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Preface

At the end of the seventies of last century in Latin America an intense
phenomenon of intellectual migration took place. The dictatorships
that were established in the south cone of the continent developed a
policy of persecution of professors and researchers of universities and
research centers of several countries of this zone. Venezuela, a stable
democracy at that time, received many of these researchers.

To this group belong two Uruguayan professors very attached to
these notes. We refer to Enrique Cabafia and Mario Wschebor. In
Venezuela both researchers addresses the study of the extension, to di-
mensions greater than one, of the Rice’s formula (recently it has been
called the Kac-Rice formula to emphasize the parallel discovery of this
formula by Marc Kac). At the same time and more or less with the same
motivations Robert Adler developed a similar study, generalizing also
the mentioned formula.

Three key works appeared in the early eighties. The article of E.
Cabafia and that the reader will have the opportunity to revisit with
these notes, bears the title “Esperanzas de integrales sobre conjuntos de
nivel aleatorios [11]”, a lecture notes written by M. Wschebor “Surfaces
aléatoires. LNM 1147 [29]” and finally the book of Robert Adler “The
Geometry of Random Fields" [1].

Perhaps these themes, "exotic" at the time they were studied, expe-
rienced a real revival in the 21st century. These well-established formu-
las at that time have been re-demonstrated again. However, the most
important aspect of this revival is the application of the Kac-Rice for-
mulas in several fields of both pure and applied mathematics. With

A%



VI CONTENTS

these notes we want to introduce the participants of the XXX Escuela
Venezolana de Matematicas to an old and at the same time young area.

The authors
Caracas, Montevideo and Grenoble, July 2017



Chapter 1

Preliminaries

1.1 Introduction

There exist two variants of the change of variables formula for multiple
integrals very useful in integral geometry. The first one corresponds to
smooth, locally bijective functions G : R — R and the second applies
to smooth functions G : R? — R/ with d > j, having a differential
with maximal rank. These formulas are called area formula and coarea
formula respectively. Applying these formulas to trajectories of random
fields and taking expectation afterwards, one obtains the well-known
Kac-Rice formulas. In recent times and fundamentally due to the ap-
pearance of two excellent books [2] and [6], there has been a growing
interest in the application of these formulas in such varied domains
as: random algebraic geometry, algorithm complexity for solving large
systems of equations, study of zeros of random polynomial systems
and finally, engineering applications. The present work is divided in
three parts.

1. In the first part, we give an analytical proof of the area and coarea
formulas. Such a proof, originally attributed to Banach and Fed-
erer [13], will be made by using elementary tools of vector calcu-
lus and measure theory in R%.

2. The above formulas form the basis for establishing the validity of
Kac-Rice formulas for random fields. They allow computing the

1



expectation of the measure of the level sets

Cox(y) ={te QCR?: X(t) =y},

where X : QO x R? — R/ is a random fields and d > j. We must
point out that one can obtain a Kac-Rice formula for almost sure
all level by using the area and coarea formulas, Fubini theorem
and duality. However, in applications the interest is directed to a
fixed level y. For instance, the zeros in the study of the roots of
a random polynomial. This precision leads us to a delicate study
for generalizing the classical inverse function and implicit func-
tion theorems. For this part we based our approach in two sem-
inal works: firstly an article of E. Cabafia [11], published in the
conference proceedings of the II CLAPEM and secondly in the
Lecture Notes of Mathematics of M. Wshebor [29]. The method
we use also makes it possible to obtain the Kac-Rice formula for
the upper moments of the level measurement.

. The work ends with several applications. First, we show exam-
ples where the hypothesis can be checked and then we use the
Kac-Rice formulas for obtaining conditions about the finiteness
of the first and second moment of the measure of the level sets.
The very important case of the Gaussian random fields leads us to
explicitly computations. Afterwards, we address the study of the
number of roots of algebraic and trigonometric random polyno-
mials. We emphasize the asymptotic behavior of the expectation
and the variance of the number of roots [4]. Particular attention
is devoted to systems of random polynomials of several variables
that are invariant under the action of the group of rotations in
R?. Another theme we consider is the nodal curves of the system
of random waves considered by Berry and Dennis in [9]. These
curves are called dislocations in physics and correspond to lines
of darkness in light propagation, or threads of silence in sound
propagation (cf.[9]) . We also study the application of the Kac-
Rice formula to sea modeling and to random gravitational lenses.



1.2 Hypothesis and notations

Let D be an open set of R?. Also let j < d be a positive integer and
G : D C R — R/ be a function.
The function G satisfies the hypothesis H1 if:
H1: G is continuously differentiable on D.
We denote VG(-) its Jacobian.
For y € R/ we define the level set at y as:

Coly) = {xeD:G(x) =y} =G\(y),

and
Coc(y) =Cc(y)NQ,

where Q is a subset of R”.
If G satisfies H1, we will denote Dg; the following set

¢ = {x € D: VG(x) is of rank j}.

Also CZ'(y) (resp. Cj s (y)) denotes the level set, Cg' (y) = Cc(y) N Dg

(resp. C8(y) = Co,c(y) NDE).

From now on, g; denotes the Lebesgue measure on R?. We use the sym-
bol T for the transposition operator. For a set A C R?, A° will denote
its complement on RY and if A C D, A% will denote its complement on

D. The class of set B(IR?) is the Borel c-algebra in R?. Also R is the
set of positive real numbers including +oo, ||-||; denotes the Euclidean
norm in R?.
For x € RY, B(x,r) (resp. B(x,7)), r > 0, is the open ball (resp. closed)
of center x and radius r, that is B(x,7) = {z € R?, ||z — x||4 < r} (resp.
Blx,7) — {z € RY, ||z — 2]] < ).
N*={xeZ,x>0}.
An application f : (E,dg) — (F,dr) between two metric spaces is said
to be L-Lipschitz, L > 0, if dr(f(x), f(y)) < Ldg(x,y), for every pair of
points x,y € E.
We also say that an application is Lipschitz if it is L-Lipschitz for some
L.

In the same manner an application f : (E,dg) — (F,dr) between
two metric spaces, is said to be locally Lipschitz, if for each x € E, there



exists a neighborhood Vy of x such that the restriction of function f to
Vx is Lipschitz.

£(R?,R/) denotes the vector space of linear functions from R? to R/
with the norm [|-||; 4. Also £2(R?, R/) is the vector space of symmetric
linear applications continues from R? to R/ with the norm |]||](sd) .IfB
is a matrix, B;; denotes the element of i-row and j-column.
For j € N*, Si~! is the boundary of the unit ball of R/.
For any function f, supp(f) will be denoted its support.
C will be a generic constant that could change of value in the interior
of a proof.



