then there exists a constant q > 1 such that
if v.,p satisfy in condition (0.6) for q such that there are constants x > 0 and
0 € (0,1] such that e € (0,9] and z € D5 (v, ) imply

Erya(vd) €4 S[up } [Ye(t;2) —u(t;2)| < (1/2)7:},  P-as (6.14)
te[0,Ty

Proof. of Proposition[6.2.1f Due to the independence of Y¢ and T7 and Propo-
sition [6.2.3] we estimate

sup E {ee’\siTl 1(E§)}
wEDQi(a’Y,X)

T* [eS)
< / sup  P(sup || ¥, > 76)66875586&9 + 5s5iﬁasd5
0

2€DF (ve,x) IS Te
E,T —T ]- ].
< swp P(osup (U7 >90) +emT Sexp(——) +exp(——)
2€DE(1e,x)  tE[0,T7] Ve €
1
< 2exp(—+—)
Ve
O

Lemma 6.2.4. Let the Hypotheses (D) and (S.1) be satisfied and the functions
v.,p" given by (6.4]). Then are x > 0 and o € (0,1] and ¢ > 0 such that for
any K > 0, € € (0,e0] and x € D* (7., x) and for all functions T : (0,1] —
R monotonically increasing and satisfying T° — oo as € \, 0 we have the
following. The bound T° < Ko+ k1| In(v:)| (given in Proposition[3.4.10) implies
on the event Epepny (v2) that

sup ||R;T]| € K7e. (6.15)

te[0,7= Ao

Proof. Fix x > 0 sufficiently large and and € € (0,1] and € D* (7., x). Then
the positive invariance of UX and D*(v.,x) C UX yield

sup  sup [lu(t;z)|| < sup [ly|| = d(x).
2€DF (ve,x) 20 yeux
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The process Ry satisfies formally for all z € H and ¢ € (0, 1]

dR;™

T =AR;" + f(Ye(t;2)) — f(u(t; x)), Ry* =0. (6.16)

Recall that f : H — H is locally Lipschitz continuous. Hence it is globally
Lipschitz continuous on UX and we obtain for y,u € H

1(y) = FW)ll < Ly, w)lly = ul,

for £: Hx H — (0,00), (y,u) — £(y,u) being some continuous function. The
mild formulation of (6.16)) and the identity Y¢(T;z) — u(t;z) = R;™ + ¥5”
imply the estimate

t
HR?HSAe”W”WﬂW@w»—ﬂMamW%
t
</kf““ﬂwﬂwwm%wam»Wﬁ@—@?wm.
0

We define the stopping time o’(g) := inf{t > 0 | ||[R}"
obtain on the events {t < T° A 0’} N Erepyr (1Y) for some fixed but unknown
q > 1 and which we determine at the end of the proof the boundedness

V)l < ult )| + 199 + 1R < dOo) + 2.
Due to & € UX the positive invariance of u(t;x) € UX for all ¢ > 0 the events

Ereno' (7)) and t < T° A ¢’ imply for ¢, := SUD (y ) € (By(yys2(0))? Ly, u) < oo
the estimate

t t
) < et [

Hence Gronwall’s lemma with e20®Ry® = 0 yields on ,/(74) and t < T¢ Ao

t s
&WEW<A ww/twwwwm

< sup H\IJ“”H/ / Ix(t=9) Ao7 s,

rel0,t]

The elementary calculus

Aot

Y ATNTERN ehx! L e
ex\t T8 el drds = + -
/0 /0 EX(EX - AO) AOEX AO(EX - AO)
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yields for k := £, — Ag > 0 the estimate

Kt

(&
1B < 5 sup (W5

rel0,t]

for t < T Ao’ on Epeppr(v2). Setting g := K1k + 2 we obtain for any K > 0
a value 9 € (0,1] sufficiently small such that e € (0,e0] implies for T¢ :=

ko + k1| In(7:)| on the event Erepyr (727 FL) the desired estimate

" e
sup IRy < =52 < K. (6.17)
te[0,Tc No] R

If ep € (0,1] is additionally small enough such that K+, < 1 for € € (0,&0] we
have on the event Ep= . (735T1)

inf{t >0 ||R;"|| > 1} > T° Ao,
which implies (6.15)). O

Lemma 6.2.5. Let the Hypotheses (D) and (S.1) be satisfied and the functions
., p  given by . Then for all $* € P~ there exist constants x, 6o, 01, Ko >
0 such that for all x € Bs,(¢¥) and € € (0,1] we have on the event £,(52) the
inequality

sup [|[Ry*|| < Ko sup [[¥5*
t€[0,0] r€[0,0]

. (6.18)

Proof. As before we fix an arbitrary time scale T : (0,1] — (0, 00) satisfying
w.l.o.g. T¢ — 0o monotonically as € — 0.

The stability of ¢F yields that the linearization Av+ f'(¢*)v of Au+f(u) in ¢+
has strictly negative maximal eigenvalues —A; < 0, in that (Av+ f/(¢F)v,v) <
—A1|v|? for v € H. We fix §y € (0,1) such that additionally

A
sup [|f(v)—f"(w)|| < Zl and sup | f ()] <201 (7)) = C".
v,wE By (¢7F) vEBsy (¢F)

The stability also implies the existence of d; € (0,1) such that for x € B, (¢¥)
u(t;z) € Bsg (¢7) t>0.
4

Denote for = € Bs, (¢%)

d
o :=inf{t >0 | ||R;"| > ZO} Ao.
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With the help of the decomposition ([6.13]) the mean value theorem applied to

(616) yields

dR;*

o = AR+ f(YE () - flulti2)

=AR;" + /01 f(u(t;z) + 0(Ry™ + W™))dO(R; ™ + W;™)

= AR PG+ [ (7 ala) 4 0 + 9 - 1640
+ /01 [ (u(t;z) + O(Ry™ + U;"))dows ™.

Multiplying with R;* in L?(0, 1), integration by parts and Young’s inequality
yield for any §; < %0 on {t KT No'} N Epepg (01)

ld T T A T x x C 2 x
IR A REP < SRS g e w5 < Bt g QO g
such that p (C)
2
Rew2 A st < \Ilam
IR + MR < S

Hence Gronwall’s lemma with the initial condition Ry™ = 0 yields

2(Co)?
Ay

|RE(s;2) > < w572 (6.19)
on {t <o’ AT} NEyare(61). In order to obtain an estimate in H we use the
smoothing property of the heat semigroup S and the mean value theorem as

well as (6.19) on {t < T° Ao’} N Erepy (1)

- t 67/\0(1578)
IR < O [ S l10E) = fusiz)lds
Or(Co+ Doy [T e L gt
< — T T
1(0+4)0\/§(|5‘+|5|)8
AO (00)2 e—Ao(t—S)
< C(Co+ — 1 —d Pt
G0+ 4)< Ao - ) 0o Vi—s Srzl[lopt| |
< Oy sup [[U7
rel0,t]

WhereK1=C2=C1(Co+%)( (c)” —l—l) I L\/;Aor)dr<oo If in addition

0 < 1% we get inf{t >0 | [|[R;"| > %0} > T Ao on Epepg(01). In addition,
we have not used any specific property of T¢. This finishes the proof. O
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We combine the previous two lemmas.

Lemma 6.2.6. Let the Hypotheses (D) and (S.1) be satisfied and the functions
v.,p given by . For the constant q > 1 obtained in Lemma let v.,p
additionally satisfy condition .

Then there are constants x > 0 and eg € (0,1] such that for any € € (0,g9] and
x € DE (e, x) we have on the event E,(72) the inequality

|
sup [|R7 < e (6.20)
tel0,0]

Proof. As in the previous lemmas we prove the result for an arbitrary scale
T :(0,1] = [1,00) with lim._,oT° = oo monotonically. Recall the constants
ko, k1 > 0 from Proposition and denote by

s% 1= Ko + k1| In(v:)].

Assume g € (0, 1] sufficiently small such that 7. < dp and v¢ < §; given in
Lemma . For T¢ < s° for all € € (0,1] the result follows immediately by
Lemmal6.2.4|for K = 1. For T° > s° forall e € (0,1]. Fixeg € (0,1] sufficiently
small such that € € (0, o] implies for z € DF (7e, x) on {t < T Ao }NEp e (72)
both

1

|u(t; z) — oF| < 1 for t > s° and (6.21)
1

sup [|[RO%] < =7e for t < s°. (6.22)
s€0,t] 9

Then we obtain by Lemma for K = é on the event Epe e (77)

g g g T » T 1 1
V(%5 2) = 651 < llu(ss2) = %] + | B+ 12571 < (545 )42 <

By Lemma for all x € Bs,(¢) the solution u(t;x) € By, (¢) for all t > 0.
In addition, there is £y € (0, 1] such that

[u(t; z) —u(t;y)| <lolle—yll,  forall z,y € Bs,(¢),t > 0.

Hence we have for € € (0,£0] and = € D (7., x) on the event {t < T° Ao} N
ng/\O'(’Yg)

[ult; 2) —ut — sV (s%2))[| < [lu(s™2) = Y (s55 2)]|

L q
|< 7’76—’—75'

<R :

|+ e
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and thus
IR = [|[YE(t — s5,8°, Y5 (s%2)) —u(t — s%5u(s®;x)) — ¥
Y (s%;x
<YE(E = 7,55, VE(s% ) — u(t — 5% V(5% 2)) — U205
+lu(t — 5% u(s® ) — ult — 55 V(55 )| + 1957 + w550

< sup IRPY[ 4+ sup (U7 + 292
se<t<T Ao t€[0,s¢ Ao

2 g1
< 9 +37d < 1

Since we have not used any specific property of T¢ this finishes the proof. [

Proof. (of Proposition[6.2.3)). Let the assumptions of Lemma[6.2.6] be satisfied
for some x > 0 and ¢ > 1 given by Lemma [6.2.4] We consider a time scale
T : (0,1] — R satisfying lim._,oT¢ = oo monotonically. Without loss of
generality we assume T°¢ > s° By Lemma [6.2.6| “ there exists ¢y € (0,1] such
that for all € € (0,¢0] and x € D (Ve, x) we have

{ swp |[Ye(tz)—u(ta) > L

+€[0,T< Aol
={ swp R+ > 1)
t€[0,T¢ Aol 2
€, Ve €,z Ve
C{ sup [R|=>-Fu{ sup  [O =
te[0,T7 Ao 4 te[0,T¢ Ao 4

, i
g { Sup ||Ri x” 2 ZE} U 5%5/\0,1(75?) = g’lc"f/\a,z(’yg)'
te[0,Tc No]

Note that by limit we have for gy € (0, 1] sufficiently small, e € (0, (]
and = € DF (7., %) C Z/lX 2 that [|eAs€8]| < ||eAs€8|| < ep® < .. Choose
in addition gy € (0,1] small enough such that 2v. < x — 7. for all € € (0, &g].
Then by definition of o, since u(t;z) € By, (¢*F) for t > s° and DF (7., x) this
implies that

Erepo (V) N{o <T°} = E(7E) N {t:}ég] Y=t 2) — u(t; 2)l| < (1/2)7:}
N{Y:(t;x) € Di(ve, x) for all t € [0,0)}
N{Y*(t;x) € B, () for all t € [0,0)}
N{Y*(o—x) € Bz, (¢7)}
N{Y*(o—;2) + A, € (D NUX)\ Di (72, )}

C{Y*(032) € Bay (67)} N{Y*(032) ¢ By—r.(0)} =
(6.23 )
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In addition, Ercpgz(12) C Ere o (72 + 374) C {5 € UX for all s € [0,T¢]} by
definition. Together with (6.23)) this implies on the event ey (72) that P-a.s.
we have 0 > T¢. Since T° was chosen arbitrary this finishes the proof. O



Chapter 7

The large jump dynamics

7.1 Exit events and their estimates
Recall the arrival times Ty = ¢ + -+ + t; of Wy, from (6.2). The following
events are the building blocks of the first exit times. For j e Ny x € H, x >0

sufficiently large and a given rate v : (0,1) — (0,1) with 7. — 0 as ¢ — 0 we
define

Ay = {Y5(t;z) € DE(ve,x) fort € [0,t1], Yo(ti;2) +eAy, L € DE(7e,X)}
AL ={Y*(t;z) € Dzi(’Yst) for t € [0,t1], Y®(t1;2)+elAy,L € D (v, x)}
B, == {Y*(t;z) € Dy (y.,x) forte[0,t1], Y°(t1;2)+eAy,L € Dy (e, x)}
Cp = {Y:(t;x) ¢ D5 (7., x) for some t € [0,%1)}.