Chapter 2

A proof of the Coarea formula

2.1 Coarea formula

The two results below are known in the literature as the coarea-formula,
c.f. Federer [13] pp. 247-249 and Cabania [11].

Our proof is based on the excellent notes of Weizidcker & Geipler from
Kaiserslautern University [28].

Theorem 2.1.1 Let f : R/ — R bea mesurable function and G : D C R? —
R/, j < d, be a function satisfying the hypothesis H1 where D is an open set.
For all borel set B subset of D the following formula holds:

/f )(det(VG(x)VG(x)T)) " 2dx

= | W) 0aj(CEG(y))dy, 2.1)
provided that one of the two integrals is finite.

Remark 2.1.1 If f is mesurable and positive the equality (2.1) holds
true and in this case the integrales can be infinite.

Remark 2.1.2 The additional hypotheses that f is bounded and B is a
compact set imply that the left side integral is finite and the formula
(2.1) holds true.



Corollary 2.1.1 Let h be a mesurable function, h : R? x R/ — R and
G:D C R? = R, j < d, be a function satisfying the hypothesis H1
where D is an open set. For all borel set B subset of D, we have

/B h(x, G(x))(det(VG(x)VG(x)T)) 1 2dx

= o [/(;Eyc(y) h(x,y)d(fd_j(x)] dy, (2.2)

provided that one of the two integrals is finite.

Remark 2.1.3 If & mesurable and positive the equality (2.2) is satisfied
and in this case the integrales can be infinite.

Remark 2.1.4 The hypotheses that & is bounded and B is compact im-
ply that the left side integral of (2.2) is finite and the formula holds.

Proof of Theorem 2.1.1 and Corollary 2.1.1. In first place we will show,
along the lines of [28] pp 60-67, the following proposition:

Proposition 2.1.1 Let ¢ : RY — R/, j < d be a continuously differentiable
function defined on R?. Then for all A € B(R?) we have

[ (et Vg ) 2dx = [ o (Casly)iy

Proof of Proposition 2.1.1. As we have observed the proof is based in
the notes [28] pp 60-67. In first place we shall prove the formula for
affine functions g, then we will consider the formula for sets A of null
Lebesgue measure in RY, afterwards we will consider sets A that are
subsets of D;, and finally sets including the critical points of g.

To complete our task we will prove before some lemmas.

Lemma 2.1.1 Proposition 2.1.1 holds true for surjective affine functions g,
ie. if g(x) = a+ ¢(x) where a € R is fixed and ¢ is a linear function with
maximal rank j.

Proof of Lemma 2.1.1. Without lose of generality we can always consider
a = 0. Indeed, on one hand Vg(-) = V¢(-), thus for all borel set A of



R the following equality holds true:

[ (det(Vg(x)Vg(™) 2dx = [ (det(Vo(x)Vop(x)T))" 2dx.

On the other hand, because the mesure 0; is translation invariant, we
have:

/]R_ 04-i(Cag(y))dy

B /IRJ 9a-j(Cap(y-a))doj(y) = /IRJ. 01-j(Cag(y))dy.

Let now V be the vectorial subspace of R? defined by V = ker ¢. This
space has dimension (d — j) because ¢ is of maximal rank j. We denote
as V7 its orthogonal that have dimension j. We will work with a co-
ordinates systems associated to these spaces, that is if x € R?, we will
write x = (z,w) with z € V! and w € V. Then the Lebesgue measure
o; over R? is the product measure 0; ® 0.

Observe that ¢/, is a one to one function since dim V+ = j. Let us
denote ¥ the inverse function of this restriction, thatis ¥ = (¢ /1) 7},
we have p o ¥ = Idpj and ¥ o ¢/V+ = Id,,.. Moreover, given that ¢
sends IR/ into V* by definition of V, we have:

Yo¥Yopogp' =¥ og" = (po¥)" = Idy,

then:
det(ppT)/2 = det(¥T¥) /2 = |det(¥)| ", (2.3)

the last equality is a consequence of the fact that ¥ is an endomorphism
of R/.
Let A be a fixed borel set of R?. Let us consider the function

h:Vt — R
z— 0y i{w e V:(z,w) € A}

Observe that for y € R/ we have

e (y)NA={(¥(y)w):weV}InA



and given that ¥(y) € V+,

h(¥(y)) = oa-j(9~ ' (y) NA). (2.4)

So, given that the Lebesgue measure 0, is the product measure 0; ®
04—j, We get

04(A) = /V h(z) doj(z). 2.5)

Finally as the function ¢ is a linear function and by using the equalities
(2.3), (2.5), the formula of change of variable for function ¥ which is a
C! function as well as ¥~! as endomorphism in finite dimension and
the equality (2.4), we obtain

J,(@et(Vox) Vo)) 2x = | (det(pp"))" 2dx
= oi(A)[det(¥)|"
= [ ldet(¥)|" h(z) dey(2)
= [ hC¥ )y
= /R/Udfj(qv’l(y)ﬂA)dyl

this ends the proof of Lemma 2.1.1 for the affine functions. 0

Lemma2.1.2 Let A C R be a borel setand g : A — R/, j < dbea
Lipschitz function of Lipschitz constant, Lip(g) where RY and R/ are respec-
tively the d and j dimensional euclidean spaces. Thus for all integer k such
that j < k < d we have

_ WiWg—j .
[ o7 @) 0 A)dy < L Lipl () ().

Above w, denotes the volume of the unit ball of R9.

Remark 2.1.5 In particular, for k = d, we get that Proposition 2.1.1
holds true for the borel sets A of zero Lebesgue measure in RY.



Proof of the Remark 2.1.5. Given that g is C' over R? then it is locally
Lipschitz over R?. This last space can be decomposed into a numerable
union of disjoint rectangles such that g is Lipschitz over each of them.
Thus if A is a borel set of R such that ¢;(A) = 0, it can be decomposed
in an union of disjoint borel sets, of zero Lebesgue measure, such that
g est Lipschitz over each of them.

The Lemma 2.1.2 can be applied for k = d for each of these borel sets,
this implies that Proposition 2.1.1 is satisfied for all borel set belonging
to R? and of zero Lebesgue measure over which g is Lipschitz.

Finally given that the measure ¢;_; is c-additive and using the Beppo
Levi theorem we have that Remark 2.1.5 holds. O

Proof of Lemma 2.1.2.  One can assume that A is bounded. Indeed, it
is enough to decompose A as a numerable union of bounded disjoint
borel sets and to show the lemma for these borel sets. Given that the
measures 0;_; and 0 are o-additives, the lemma will be true for A any
borel set.

If 6 > 0, we will denote by HY the Hausdorff euclidian pre-measure
which defines the Hausdorff euclidian measure of dimension k, de-
noted by Hy, k € IN*. The measure Hj coincides with the Lebesgue
measure i on RF with the euclidean norm (c.f. [28] page 16).