The shift operator O, : ID([0,00), H) — D([0,00), H) by s > 0 is defined as
P(t) 0 O :=1)(t + s) for s,¢ > 0. It is applied to the event AJ by

Al 0@, ={VE(t+s;Y(s;2)) € DF(y,x) forallte (s,t;+s) and
Ye(t; +5Y(s5;2)) +€A¢,15L) € D (Ye, X) }-
In particular, since t; o ©r,_, = T; we obtain

Agc = Am o 6Tj—1
= {Y*(t,Y5(Tj_1;2)) 0O, _, € DE(7e,x) forallt e (Tj_1,T;) and
J i 2 J=14j

V(T @) + eAr, L € Dy (72, X)} (7.1)

135
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and the analogous expressions for BJ, CJ and EJ defined in (6.10)) by the shift
(7.1) respectively. By construction we have the representations

k—1 k—1
{re =Tk} =) A nB: and {re € (Tho1, Th)} = () AL N CE.
j=1 j=1

(7.2)

7.2 Proof of Theorem [5.1.1]

In this section we prove two results which are not congruent to Theorem [5.1.
and Theorem [5.1.2} In Proposition [7.2.1] we show the statement of Theorem
and additionally the convergence in probability of the first exit loci of
Theorem [E.1.2]

Proposition 7.2.1. For any 6 € (0,1) there are g9,y € (0,1] and x > 0 such
that € € (0, o] implies for any U € B(H) with m*(0U) = 0 that

+ 4+ o+
sup E T (ex) =55 (e)]
z€DF (e7,x)

(14 [1{X(1;2) €U} — 1{Wye(o) € éjUﬁ(Di)c(QZ)i)H)} <1+C.

The statement of Proposition directly implies the statement of Theorem
EIT

Proof. The proof is organized in four consecutive steps. First, the strong
Markov property reduces the main expression to four geometric sums, whose
limit consists of expressions involving certain events, which are estimated in
step 2. As a next step we estimate the resulting expressions using all the
previous results available.

Step 0: Conventions and assumptions. Fix ¢’ € (0,1(1—6)), x > 0

large enough and 6 € (0, 1] sufficiently small such that P C UX and satisfying

!

m*(D\ Dy (3,x)) < % (7.3)

This is possible due to Hypothesis (S.3). We keep the scales , which
satisfy . In addition assume g € (0, 1] sufficiently small such that ~v. < 0.
Due to the ubiquitous dependence of all quantities of €, + and x we drop these
dependencies. For convenience we write D; = DijE (Ye, X)-
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Step 1: Reduction to expressions based on events on (0,7}]. We
identify

sup E[e/7v= (14 [L{X*(7;2) € U} ~ L{Wj- € 1JU“DC(@}I)}
z€D3 g

< S11 + S12 + 52 + Ss,

where

o0
Sy = Z Seug) E[eeAElTﬂ*T’“‘l{Ty =T} N{s =T}
k=192

1 C
(14 [L{X"(riy) € U} = Wi € —77" P (9)}])].
S12:=2)  sup E[ewsm—ml{@ € (Teo1, Te)} N {s = Tk}],
k=1YEDs
oo k—1

52 23° 5 sup B[R-I, € (T T (s = T,
k=1 ¢=1YEDs

S3=23" 3" sup B[ Tifr, € (T, T} 0 {s = T4},
k=1¢=k+1YEDs

In the sequel we estimate the preceding expressions using the representations
in (7.2) and the strong Markov property with respect to the F-stopping times
Ty.

The main term S;;:  This expression treats the case that the large jumps
of X*¢ and of the model are totally synchronized, that either both do not trigger
an exit or both do. It is served first since it is the only one of order O(1)._, all
other expressions are o(1).—o. We denote the symmetric difference Ey A Ey :=
(E1\ E2) U (B2 \ Ey) for events Ey, E5. In the sequel we repeatedly use strong
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Markov estimates of the following type

k—1
E[1({Ty =Tiyn () 450 B})
(1 + X (Tis9) € U~ 1{W € 2777 (6)))]
k—1
<E|1( () A4} nASN By N By
A )
(141X (Thiy) € U} & (We € 27777 (9)))]

k—1

:EM N A;mA;?)

E[1(BS 0 Bp) (1 4+ 1{X* (Tiy) € U} A (Wi € éJUﬂDc(qb)}) | Fri ||
k—1
:E[1(DIA; mA;)
Exe(rv [L(BE N BY) (14 L{X*(Thsy) € U} A (W € éJU”DC(sb)})H
< E[l(ﬁlA{/ nas)]

sup ]E[1(By NB®)(1+1{X*(Ty;y) € UL A{Wy € éJU”DC(qﬁ)})}

The (k — 1)-fold iteration of this argument yields

S11 <) sup P(4, N A%
k=1Y€D2

sup E[l (B, N B°) (1 +1{X*(Ti;y) € U} A {Wy € %JU””(qﬁ)})}

sup, e p, E[1(B, N B°) (1+ 1{X*(Tysy) € U} A {Wy € L7707 ()]
1 —sup,cp, P(4, N A°) '

(7.4)

The diagonal error Si5:  This term describes that the large jumps of the
solution X¢ and the model are synchronized up to the last jump, where the
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error occurs. The remaining diagonal term is estimated as follows

Sz < 2ZsupE[9“k1(ﬁ aynas)n(csnB)|.

k— 1y€D3
For k = 1 we obtain the term

sup E [GGAETl 1(Cyn BO)} .
y€D3

For k > 2 we take into account that the event A, represents the non-exit from
D,. However, in order to dominate C,, we need initial values in D3 (see estimate
, for which we take the last large jump before. The error made by this
jump to stay within D3 instead of Dy turns out to be negligible by Hypothesis
(S.4). First obtain by the analogous strong Markov arguments arguments as
for the term S

yED3

sup E{ew‘ft’q( ﬁ AJ N A<> (C’{lC N BZ))}

< sup P(4, N A°)F2 sup E[1(A; M Ag)e<21(C2 N Bg)},
yED> yED>

such that

S12 < 2supE [T 1(C, 1 B°) |
D3

+2) supP(A, N A°)F 2 supE [1(A; NAD)e21(C2 N Bg)}
k=2 D2 D2
2sup, e p, E [1(,4; N A3)ef:t21(C2 N Bg)}
1 —sup,ep, P(A4, N A°) '

< 2 sup E{ee)‘sTll(C'y)} +
yED3
(7.5)

The off-diagonal error of first kind S;:  This term describes that the
error that the jumps the model trigger the first exit before the those of the X¢.
The estimate of {7, € (Ty—1,T¢]} and the representation of {s = T} } yield

oo k—1 k—1
<2 su E[ 02 (et +’5’“)1< AS ﬁBO)

(h AT NAS)N ((BﬁuOf)mA;?))]
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For each of the summands & € N and ¢ = 1 we combine the mutual indepen-
dence of the families (T)ren and (Wy)ren with the analogous strong Markov

estimate

sup IE[ Ore (bt 'H’“)l( ﬂ A OB°> ((By uCy) ﬂAQ)}

yE€D3

< (1 = P(A°)) sup P((B, UC,) N A°)E [e“ﬂ “B(acyE-

yE€D>
For ke Nand £k —1 > ¢ > 2 we obtain

k—1 -
sup E[ee’\g(tﬁ”'“’“)l( ﬂ AjN Bk) ( ﬂ AJ N A<> Bl U C’Z) N AO)}
yeD3 j=t+1 j=1

< (1—P(A°%) sup P((ALNA) N (B2UC2)) B[] p(40)k-2
yED>2
—(f/—
sup P(A, N A®)*~2 (E [eeAETl]P(AOD ( 2).
yED>

Monotonicity yields
sup P(4, N A°) < E[e?*<T1]P(A°),

yED>2
such that

k—1 —(—2)

sup P(A, N A®)* 2 (IE [eGAETl]]P’(AQ)) <k -2,
—o YED2

and hence

Sy < 2P(B°) sup P((B, UC,) N A°) E[¢T1] ST E[ePT1] T p(4%)t

yeDs k=1
+2P(B°) sup P((A, N A7) N ((B;UCZ) N AS))
yED>
E[e 7] Y (k — DE[eT1] T2 p(A%)+2
k=1

sup,c p, P((By U Cy) N A°)
(1 — E[e?T1]P(A))
sup,e p, P((Ay NA) N ((BZUC;) N A3))
(1- E[eexgn]p(m))? '

= 9P(B°)

(7.6)

+2P(B°)
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The off-diagonal error of second kind Sg:  This term describes that the
error that the jumps of X*¢ trigger the first exit before the model does. Due to
the doubly infinite summation this turns out the most cumbersome case:

22 Z sup [9A5(tk+~-+m
k=1 ¢=k+1YEDs

(ﬂ (45049 )1 (45 0 B3 )1 ( ﬂ an(Brucy))).

Jj=k+1

The strong Markov estimates as in Sy; yield for £ = k 4 1 the estimate

yseu[1))3]E[ o <fk+fk+1>1(p (451 A9) )1(45 N BY)L(BS UCE)|

k— c(t1+t2) 1 o 2 2
< seugz]P’( ) SequzE[ ((AyﬂBl) N (ByUC’y))]

For ¢ > k + 2 we obtain the summands

sup E[e‘g’\f(tk+”'+t”1(h AJDAO) (AZﬁBg)l( [ﬁ Aiﬂ(BéUCﬁ))}

yeDs j=1 j=k+1

_ —1—k
< sup P(4, ﬂAO) ' sup P(A, N B°) sup E[e”sTll(Ay)}
y€Dy YyE€D2 yED2
sup E[ee)‘s(t”tl)l(Alll)l(B; U C’;)}
y€Ds
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Assuming sup, ¢ p, E[e?*<T11(A,)] < 1 for ¢ € (0,e] for &g € (0,1] small
enough which we verify in Step 3 we obtain

S3/2
< Z supP(4, N Ao)kf1 (sup]E {69A5(t1+t2)1(1411} N BN (BS U Cg))]
k=1 D2 Do
+sup P(4, N B°)E [e“f(““?)l ((A}/ NBY) N (B2U Cj))]
2
e l—1—k
Z supE{ee)‘lel(Ay)} ' )
t=kt2 D2
= <S})1§)E[60)\5(t1+t2)1(14?1! N BN (BZ U C’;))}

supp, E[e?*<T11(A,)] supp, P(4, N B°)
1 —supp, E[e?<T11(A,)]

. 0)\5(t1+t2) 1 O 2 2 _ o
yseung[e l(AyﬂBlﬂ(ByUCy))]>/(1 SBEP(AymA ))

_ SuPp, E[ef=(+t2)1 (AL N By N (B2UCE))]
= 1 —supp, P(A, N A°)
| 4 SPp, E[e?<T11(A,)] supp, P(A, N BO))
1 —supp, E[e?<T11(A,)]

(7.7)
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Step 2: Precise estimates of the events on (0,7}]. First note the
following inclusions, which are valid by construction

TP (B,.(6) € T"(¢)
JP (B,.(9)) € TP (¢) and DS C DU (D\ Ds(v.)) U UX=37=)e
JP\Ps(B,, (¢)) € TP\P4(¢).

We prove the following event estimates.

Claim 1: For y € Dy we have

1(4y) < 1{eWy € TP()} + 1{|eWr| > e 3Ty < ko + k| In(ye) |} + L(ES),
(7.8)

1(4,) < 1(4y)

<1(A)) + YWy € TPVP4(@)} + 1{[eWi| > e 3 {Ty < ko + k| In(3e) [}

+1{Ty <M} + 1(EY), (7.9)
1(B,) < YW € TP5(¢)} + 1{|eWn| > e }{Ty < ko + k| In(72)[}
+1{Ty <&} + 1(EY). (7.10)

The stronger condition y € D3 implies

1(C,) < 1(EF). (7.11)

Y
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The first estimates of 1(A4,) and 1(B,) since for y € Dy we have

1(4y) < 1(Ay)1(Ey) + 1(E)
(APUB)L{|eW1] > X1} + 1{|eWr| < ¥} + 1(Ef)
(A)1(B)1{[eW1] > 3Ty > ko + k1| In(vo)[}
+ 1{|eW1| > eV }1{T1 < ko + k1| In(7.)]}
+1{|eWn| <1} + 1(EY)
S LAY L(E){|eWs| > e 3Ty > ko + k1| In(ye) [}
+ 1(Ay)1(E)1{|eWy| > T }{Ty < ko + ka|In(y2)[}
+1{|leWn| < e} + 1(EY)
<1 ) M e TP}l > ")
y€B4, ()
+ 1{[eW1] > ¥ }1{T1 < ko + k1| In(y2)[}
+1{|eWn| <1} + 1(EY)