1
Setd = %, ¢ € IN*. By definition of H/, there exists a covering
((Uf)ie1,)ren of A formed by closed sets such that for all £

1
U] < = an zk Z]Ug\k<H’(A)+f (2.6)

1
g i€ly g
where |U| denotes the euclidean diameter U, that is

Ul = sup [[x = yllx
x,yel

Moreover, by definition of H ;»and given that ((Uf)ier,)ren covers A,

we have
2 1 01k
Hy_ (g < U gy (y) = he(y). (2.7)
(Uk ] ZGI[
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Then from the inequality (2.7), the Fatou lemma and the fact that the
measures 0;_; and Hy_; coincide, we get the following inequalities

Zk_j/a (g (y)nA)d 2Ty (g Hy)NA)d

Wi Jn k=& ¥ y Wi Jw k& Yy y
k=i

= o /IR] égf_pooH (8 y)NA)dy < " lggigfhz(y) dy

< pmint )y = limint [, 210 )

=1liminf ¥ [U;" oy (g(U!)). 2.8)
{—+o0

iely

The idea is now to establish a relation between ¢;(g(U})) and |U/|. The
isodiametric inequality for the norms (c.f. [28] page 14) will allow us
to get this relation and thus to continue our proof. Let us recall this
inequality.

Proposition 2.1.2 Let C be a borel set of R/ then
5(C) < e

Function g is Lipschitz and then continuous over A that is bounded, so
that the images g(U/) are compact sets hence are bounded.
By using the isodiametric inequality for these bounded sets and using
also that g is Lipschitz with Lipschitz constant Lip(g), and to finish
inequality (2.6), inequality (2.8) gives us

Zk_]/ oi—j(g7 (y) N A)dy < liminf Y |U} |*Toi(g(U}))

Wg—j JR j ki3 y y {—+o0 icl, 8

hmmfz \uf|k-i ]|g(U£)| l;mlnfz \uf k= ]Z]LZP]( ;|

{=rtoo i€l e i€ly

—hmmf2|ue|k ]Lz /(g)

+oo i€l
< liminf 2L i( )zk H%(A)—I—l
Simint o Lpte) o \ M l

o Wi
i Lipl(g) Hi(A) = 247 1 Lipi (g) o (A)
Wi Wi
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This ends the proof of lemma 2.1.2. O

Lemma 2.1.3 Proposition 2.1.1 holds if A C Dy,

Proof of Lemma 2.1.3.

We can always assume that A is a compact. Indeed, given that A is
a borel set of RY, then it can be written, except for a zero measure set,
as a nondecreasing union of compact.

Remark 2.1.5 following Lemma 2.1.2 and the Beppo Levi theorem allow
us to show the Proposition 2.1.1 only in the compact case.

Let us choose an element x € A. Consider the R? vectorial sub-
space defined by V = ker Vg(x). It has (d — j) dimension since Vg(x)
has maximal rank j. Let V+ be its orthogonal that is of dimension j. Let
us observe that Vg(x)/y. is one to one.

We will denote by 7ty the orthogonal projection of R? into V and let
define the function %, : R — R? as

he(x') = x + 7y (x) + (Vg(x)/y) ~Hg(x) — g(x)).

We want to prove that for all ¢ > 0, there exists a 6 > 0 such that if
Bjs(x) is the set
Bs(x) = B(x,8) N A, (2.9)

then

1—c¢
1+¢

(7 A +e)([  (det(Vg(x)Vg(x)T)2ax = eoy(By(x)))

Bs(x)

< /IR]. 0a-i(Chy(x),g(¥)) dy < (2.10)

(1 i i)d(l - S)j(/lg,;(x)(det(Vg(X’)Vg(X’)T))l/ZdX’ + e03(B5(x))).

For doing so, let us begin by showing the two following things:
For all ¢ > 0, there exists a 6 > 0 such that if X', x" € Bs(x), we have:

(1 =)} = x"[la < [Ihe(x) = he(x")[|a < (M) X = x"[|a,  (217)
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as well as
|(det(Vg(x)Vg(x)")"? — (det(Vg(x)Vg(x)T)/? <& (212)

The inequality (2.12) is a consequence of the fact that Vg(-) is a contin-
uous function defined on A.
To prove the inequality (2.11), let us begin by pointing out that

(Vg(x)/v)™,

is an endomorphism in finite dimension, hence continuous. Thus, we
have ||(Vg(x)/y1)7Y ]j/j < 4o0.
Moreover let us define As(x) as

Ig(x) —g(x") — Vg(x)(x" —x")||;

X = x|

As(x) = sup

X' x"€B;(x)

4

recalling that B;(x) is defined by equality (2.9).
Given that ¢ belongs to C!, we can write the following first order Taylor
development

g(x) = g(x") + ( /0 ' Vex'  A(x — X)) d ;\) o
getting
g(x) — g(x") — Vg(x)(x —x")
_ </01(Vg(x" FA(X —x") — Vg(x)) dA) (X —x"),

this implies, since Vg(+) is continuous, that for all ¢ > 0, there exists a
6 > 0, such that

As(x) <e|l(Vg(x)/yi) I (2.13)

Let ¢ > 0 be a fixed real number and x’,x" € Bs(x). Given that V =
ker Vg (x), we have

Vg(x)/yr(mys (X = x")) = Vg(x)(x' = x"),
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this implies

[Ix" = x" = (e (x) = B (x")) []4
1702 (¢ = x") = (Vg(x) /y1) " (8(x') = 8(x"))]la
= [[(V8(x)/y1) " (Vg(x) (x = x") = (g(x') = g(x")) [ 4
1(V8(x)/v2) " ljj As ()1 = x"[a < e [lx —x"]la,
the last inequality comes from of the inequality (2.13) and ends the

proof of (2.11).
Let Ty : R? — R/ be the following affine function,

T.(x) = g(x) + Vg(x) (X — x).
It is surjective because Vg(x) is of maximal rank j.
Moreover it holds that Ty o hy, = g.
Indeed, given that 7ty (x’) € Vand (Vg(x)/y.) 1 (g(x) — g(x)) € V4,
we can write

Ti(he(x)) = g(x)+ Vg(x

N

= 8(x) +g(x) —glx

= 8(x)
Furthermore, the inequality (2.11) allows us to conclude that for fixed
e > 0, hy is Lipschitz on Bs(x), having a Lipschitz constant equal to
(1+¢€). As hy is an injective function on Bs(x), h, admits an inverse
function defined on h,(B;s(x)). The inequality (2.11) assures that this
inverse is also Lipschitz on h,(B;(x)), an has a Lipschitz constant equal
to (1 —¢)~!
These two facts allow us to apply to &, and h; ! the Lipschitz contrac-
tion principle that we recall below (c.f. [28] page 18).