<1
<1

= UHeW1 € T7(B,.(9)} — HeWi € T7(B,. (9)}1{|eWh] <71}
+ 1{[eWy| > eIV {Ty < ko + k1| In(7:)|} + 1{|eW1] <e¥'} + 1(Ey)

< UeWr € TP(8)} + 1{|eWr] > e }{T1 < ko + k1| In(ye) |} + 1(ES).
(7.12)

In addition, the reduced event A, satisfies

1(4;) < 1(4,)
< 1(A)) +1{Y*(t;y) € Dy for t € [0,T1] and Y*(T1;y) + W1 € Do\ D3}
SL(A,)) +1{Y* (t;y) € Dy for t € [0,T1] and Y*(T1;y) + Wy € Do\ D3}
: 1(Ey) + 1(Ey)
1(A,)) +1{Y*(t;y) € Dy for t € [0,T1] and Y*(T1;y) +eWi € Do\ D3}
L(E){|eWr| > e} + 1{|eWr] <™} + 1(ES)
S1(A)) + 1{[eWr] < eV} + 1(E)
+ 1{Y*(t;y) € Dy for t € [0,T1] and Y*(T1;y) + Wy € Dy \ D3}
L(E)1{|eWi| > e} H{Th > ko + k| In(ye) 1}
+ 1{|eWy| > e Y1{T1 < ko + k1| In(7.)|}
SL(A)) + 1{[eWr] < e} + 1(E)
+HeWy € 7P\P2(B, (9))} + 1{[eW1| > €7 }1{T1 < ko + wa| In(y)[}

N
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Analogously, we obtain

1(By)
< 1(By)L(Ey) + 1(Ey)

(By)L(Ey)L{|eW1] > €T} + 1(By)L(E,)1{|leW1] < €'} + 1(Ey)

(B E

DB |eW1] > e} UHTL > ko + k| In(7:)]}

1
1
+ 1(By)L(E,)1{[eW1]| > e }1{T} < ko + 51| In(y.)[}
+1(By)1(E)1{]eW;| < T }1{Ty > "}
+ 1(By)1(E,)1{|eW1| < T }{T1 < ™'} + 1(E;)
< YY*(T1;y) € B (9)}1{eWr € T3 (YS(Th;9))}
+ 1{[eWr| > e} {Ty < ko + k1| In(ve)|} + 0+ 1{Ty < ™} + 1(EY)
<i( N megey)
y€B,, ()
+ 1{|eWh| > VYT < ko + | In(ye) |} + L{Ty < X0} + 1(EY)
< Wi € TP5(B,.(9))}
+ 1{|eWh| > VYT < ko + | In(ye) |} + L{Ty < X0} + 1(EY)
< HeWy € TP5(4)}
+ 1{eWi| > T{TL < ko + k| In(ro)|} + 1{Ty < €1} + 1(EY)
(7.13)

For y € D3 the definition of the reduced domain of attraction yields that the
event F, implies that Y*(t;y) € By, (u(t;y)) C Da(ye) for all € [0,71]. That
is By C Cy.

Claim 2: For y € Dy and U € B(H) we have

1(A, N B°) < 1{|eW"]| > ETl}l{TI < ko + K1 In(ye) |} + l(EC) (7.14)
1(B, N A°) < 1{eWy € TP\ (¢)} + 1{Ty < ™1} + 1(E)
+ 1{|eW| > e }1{Ty < Ko + k1| In(7:)|} (7.15)
1(By, N B*)1({X(T1;y) € U} A{eW;1 € TY(9)})
< MWy € FPern- GNP (g 4 1Ty < 71}
+ 1{|leW1| > €™ }1{Ty < ko + k1| In(7e) [} + 1(ES). (7.16)
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The estimate ([7.14)) is a direct consequence of (7.8 in Claim 1. Using (|7.10))

we obtain

1(B, N A°) < 1{eW; € TP\PsO (¢)} + 1{|eWy| > €T }L{T1 < ko + k1| In(y2)|}
+1{Ty <™} + 1(EY).

For (7.16) the inclusion JY(B,_(¢)) C JY(¢), the Lipschitz continuity of
y — y + z with Lipschitz constant 1 + ¢ for any z and (7.10) yield

1(B, N B)1{X(Ty;y) € Uy A {eW, € JY}
<UeWr € T (9) N (7Y (Bo.(9) & T (9)}

+ 1{|eWr| > e }{T1 < ko + k1| In(ye) |} + L{T1 < ™'} + 1(E)
< UeWr € TP (9) N (TY(9) \ TV (B (9))}

+ 1{|eW1] > e 1Ty < ko + k1| In(ye)|} + {1 < T} + 1(E;)
< 1{eWy € gBervre (3U)ﬂD°(¢)}

+ 1{|eWr| > e™ }1{Ty < Ko + k1| In(ve) |} + L{T1 < e} + 1(ES).

Step 3: Estimates of the resulting expressions: Step 2 provides the

estimates to dominate respectively the term Si; by (7.4), Si2 by (7.5), Sz by
[7.6) and S by (7.7).

Event A,: Due to (7.8) there is a constant g € (0,1] such that e € (0, &)
implies

sup P(A4, N A°)

y€ED>
< sup E[e“sTll(Ay)]
y€Dy

(1—0)A\. 32 v(eT1 1 BE(0)) CoBe 1
<1- 57e
S1=5on, T g o (Ro o)) ===+ g2

1-0) A\

<1- _o) =

(1 0% )ﬁa

1—0 A\

! /\5

gl—(l—C’)ﬁ—<1. (7.17)
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Event B,: Using that v is regularly varying and the initial choice of g in
(7.3)) we obtain
L 7D\Da(7e) -1 1 7D\Da(7eq)
Y (9)) (ﬁ) < lim V(EJ1 ()
e—0 ﬁa ﬁs e—0 V(EJD(¢))
D\D4('75 )
1(TP(4))

We use estimate ([7.10]) yields a constant ¢ € (0, 1] such that ¢ € (0,¢¢] implies

sup P(B, N B°) < sup E[e"<"11(B,)]
yeD2 yED>

< E[ee’\eTl]P(Wl c %ch((b))—l—E[ee’\ETll{Tl < /€0+/11| ln('ye)\}] V(ETl—le(O))

fe
+ ]E[ee)‘eTll{Tl < 5T1}] + sup ]E[ee)‘eTll(E;)]
y€Ds
Be (X —(Bem07) (mo+r | () V(€T T BE(0)
< (Z= 1— = —0X:) (ko+r1]In(ve)l) 1 Iy
55 - 0>\5 (ﬁE M ( ¢ ) 55 * ﬁae

Be =0Ac, (540
+ 5 2e )
e
< (1+2C )F' (7.19)

Event Cy,:  Estimate (7.11) yields a constant ey € (0, 1] sufficiently small
such that € € (0, o] implies

sup P(Cy) < sup E[e”<"11(C,)]
y€Ds3 yED3
< sup E[ee)‘lel(E;)]
y€D>
A
=2exp(—(57.)7) < Cﬁ— (7.20)
€

Events A, N B° and B, N A°: By (7.14]) we obtain directly ¢ € (0, 1] such
that for € € (0,¢0] we obtain with the analogous calculations

A
sup P(4, N B°) < sup E[e"*"11(4, N B%)] < C'=. (7.21)
yEDy ) yeD>y ﬁs
and with the help of (7.15)), the regular variation and (7.3)) for £ € (0, &¢)
A
sup P(B, N A°) < sup E[e?*T1(B, N A°)] < ¢’ (7.22)

yED> yED> 56
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Exit events after a non-exit first large jump:

First note the trivial
inclusions

sup P(A4, N (B; UCy) N AS)
y€EDy

< sup E {ew‘st"‘l(Ay N (B; U Cj) N Ag)}
yED>

< sup ]E[ee)‘s(t1+t2)1(Ay N (B; U CyQ) N Ag)}
yED>

< sup E {eGAE(tﬁt?) (AyN B; N Ag)} + sup E[eeAS(tﬁt"‘)l(Ay N C;)}
yED> ) yE€D2

The analogous estimate holds obviously true without the presence of AS. With

the help of the strong Markov property and (7.22)) we obtain gy € (0, 1] such
that for e € (0, gg]

sup E[eg’\f(t1+t2) (Ayn B; N A3)]
yED2 ’

< sup ]E[ee)‘ETll(Ay)} sup E[e‘g’\ETll(By N A°)] < C’ﬁ. (7.23)
yED> yEDoy Ba

In case of A$ being replaced by By we obtain for ¢ € (0, &)

sup E |:69/\E(t1+t2) (A,NB°N Bi)}
yED>

< sup E[ee)‘ETll(Ay N BQ)] sup ]E[ee)‘ETll(By)}
yED> yeD>

<C'(1+C) (%)2 (7.24)

€

Keeping in mind the convention A4, = A} and A, = A}~ the estimates (7.9),
(7.17)), (7.18]) and (|7.20) yield a constant eq € (0, 1] sufficiently small such that
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for € € (0, &)

sup E {69)‘5(““2)1(/11/ N Cg)}
yED>

< sup B[ (1(47)1(C2) + 1{Wh € TP\P4(9))
yEDy

F{[eWn] > TVt < ko + k| In(r)[} + {71 < T} + 1(E;))}

< sup E[eeAETll(Ay)} sup E[ee)‘ETll(Cy)}
yED2 yEDsg

+E[69AET1} (E [eex\ETl}p(gwl € JP\P1(4))
+ B[P UTy < o+ 1| ()} [B(IeWa| > €™)

+E[69AET11{T1 < 5T1}} + sup ]E{ee’\lel(E;)D
yED3
v(e" B (0))
Pe

65 ! /BE >\5 BE
s (ﬁa —ws)(C 5o B T B g (ot malIn(y)])

+ BT + C’%)
< (1 n aﬁ)w’ﬁ <602

5.5 S0 (7.25)

Step 4: Concluding estimates of the sums of ([7.4):

Estimate of S;;:  Since m*(9U) = u(J%Y(¢*)) = 0 by assumption and
the regular variation of v by Hypothesis (S.1) we have for any gy € (0,1] and
e € (0,e0] that

lim P(‘SWI S jB“*l)’vs (BU)mDC(¢)) ()\6 ) -1

e—0 E
= lim l/(%jB(Prl)’vs (aU)ch(d))) v(p*Bi(0)
S0 W B0)  w(LTP(9)
M(jB<z+1)5(aU)ch(¢)) < g (7.26)

(TP () =5
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Hence (7.16)), (7.19) and (7.26|) yield

sup E[l(By NB°)(1+ 1{X"(T1;y) € U} A{eW: € jU“DC}}
y€D2

P(eW1 € TP (9)) + P(eW: € J P (000" (¢))
+2P(Ty < Ko + k1| In(ye))P(|eWr| > ™) + P(Ty < &™) + 2 sup P(Eg)

yED>
1+
< ) 5
such that for € € (0,e] the sum Sy; given in (7.4) satisfies
1+
S11 < <1+4C". 7.27
S 7T + (7.27)

Si2 given by (7.5): By (7.17)), (7.20) and (7.25) the sum Si2 given in ([7.5)

satisfies for £ € (0, 0] the estimate

6C’
<
12 x 1_¢"

Sy given by (7.6)):  Using the estimates ((7.20)), (7.22)), (7.23]) and (7.25) the
sum Sy given in (7.6) satisfies for € € (0, gg] the estimate
21 AYel 2 l 2
1_( +3?1)f)<26) +2 1 660 Ae (AE)
: (1- 5251 - %)
2

S

<120 (7.28)

So <

Be

oG () e () ()
<C'+13C" =140, (7.29)

S; given by (7.7):  Using (7.17), (7-24), (7-25) and (7.2I)) we obtain ¢q €

(0, 0] such that e € (0,e¢] implies

2C"(14+C") 1 Ae 6C" c’ /

< (= 7= < ' .
83\( (1-C) (BE)+1—0)(1+(1_0/))\%C (7.30)

We finally collect -[7.30) and conclude that there is gy € (0, 1] such that
e € (0,e0] implies

1 c
sup E[e“iln‘_s(a)l(l + | H{ X (1p32) €U} — H{Wie(o) € EJUOD (¢)}|)]
r€Dso

<1+4+56C".