Proposition 2.1.3 Let E, F be two borel subsets of two metric spaces. We
assume that there exists a surjective Lipschitz function f : E — F with Lips-
chitz constant L. Then

0 (F) < LK oy (E) forall k >0
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Let us apply simultaneously this last principle firstly to the function
f = hy for E = Bs(x), F = hy(Bs(x)), L = (14+¢) and k = d, and
secondly to f = h;! for E = hy(Bs(x)), F = Bs(x), L = (1 —¢)~! and
k = d, we obtain

(1—¢)?0a(Bs(x)) < 0a(hx(Bs(x))) < (1+€)?oa(Bs(x)).  (2.14)

Let G be a borel set such that G C hy(Bs(x)), let apply again simultane-
ously the contraction principle to the function f = h;!, for E =G, F =
hi'(G),L=(1-¢)tandk =d —j, thento f = h,, for E = h;1(G),
F=G,L=(14+¢)andk =d—j, we get

(1+6) "oy 1(G) < ou-(1:1(G)) < (1= )" oy (G).

) <
In particular if we choose G = T Y(y) Nhy(Bs(x)), and observing that

Teohy = g 04-j(hy ' (Ty M (y) Nhe(Bs(x)))) = 0u—j(g " (y) N Bs(x)), we
obtain

(1+¢)" oy (T (y) Nha(Bs(x))) < 0a-j(g 7 (y) N Bs(x)) <
(1 =)~ oy (T (y) N ha(B5(x)))(2.15)

Now we can prove the inequality (2.10).

For doing so we apply the Lemma 2.1.1 to the surjective affine func-
tion Ty for the borel set A = hy(B;s(x)), the inequality (2.15), also the
inequalities (2.14) and (2.12), thus we obtain

[ aii(s7 () N Bs() dy
< (A=) D [ a1 (y) e (Bs()) dy

— (1)@ / (det(VTe(x)VTy(x)7))/2dx’
e (Bs(x)

(1— )~ 0y (Bs(x)) (det Vg(x) Vg(x))'2

< (1=e) D (1+e) 0y(Bs(x)) (det Vg (x) Vg (x)T) /2
< (1 . i)"(l —e) (/B,;(x) (det(Vg(x)Vg(x')"))"?dx' + evy(Bs(x)))

In the same fashion
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[ (87 () N Bs() dy

> (14+e) D [ a (T (y) s (Bs(x)) dy
(d—7) e (X () TNV 2dx
(1+€)" /h(Bé(x))(d (VT (x)VTx () 7)) 2d

<1+€) 04(hx(Bs(x))) (det Vg (x)Vg(x)T)!/2
> (14e) (1—8)d‘7d(Bz5( ))(det Vg (x)Vg(x)T)1/2

d
(15 ) 1+ ([  (det(Vg(x)Vg(x)) 2ax

1+e B;(x)
—e04(Bs(x))).

To end the proof of Lemma 2.1.3, for fixed e > 0, using the Vitali cover-
ing theorem (c.f. [28], Theorem 1. 15 page 14), the set A can be covered,
except for a set of zero Lebesgue measure, by a sequence of disjoint sets
of the type Bs(x). These sets are closed because A is closed being a com-
pact. Since by Lemma 2.1.2 we can forget the zero measure set. Then
by taking the sum over this partition we obtain by using the inequality
(2.10) and the compactness of A that implies 0;(A) < +oco

WV

(i3 j)d (10 (| (@et(Vgx) V)" 20— ecu )

[ @i-i(Cagy)) dy
< (1 + €>d (1—¢) </ (det(Vg(x)Vg(x)T))2ax’ —i—ead(A)) :
- 1—¢ A

IN

Given that ¢ > 0 is small enough, Proposition 2.1.1 is satisfied if A C
Dg, ending the proof of Lemma 2.1.3. O

Let us consider now the critical points. This leads us to prove the
following lemma.

Lemma 2.1.4 Let A € B(R?) be a set such that A C (Dg)c then oq_j(AN
¢ H(y)) = 0 for almost surely y € R/.

Proof of Lemma 2.1.4. The idea is perturbing a little the function g in
such a way that it becomes of maximal rank but still having a small
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value of (det(Vg(x)Vg(x)T))!/2.
We begin increasing the dimension of IR¥.

In the same form that in the proof of the Lemma 2.1.3 we can assume

that A is a compact set and then the partial derivatives g—ii are uni-

formly continuous on A.

Let ¢ > 0 be a fixed real. We extend the function ¢ : RY — R/ to
g : R — R/, seting (x,z) = g(x) + ¢z

In this form Vg(x, z) is given by the matrix of dimension j x (d + j)

(Vg(x) &), (2.16)

where I; is the identity matrix of order j and thus

Vet Ve = (Vewer) (V5"
j
= Vg(x)Vg(x)T + 821]'. (2.17)
Let us see that for (x,z) € A x R/,
0 < (det(Vg(x,2)V3(x,2))T))/2 < Ce, (2.18)

where C is a constant depending on the uniform bound of the bounded

9gi

a—xkonA.

partial derivatives
Firstly we have

(det(VE(x2)VE(x,2))T) > 0) <= (rang (VE(x,2)) =)

and by equality (2.16) since the rank of ¢ is j, the same holds for the
rank of Vg(x,z).

Now using equality (2.17), and denoting by X; the i-th column of
Vg(x)Vg(x)T and if (e;)1<i<; is the canonical basis of IR/, we can write
using det(Vg(x)Vg(x)T) = 0, that

det(V3(x,z)Vg(x,z)T)
= det(Vg(x)Vg(x)T + szlj)
det(X1 + 8261, X + 8282, ey X]' + 826]')

= det(Vg(x)Vg(x)") + & Be(X1, Xo, ... ., X;)
= €B(X1,Xz,..., X)),
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where Be(X1, X, ..., X;) is uniformly bounded on A since it is a com-
pact set.

Then we have proved the inequality (2.18).

Since g belongs to C! on R%*/ and that it is of maximal rank on A x IR/,
we can apply the Lemma 2.1.3.

But before, we have to compare the fibers of g and those of g.

Let Q be the unity ball of R/, then for all AS R/, we have

§y)N(AxQ) ={(x2) € AxQ:g(x) =y — ez}
= U s ((y—e2)nA) x {2}

zeQ

Thus for all pair of points y, z of R/, it holds
o (g (y—e2) N A) To(2)
=04 (7 (z2)Ng (y) N (A xQ)), (219)

where 7 : R%/ — R/ is the canonical projection.
Now let us apply the coarea formula to g, that is Lemma 2.1.3, for the
borel set A x Q, thus

[ e@ )N (AxQ)dy= [ (det(VE(x2)Vglx2))) 2 dxdz

< Ceoy(A), (2.20)

the last bound comes from the inequality (2.18) and from the fact that
0;(Q) = 1.