Since C’ € (0, 25%) was chosen arbitrary this finishes the proof.



Appendix: Conventions
and background material

Basics in Probability

In this section we provide some basic notation and result for the completeness
of the text. We refer to a proper probability course and classicale text books
in probability.
Kolmogorov’s probability space:

e (2, A, P) probability space (in general abstract)

e Q # () is called the sample space and elements w €  are called samples

e Denote by 2% the collection of all subsets of Q and A C 2% is the sigma
algebra of events.

1. Qe A,
2. Ae A= A =Q\Ae Aand
3. for any sequence (A, )nen with A, € A we have |J,cyAn € A)

The elements of A are called events.

e A probability measure or distribution PP is a mapping P : 4 — [0, 1]
satisfying P(()) = 0 and for any disjoint family (A, )nen of events A, € A

we have
P(|J 4n) =D P(A).

neN neN
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Independence of events:

e Given a probability space (£, 4, P) a family (A, )nen of events is called in-
dependent w.r.t. Pif for any N € N and any choice N € N, ky1,...,ky €
N, k; # k;, we have

N

]P(Akl N NAgy) = HP(AIW)
{=1

The size of Probability spaces: Borel-Cantelli

Lemma 7.2.2 (Borel-Cantelli-Lemma).
On a probability space (0, F,P) we consider a sequence of events (A;)ien, Ai €
A.

1. If 32 P(A;) < oo, then

P(limsup A;) =0,

71— 00
where
limsup 4; = m U Ai={we Q| #{we A} = oo}

1— 00 n=1m=n

7all elements w in an infinite overlap of the A;”
2. If the family (A;)ien is independent and Y .o P(A;) = oo, then

P(liminf A;) =1,

11— 00
where
liminf A; = U ﬂ Ai={we | #wd¢ A} < oo}

1—>00
n=1m=n

Yall elements w in an eventually complete overlap of the A;”

Random variables and vectors:

e A random variable X : Q@ — R is a (A, B(R)) measurable mapping,
that is the preimage of the sigma algebra (which itself is a sigma algebral)
X~1(B(R)) C A as a sub-sigma algebra.

Given a separable Hilbert space (H,| - |, {-,-)) equipped with its Borel sigma
algebra B(H).
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A random vector X : Q — H is a (A, B(H))-measurable mapping.

e The distribution of a random vector X : 2 — H, denoted by Py, is
a distribution on B(H) defined by

Px(A) :=P(X }(A)) =P(X € A), A € B(R).
e The expectation of a random vector X : {2 — H has is defined as

E[X]:= / X(w)dP(w) = / zdPx (x)
Q H
as long as E[|X|] < oo, defined analogously. A random variable is called
centered if E[X] = 0.

e The variance of a random vector is given by V(X) := E[| X —E[X]|?] =
E[| X|?] — |[E[X]|?, as long as E[|X|2} < o0o. Clearly, V(aX +b) = a*V(X)
for any a € R and b € H.

e Two random vectors X,Y : Q — H are called independent (we often
write X L Y) if for all A, B € B(H) the distribution of the vector (X,Y)
given by P(x y)(A x B) :=P((X,Y) € A x B) satisfies

Pxv)(A x B) = Px(A)Py(B),
in other words: P(X € A,Y € B) =P(X € A)P(Y € B).

e A family (X, )nen of random variables X,, : @ — R is called indepen-
dent if for any finite J C N we have for any family of events A; € B(R)

P(X; € Aj, forall j € J) = [[P(X; € A))
jeJ
Weak convergence or convergence in distribution:

e A family p, of probability measures on (H,B(H)) converges weakly
to a probability measure p on (H,B(H)) if for any bounded continuous
function f € Cp(H,R)

[ 1t — [ st

Equivalently we say that a family of random vectors X,, : Q@ — H con-
verges in distribution to a random variable X (X, 4, X) iff

Px. =3 Py, weakly.

n
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The sum of independent random vectors: the convolution

e For two independent random variables X, X5 : @ — R with Px, = 1y
and Px, = po we have that the sum X; 4+ X has the distribution

Pxiaxs(4) = B(X1 + X0 € 4) =i = pa(4) = [ (4= 2)dpa(a).

This is denoted as the convolution of the probability measures.
Note that py * po = PX1+X2 = PX2+X1 = [ * 1.
Characteristic functions characterize distributions:

e The characteristic function ¢, : H — C of a probability measure
on (H,B(H) defined as

Ou(u) == / w2 1i(dz), u e H.
H
For a random vector X : Q — H we denote

dx(u) == ¢p, (u), u € H.
Example 7.2.3. 1. X ~ N(m,0?), then

w2

. o2
¢X (u) — ezmu— 5

2. X ~ Exp()\), then
A
A—iu

¢x(u) =

Basic properties of the characteristic function:

Injectivity: If ¢, (u) = ¢, (u) for all uw € H, then p; = po, that is the
characteristic function “characterizes” the distribution pu.

Boundedness: |[¢,(u)|c <1 forallu e H.

Sign change: ¢(—u) = ¢x(u) the conjugate complex a + ib = a — ib

Symmetry: The symmetry implies £(X) = £(—X) = ¢x(u) € R for
allu e H.

Continuity in 0: lim,_,0¢x(u) =1

Moments translate into smoothness: If E[|X;|*] < oo for some k €

Nand j = 1,...,d, then ¢x is k-times continuously differentiable

and we have
e 1 OF
E[Xj] = ﬁggfﬁx(“)

u=0 '
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Weak convergence — pointwise convergence of the c.f.: For
random vectors X, X,, : Q@ — H with ¢, := ¢x, and ¢ := ¢x we
have that

lim ¢, (u) = ¢(u) for all u € H,

n—oo

implies X, NS

Ptwise conv. + continuity in 0 of the limit =— weak conv.: For
a family (X, )nen of random vectors X,, : @ — H with ¢, := ¢x,
and a function ¢ : H — C satisfying lim,_,o ¢(u) = 1 and

1i_>m On(u) = ¢(u) for all u € H,

then ¢ is the characteristic function of a probability distribution.

Independence implies multiplicativity: The independence of ran-
dom variables X 1 Y implies

Ox+y (u) = Ppyspy (u) = dx (uw)dy (u), u € H.