The idea is now to come back to the function g and to apply the equal-
ity (2.19). To make this we will apply the Lemma 2.1.2 for a fixed y
and to the projection 7, which is a contracting function thus a fortiori a
Lipschitz function with Lipschitz constant L = 1. The borel set of R9*/
to which we apply the lemma is g~ 1(y) N (A x Q) for the real k = d
that satisfies j < k < d + j. We obtain for fixed y and using the equality
(2.19)
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/Q 0a_i(g 7 (y —e2) N A) dz

= /IR]. ou—i(m N z)Ng (y) N (A xQ))dz

W T (3 (y) N (A % Q))-

Wy

By integrating this last inequality with respect to y on IR/ and using the
inequality (2.20), we have

—_ CUd_]'
/JRJ'/QUdj(g 1(y—£z)ﬂA)dzdy§ij—dCE(Td(A).

Applying the Fubini-Tonelli theorem and the fact that ¢;(Q) = 1, it
holds

(e Ny—ez)NA)dzd
/R/./Qad](g (y—ez)NA)dzdy
- //]R]_(Td_j(g_l(y—sz)ﬂA)dydz
= oo 0 Adyde = | o (37 ()0 A)dy
R/ R
Thus we have shown

, B wWa_j
/]Rf Ud_].(g 1(y) NA)dy < w; “wr Ceoy(A).

Given that ¢ > 0 is small enough and 0;(A) < +oco because A is com-
pact, we finally have proved that

[ a8 ) nA)dy =0,

This implies that o;_;(g~" (y) N A) = 0, for almost surely y € R/.
This ends the proof of Lemma 2.1.4. O
To finish the proof of Proposition 2.1.1, it remains to decompose A €

B(R?), under the form A = (A N Dg,) U (A N (Dg)c), noting that D},
is a borel set of RY because (Dg)¢ ={x € RY, det(Vg(x)Vg(x)T) = 0},
that is the inverse image of {0} for the continue function

det(Vg(-)Vg(-)T).
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We just apply Lemma 2.1.3 to the borel set (A N Dg) and Lemma 2.1.4

to the borel set (A N (Dg)c)

Finishing the proof of Proposition 2.1.1. O
We can prove now the Theorem 2.1.1 and its corollary.
We begin by proving the following theorem.

Theorem 2.1.2 Let f : R/ — R be a positive measurable function and
¢ :R? — R/, j < d, be a continuously differentiable function. For all borel
set Q of R the following formula holds true:

£ (5 (det(Vg(x) Ve () T)) 2

= [ f)ons(CBy)y, @21)
the integrals could be eventually infinite.

Remark 2.1.6 Theorem 2.1.2 remains true if one assumes that the func-
tion ¢ is only locally Lipschitz on R instead of being C' on R?. In
this case, the function g is almost surely differentiable on R and the
measure 0, ; that appears into the right-side of the equality (2.21) is re-
placed by the euclidian Hausdorff H; ; measure. We invite the reader
to consult the Theorem 4.12 page 61 of [28] for more details.

Proof of Theorem 2.1.2. Set A = Dy N g~'(I) N Q where I is a borel set

of R/ and Q is a borel set of R?. Given that A is a borel set of R? the
Proposition 2.1.1 allows us to have the following formula:

| 11(00) (det(Vg () V() 2ax = [ 11(y) (€8 (3 ay,

and the equality (2.21) holds true for the corresponding functions, this
is for the functions f of the form f = 1; and also for measurable step
functions positives.

The Beppo Levi theorem assures that this equality holds true for posi-
tive measurable functions. Yielding Theorem 2.1.2. O
Let us prove now the Theorem 2.1.1 and the Corollary 2.1.1.

This needs the following two lemmas.
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Lemma 2.1.5 Let G : D C R? — R/, be a locally Lipschitz function defined
on D an open set of RY. Then the function G is Lipschitz over all compact set
K that is contained in D.

Proof of the Lemma 2.1.5. Let us consider x € K C D. Since G is locally
Lipschitz on the open set D, there exists a constant Ly > 0 and a radius
r« > 0, such that B(x,7x/2) C B(x,7x) C D and satisfying, for all
w,v € B(x, 1), [|G(u) — G(v)]|; < Lyllu— v]]s.

Since G is locally Lipschitz on D, it is continuous on D and also on the
compact set K. Set M = sup . ||G(u)|]; < +co.

Since K is compact, there exists m € IN*, such that for all i = 1, m, there
exists a x; € K, verifying that K C U | B(x;,7x/2) C D.

Set also L = maxX;—1,, Ly, and ¥ = min;—; ,, 7x,. Let us prove that G is
a Lipschitz function on K with Lipschitz constant L which is least or
equal to max(L, *4).

Indeed, consider u,v ek

If [|lu —v||s < §; there exists i,j € 1,--- ,m, such that u € B(x;, 7y, /2)
andv € B(x],rx]/Z) In this case u, v € B(xi, rx;) and

1G(u) = G(v)[lj < L[ lu = vlla < L[ = v]|4.

If [[u—vl|ls > 5, [|G(u) = G(v)[|; <2M < % x 5 < [ lu—v]la.

7

This ends the proof of the lemma. O

Lemma 2.1.6 Let G : K C R? — R/, be a k-Lipschitz function where K is
a compact set of R Then the function G admits an extension ¢ : R? — RI
that is a +/jk-Lipschitz function.

Proof of the Lemma 2.1.6. Let us point out that we can consider the case
where the function G takes real values, consider G : K ¢ R? — R and
k- Lipschitz.

In fact, if G = (G, Gy, -+ -, G]-) :KCc R = R is k-Lipschitz, then for
alli=1,2,---,j, the functions G; : K C R? — R are k-Lipschitz. If we
show that these functions can be extended to R? by the functions g; that
still are k-Lipschitz then the function g = (81,82, , &) : R — R/ will
be an extension of G that is /jk-Lipschitz.

Letthen G: K C R? - Rbea k-Lipschitz function, let us extend it to a
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function g : RY — R/, k-Lipschitz.
For x € R and y € K, set:

Gy(x) = Gly) + kllx = ylls and g(x) = inf Gy(x).

Let us remark first that the function g is well defined.

In fact, for all x € RY, {Gy(x),y € K} is a subset of R, bounded below
by infycx G(y). This number exists because the function G is Lipschitz
on K then continue on K.

Let us show that the function g extends the function G.

For all x € K, g(x) = infyckx Gy(x) < Gx(x) = G(x).