Characterization of independence: A family (X;,...,X,) of ran-
dom variables Xy : Q — H is independent, iff for all (uq,...,u,) €
(H)"

dxy,. x0) (U, .. aun)T) = ¢x, (u1)...¢x, (un).

Moment generating function: For some nonnegative random vari-
able X : @ — R the function r — (1) := Ele™"X] for r > 0 is
called the moment generating function of X. It determines the
law of X uniquely and satisfies similar properties as the character-
istic function. Whenever it exits its relation their relation is given
by thx (r) == (ir).

Inversion formula: For a random variable X : 2 — R such that
Jz |¢x (u)|du < oo, then X has a bounded, absolutely continuous
density f (w.r.t the Lebesgue measure) and

1

T o

fx) /Re*imd)x(u)du.
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LT (H), continuity in probability,
. . convergence in distribution, [153
abstract flow decomposition of the jump oo 0.0 e probability measures,

OIS, |1 o covariance operator, [I2]
Allen-Cahn equation, deterministic,

Allen-Cahn equation, stochastic, [L05|  diagonal error, [[38]

alpha stable distribution, dissipativity of the deterministic Allen-
array, [§] Cahn equation,

arrival times of a Poisson process, |§_5| distribution of a random vector, [153]
asymptotic essential increment measure, domain of attraction, [94]

10|
enhanced canonical filtration,

Binomial distribution, [3] enhanced natural filtration,
cadlag function, essent}al increment vectors,-fﬂ_ml
P essential strong Markov estimate, 138
Cauchy distribution, ) . -
estimate of the small noise stochastic
centered array, [§] Tt
centered random vector, [I53] ) CONVOIULION, |12 .
. . estimate of the stochastic convolution
characteristic exit rate, [L10 by Salavati v Z h, [[05)
characteristic function of a probability Yy Dalavall y Aangenel,
event, [I5]]
measure, [I54] .
. - . exit events, [I35]
characteristic function of symmetric ran- . . . )
. exit times representation by the exit
dom variables, [[54]

characterization of the independence 'eventS, [136]
of random vectors by the char- expectation of a random vector, [I53]

. . exponential moments of compensated
acteristic function, [155 Poi d it 1
complete filtration, Poisson random integrals,

. . exponential moments of Poisson ran-
compound Poisson distribution, [I4] dom inteeral
conditional expectation w.r.t. a dis- ot mtegrass,

crete generated sigma algebra, fltration
G4 first exit time from the reduced do-

conditional expectation w.r.t. a gen- main of attraction, [[09]
eral sigma algebra,

conditional expectation w.r.t. an event, Gaussian distribution in a separable
5% Hilbert space,
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gradient structure of the deterministic
Allen-Cahn equation, [04]

Haar functions,

heat equation,

heat semigroup, [91]

hitting time of a closed set,
hitting time of an open set,
Hypothesis (D), Morse-Smale assump-

tion, 109
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Lévy process,

local limit theorem 1 in R, [25] [26]

local limit theorem 1 in a separable
Hilbert space by Araujo y Giné,
12

logarithmic convergence times of the
deterministic Allen-Cahn equa-

tion, [09]

martingale,

Hypothesis (S.1), regularly varying Lévy mild solution of the deterministic Allen-

measure, [I09]

Hypothesis (S.2), non-atomic asymp-
totic essential increment mea-
sure on the boundary, [T10]

Hypothesis (S.2), positive asymptotic
essential exit increment mea-

sure, [TI0]

independence implies multiplicativity
of the characteristic function,
%!

independent array,

independent family of events, [152

independent family of random vectors,
153

independent increments,

independent narray,

independent random vectors, [L53]

indistinguishable stochastic processes,

infinitely divisible distribution,

injectivity of the characteristic func-
tion, [I54]

intensity measure of a Poisson random
measure, [60]

interlacing of the stochastic heat equa-
tion, [104]

inversion formula of the characteristic
function, [155

joint exit times and locus result,

Lévy measure,

Cahn equation, [93]
model of the asymptotic exit locus, [111
model of the asymptotic exit times,
I1n
moment generating function, [155
moments translate into smoothness of
the characteristic function, [154]
Morse-Smale property, [04]
mother wavelet,

natural filtration,
normalized array,

null array,

off-diagonal error, first kind,
off-diagonal error, second kind,
Optional stopping theorem,

path-wise Burkholder-Davis-Gundy es-
timate of semimartingales by
Siorpaes and Beiglbock, [83]

perturbed deterministic Allen-Cahn equa-
tion, [I00]

Poisson process, 35

Poisson random integral,

Poisson random measure, [66]

probability distribution, [I5]]

probability measure, [151

probability space, [L51

Properties of the conditional expecta-
tion, [56]

Proposition deviations of the small noise
Allen-Cahn equation, [127



158

Q-Brownian motion,
quadratic variation of a function,

random variable, [152]

random vector, [153

reduced domains of attraction, [L00
regularly varying function at infinity,

right-continuous filtration,
rotationally invariant stable distribu-

tion, [I6]

row sum of an array,

sample space, [L51

separatrix, [04]

set of all finite partitions of an interval,
=)

set of stable states of the deterministic
Allen-Cahn equation, [94]

shift operator on path space, [[35]

sigma algebra,

Skorohod space, [49]

slowly varying function at infinity, 23]

small jumps Allen-Cahn equation, [116]

stable distribution in the wide sense,

stationary increments, [42]

stochastic convolution,

stochastic heat equation, [T03]

stochastic process with the same finite
dimensional distributions,

stopped sigma algebra,

stopping time, [5]]

stopping time sigma algebra,

strictly stable distribution,

strong Markov property,

the embeddings of the state space,

the fine dynamics of the deterministic
Allen-Cahn equation,

the fine dynamics of the deterministic
Chafee-Infante equation,

the flow decomposition of the Lévy mea-
sure, [I17]

the law of a stochastic process, 5]

the precise flow decomposition scales,
27

Theorem about the asymptotic first exit
locus from the reduced do-
main of attraction, [[1]]

Theorem about the asymptotic first exit
times from the reduced do-
main of attraction, [L10]

Theorem of Lindeberg-Feller, [J]

Theorem of Radon-Nikodym,

total variation of a function,

uniform assorbtion,
usual conditions of a filtration, [52]

variance of a random vector, [153
version of a stochastic process,

waiting times of a Poisson process,
weak convergence of probability mea-

sures, [I53]
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