Moreover, Vx € K, Vn € N*, 3y, € K, Gy, (x) < g(x) + %, then

G(yn) + kllx = yalls < g(x) + 5.

But G is k-Lipschitz on K then G(x) < G(yn) + k||x — ynl|4-

Hence we have for all x € K, for all n € N*, G(x) < g(x) + 1. Finally
one shows that if x € K, g(x) = G(x).

The only thing that remains to prove is that the above function g is k-
Lipschitz on R?.

Firstly, let us observe that for all y € K, the function Gy is k-Lipschitz
on R?. Indeed, for all x € R?, for all z € R,

Gy (x) = Gy(z)| = kllIx = ylla — |1z = yllal <Kl||x—z|[s.
Thus forally € K, forall x,z € RY,

8() = inf Gy(x) < Gy(x) < Gy(2) +kllx—zls

in consequence for all x,z € RY,
< inf k - ’
g(x) inf Gy(z) + k[|x — z[|4
that is,
g(x) — g(z) <k||x —zl[a.
Thus by symmetry one obtains that for all x,z € RY,
8(x) — g(z)| < k[|x —zl[a,

that ends the proof. O



22

Let us come back to the proof of the Theorem 2.1.1 and Corollary 2.1.1.
We consider for all n € IN*, the closed sets

D, = {x € R?, d(x, D) >

}.

S|

Since D is open, the sets (D,),en+ are included in D and then for all
n € IN*, the sets K, defined as K, = D,, N [—n, n]d are compact subsets
of D.

Since the function G belongs to C! on D that is an open set it is locally
Lipschitz on D and from the Lemma 2.1.5, for all n € IN* it is Lipschitz
on the compact K.

The lemma 2.1.6 allows extending for n € IN*, the Lipschitz function
G /Ky to the function g, : RY — TR/ still Lipschitz on R¥.

Let f : R/ — R be a measurable positive function and B a borel set
subset of D. Applying for all n € IN*, the Remark 2.1.6 to the function
¢n, which is Lipschitz on R¥ and a fortiori locally Lipschitz on R?, and
to the borel set Q,, = K;; N B, we have

i (gn(x)) (det(Vgn(x) Vgu(x)")) 2dx

Y f(y) Ha—j(C§, 5, (y))dy,

and since g, = G on K, then on Q,,, we get
0 F(G(x))(det(VG(x)VG(x)"))!/?dx = /ij(y) 0a-;(C8, 6(y))dy.

Moreover, when 1 tends to infinite, the sets (Q,)sen+ tend increasingly
towards B. The Beppo Levi theorem implies the Remark 2.1.1 and also
the Theorem 2.1.1.

The Remark 2.1.2 is a consequence of the fact that if B is a compact set
and the function f is bounded, then

[ IGO0l (et( VG () TG (x)T)) 2

<C /B (det(VG(x)VG(x)T))/2dx < +oo,
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since the function G is C! on D and B is a compact subset of D.
Remark 2.1.1 allows us to prove Corollary 2.1.1.

Indeed applying this remark to the measurable and positive function
f = 14 and to the borel set BN Q where A (resp. B) is some borel
set of R/ (resp. RY), and Q is a borel set of R, allows to establish the
Corollary 2.1.1 for the functions of the form 15, 4 and also for positive
measurable step functions & , then for positive measurable functions.
Yielding Remark 2.1.3 and Corollary 2.1.1.

In the same manner as for Remark 2.1.2 we get Remark 2.1.4.

This ends the proof of the Theorem 2.1.1 and the Corollary 2.1.1. 0

2.2 Kac-Rice formulas for a.s. level

In this section X : O x D C QO xR? —» R/ (j < d) denotes a random
field that belongs to Cl(D,Rj), Y:QOxD c QxR — R will be a
continuous process and D is an open set of R%.

Let H be the operator

H:£(R%R/)) — R*
A — (det(AAT))Y/2,

Let us recall that the random set Dy was defined as Dy = {x € D :
VX(x) have rank j} and the level set y € R/, CY (y), was defined as

C¥ (y) = Cx(y) N D.

Let us consider the following hypotheses

e Hj: The function

ur— E [/CDY(U) ’Y(X)’dad—f(x)] ‘

X

is a continuous function of the variable u.

e Hj: The function

w— E [0 (C] ()],
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is a continuous function of the variable u.

e H,: The function
u— /DpX(x)(u)IEHY(X)|H(VX(X))|X(X> = u]dx,

is a continuous function of the variable u.

e Hj3: The function

w— [ Py (WEIH(TX(x)[X(0) = u]dx,

is a continuous function of the variable u.
e Hj: For almost surely x € D, the density of X(x),p X(%) (+) exists.

By using the coarea formula and by duality, we will prove the fol-
lowing proposition.

Proposition 2.2.1 1. If X satisfies the hypotheses (Hy or H3) and Hs,
then for almost surely y € R/,

E o058 )] = [ pxio ) EIH(TX(x)|X(x) = y]d.
(2.22)

2. If X and Y satisfy the hypotheses (H1 or Hz) and Hs, then for almost
surelyy € R,

E [ /C v Y(x)d(fd_j(x)}

X

= |, Pxe) () E[Y(x)H(VX(x))[X(x) = y] dx. (2.23)

Proof of the Proposition 2.2.1. Let us start by proving part 1) of the propo-
sition.



25

Applying the Remark 2.1.1 following the Theorem 2.1.1 to the function
G = X and f = 14 where A is a borel set of R/ and to the borel set
B = D, we have

[, txen HOVX())dx = [ o j(CR (3) dy.

By taking expectation of each side of the equality, that is possible be-
cause the two terms are positives, and applying the Beppo Levi theo-
rem, we get using the hypothesis H3

| E [ous(cR 9] dy

= [ | Prs & E (VX001 X0 =) ax| .

In this step of the proof we need a duality lemma.

Lemma 2.2.1 Let fi, f> : R — ﬁJr, be two measurable functions such that
forall A € B(R/), A bounded, [, fi(y)dy = [, f2(y)dy < oo, then
f1 = f2 oj-almost surely.

Proof of the Lemma 2.2.1. We begin by proving the lemma for two

measurable functions g; et ¢ taking values on R such that, for all
B € B(R)), [41(y)dy = [;(y)dy < +oo. We consider the set
B = {g2 < g1}. The hypothesis [, g1(y)dy = [;g2(y)dy, implies,
since [g; §2(y)dy < +oo, [; 1p(y) (§1(y) — 82(y))dy = 0, and thus
15(y) (g1(y) — £2(y)) = 0 for almost surely y € R/. In the same form
we consider B’ = {g1 < g2}, concluding 15 (y) (32(y) — g1(y)) = 0 for
almost surely y € R/ and finally g1 = g2, 0; almost surely.

Considering now two functions f; and f, satisfying the hypotheses of
the lemma. Let K be a compactin IR/. Since forall B € B(R/), A = BNK
is a bounded borel set of R/, and if g1 = filgand g = frlk, we
have by hypothesis [, g1(y)dy = [;8(y)dy < +oo. The prelimi-
nary result that we have shown implies that for all compact set K of
R/, f1 1k = fo1x, 0 almost surely.

The proof ends remarking that except a zero measure set the set R/ can
be written as a non-decreasing union of compacts and by applying the
Beppo Levi theorem. O
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We apply here the lemma to the function fi(y) = E [0;_;(C¥ (y))] and

to the function f>(y) = [, Px (¥) E[H(VX(x))[X(x) = y] dx.
The function f; or f; is locally integrable by the assumption Hj or Hj.
This finishes the proof of part 1) of the proposition.

Let us prove the part 2). In a first time we assume that X et Y sat-
isfy the hypotheses H; and Hj. Let us apply the Corollary 2.1.1 to the
function G = X, h(x,y) = L4(y) x Y(x) x 1p(x) where A is a bounded
borel set of R/ and to the borel set B = D, we have almost surely

/D Ty(ryen Y(x) H(VX(x)) dx = /A [ /C iy YO d(fdj(x)] dy. (2.24)

Indeed, the hypothesis H; implies

E < /A [ /C - |Y(x)|d(7dj(x)} dy> < too, (2.25)

thus almost surely [, chr(y) Y (x)] dad,j(x)] dy < +oo. Let us re-

mark that the equality (2.24) is still true replacing Y for |Y].
This last observation and the equality (2.25) imply

E| [ Txiea YOI H(VX() dx| <+

We can take the expectation in both side of the equality (2.24) and from
the hypothesis H3, we obtain that for all bounded borel set A of IR/

/A ¥ [/c;'? ) ) 40 (X)} ay =
/A ( /D P (V) EY()H(VX(x))[X(x) = y] dx> dy.

Let us remark that the last equality is still true replacing Y by |Y| and
the corresponding integrales are finite.
Consider now

A =B | [, Y()da ()]

and

£2(9) = [ P 0 EYGOH(TX () [X(x) = y] dx.
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The functions f; and f, a priori do not take their values on R'. How-
ever, a small modification of Lemma 2.2.1 can be done, remarking that
4 lfi(y)ldy < +ooet [, |f2(y)|dy < +oo, for all bounded borel set A
of R/, this implies f; = fa, 04 j almost surely.

This ends the proof of the Proposition 2.2.1 in the case where X and Y
satisfy the hypotheses H; and Hj. A similar proof can be made when
X and Y satisfy the hypotheses H, and Hj. O
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Chapter 3

Kac-Rice formula for all level

3.1 Rice formula for a level set regular

Let us point out that the formulas (2.22) et (2.23) hold true for almost
surely y € R/. However in applications these formulas are needed for
all y fixed in IR/. We are going to establish a theorem which will give
hypotheses on X and Y in such a way that these formulas will be valid
for all y in R/.

More precisely we will assume the continuity of the two members in
the equalities (2.22) and (2.23), restricting us to the set Dy and proving
the equality for all y fixed in R/.

Before continuing let us establish two hypotheses useful for what fol-
lows.

[ ] H4§ Ihe function
u— E / Y dog_; ,

is a continuous function of the variable u.

e H;: The function
w— [ Py (WEN (OH(VX())[X() = u]dx
is a continuous function of the variable u.

29



30

Theorem 3.1.1 1. If X satisfies the hypotheses Hy, H; and Hs, then for
ally € R/,

E |ou-(C} ()]
- /D Pxo ) E[H(VX(x)|X(x) = y] dx. (3.1)

2. If X and Y satisfy the hypotheses (Hy or Hy), H3, Hy and Hs, then for
ally € R,

E Ve w T D (x)}

= [ pxe@ EY@HVX@)X(x) =yldr.  (32)

Remark 3.1.1 If X and Y satisfy the hypotheses Hy, H, and Hj3, then
for ally € R/ it holds,

E| Lo Y ldea )]

= /D Pxo W) E [[Y(X)[H(VX(x))|X(x) = y] dx.

Proof of Theorem 3.1.1 and of the Remark 3.1.1. Let us beging proving the
formula (3.1).

Since X satisfies the hypotheses Hj, H; and Hj, as a consequence of
part 1) of the Proposition 2.2.1, we know that for almost surely y € IR/,

E [o0-(€8 1)) = [ Pxog ) E [H(VX())[X() = y]dx.

The hypotheses Hy and Hj imply the continuity of each member of the
equality and in consequence their equality for all y € IR/.

Reasoning in a similar way we can prove the formula (3.2). Ending
in this form the proof of Theorem 3.1.1.
The Remark 3.1.1 comes from the fact that the hypotheses H4 and Hj
transform into the hypotheses Hy and Hj, replacing Y by |Y|. ]
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3.1.1 Checking the hypotheses

We have proven in the precedent section the equality (3.2) assuming
principally the continuity of its two members.

Our goal in what follows is to give a large class of processes X and Y
that satisfies the hypotheses H;, i = 1,5.

We consider in first place the hypotheses Hy and Hy. This leads us to
prove the Theorem 3.1.1 which is needed for proving Proposition 3.1.1
that follows. We need to point out that the proof that we will give is
deeply inspired by Cabafia [11].

For a while the functions X and Y will be assumed deterministic, this
is they are not random functions.

Theorem 3.1.2 Let X : D C R? — R/ (j < d) be a function belonging to
C'(D,R/) such that VX is Lipschitz on D which is an open and convex set
of R?. Let Dy be an open and bounded subset of D and Y : Dy C R? — Ra
continuous function such that supp(Y) C D, . Then the function

y— |, . Y(x)do(x)
Cgl,x(y) J
is continuous with respect to the variable y.

Proof of Theorem 3.1.2. In the same fashion as Cabafia we will define an
atlas of C?'(y). Consider xo € DY fixed, such that VX (xp) has rank j.

If Ay = {1,2,...,d}, there exist A = ({1,42,...,¢;) € Aii, b < b <
-+ < {j such that

AXy,..., X))

Xty Xty -+ X0;)

A
])(( )(XO) = det (a( (XO)) }é 0.
Set A° the complementary index in Ay, that is A® = (i1,i2, -+ ,ig—j) €
Agf], and ip < ip < --- < g If (e1,€2,- -+ ,e4) denotes the canon-
ical basis of R?, we denote V) = vect(e;,, e;,, - € dﬁj) and Vi its or-
thogonal, this is V/\L = vect(eq,, ey, - - ,Egj>. With these notations, if
d
X = (xl,xz,- .- ,xd) = Z x;e; € Rd, we denote /)Z/\ = (xil,xiz, s ,xidfj).
i=1
Let us consider the function f) defined from D C RY into R? such that



32

x = fa(x) = v, (x) + Z (Xk(x) — yk)es,, where X (resp. yy) denotes

the components of X (resp y),k=1,---,].

The Jacobian Jf, (xp) of this transformatlon evaluated at the point xg is
Jf,(x0) = |J%(x0)| # 0. By the inverse function theorem there exists an
open neighborhood Uy, of xg included in D, such that f,(U}}) is still
an open set of R? and such that the restriction f/\|U§‘0 has an inverse &
belonging to C! defined from f. A(UQO) onto UQ‘O.

Let define the set RQO, by

4T
Réo = {(xil,xiz, s ,xidfj) € Rd_] : Z X 6, € f/\(u,?o)}.
k=1
Since f, (U, ) is an open set, the set R} is also an open set of R4
Let denote h, = (h{‘, hé‘,- . h;‘). We have the following sequence of
equivalences

(xeui‘o, (x ):y) = (xeuQO,fA = 1y, (x ) —
(7 () € AUL) x = In(y, (%)) =
J
(x = HVA(X) + Z h?k(nVA( ) €lr Xy €R ) —
k=1
( E x;.e;, + 2 h} 2 X, )er, Xo € RXO)

(x = uc)\XO(xA) X\ € R} )

where we have defined &, : R}, C R — R by

d—j j A d—j
0 (Xiy, Xigy =+, X1y ) = Yo xie + ) by () xie e, (3.3)
k=1 k=1 k=1

This prov1des to us a local parametrization of the level set C2' (y), de-
fined by &} Moreover such a function belongs to C' defined over R}, .

Remark 3.1.2 Furthermore as a bonus we get that C }l() "(y) is a differen-
tiable manifold of dimension d — j.
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Let us mention that if xo € C2'(y) then & . (Xo1) = Xo.
We now decompose D in the following form: D% = U, ¢ le"()\), where
B] = {A - (51162/'”/5]')/ Ek S Ad, gl < 62 < ... < E]} and r()\) =

{xeD, J{(x) #0}.

Remark 3.1.3 Forall A € Bj,
I(A) ={x e D, VX(x)/Vj isinvertible}

Remark 3.1.4 We could have proved a less general result than that es-
tablished in this theorem. More exactly we would have been able to
show this theorem under the following weaker hypothesis: Y : D} C
R? — R is a continuous function such that supp(Y) C T'(A), for any
A € Bj. Indeed it is this condition we finally need in the proof of the
Propositions 3.1.1 and 3.2.1 given farther. However this result seemed
to us interesting in itself because we did not find it in the literature. Fur-
thermore this general result presents the advantage that we exhibit in a
neat way a partition of the unity of DY. This construction will allow us
afterward in the proof of Proposition 3.2.1 to decompose the function Y
on this partition and thus to come down in case where the function has
its support included in T'(A).

Let us prove the Theorem 3.1.2 in the case where D = D;. That is when
D is an open, convex and bounded set of RY, X:DcCR?— R (G <d
is a function C' (D, R/) such that VX is Lipschitzand Y : D € RY — R
is a continuous function such that supp(Y) C D%. Itis enough to prove
theorem in the case where Y : D}, C R? — R is a continuous function
with supp(Y) C D%. Lety fixed in R/.

In first place we assume supp(Y) C I'(A), A € B;. We will define the
integral of Y over the level set C2'(y), that is we shall give a sense to
ch* x) dog_j(x).

Cons1der xo € supp(Y) C I'(A). For the precedent facts, there exists an
open neighborhood Uy of xo, such that

(x e UL NCR(y)) <= (x= (X)), X1 € RY).

Since ll,?o is an open set, one can chose a radius r,)(‘o > 0 such that the
closed ball of R? with center xy and radius rﬁo
E(Xo, ) C llA

Since supp(Y) is a compact set of RY, we can cover supp(Y) by a finite

is contained in LIQO, let
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number of balls, that is supp(Y) C U/, B(x;, ry.) such that for all i =
1,---,m, westill have: B(x;,ry) C Ug.
We w111 construct a partition of umty for supp(Y) compact manifold

and let us denote itas {7y, - -, 7ty }.
We define as in the book of Wendell Fleming [15] the C* real variable

function h by
-1
hx) = { oP(T—2) Il <1

0, x| >1

Fori=1,---,mand for x € supp(Y), let set ¥;(x) = h <|X;§x”’>
Since supp(Y) C U B(x;, r3.) by construction we have that for all x €
m
supp(Y), 21 ¥i(x) > 0.
i=

Let define now fori =1,--- ,mand for x € supp(Y), 7i(x) = ¥i(x)

The functions {71y, -, 71, } define a partition of unity for s{;];)‘;l((if))
because we have
1. m;is C® oversupp(Y), 7; >0,i=1,--- ,m.
2. supp(7;) = supp(¥;) C supp(Y) N B(x;, 7} ) C U)‘
3. Y1 mi(x) =1, x € supp(Y).

The integral of Y over the level set y can be defined by

/CD’( )Y d(Td ] E/lﬂmCDr i Y(X)d(Td_]'(X)

fl (T, B (@5 (%)
x (de (V“AX(XA)VIXA (%)) dxy. (3.4)

However, if the level changes we need to modify the procedure. We
continue following the way of Cabania.
Let consider xg € I'(A) N CY (y) fixed. We build then U, and R .
Let define the function

G:Rp xR x W) CRY/ xR xRN — R/,
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j
G(Xr,8,7) = X(a () + Y Yrer) —y — 6,
k=1
where Y = (,)/1/ e /’Yj)/ 32)\ - (xi1/ xiz/ e /xid,j) and IX/)/(\O is a neigh_
borhood of zero such that for all X, € RQO, m (X)) + Z;{Zl Ykeq, € D
and VX (&), (X1) + Tr_; 1kes,)/ Vi is invertible, that remains possible
since I'(A) is an open set of D and xp € T'(A). N '
Since X is C! and m is C! over R} , then G is C! over R} x W x R/.

Moreover, we have G(X(,,0,0) = X(DTIXZ(?O,A)) —y = X(x0) —y =
And
oG — J i
E(xA, 8,7) = VX(tpx(Xa) + Y ke, )/ Vi, (3.5)
k=1
this implies
oG N
E(Xo/)‘, 0,0) == V}((X())/V)L P

that is invertible by Remark 3.1.3.

The implicit function theorem can be applied. Thus there exists three
neighborhoods, in first place Vi) C R} that we can select equal to R},
A

and two other neighborhoods of zero in IR/ denote as W)é) and W} (we

~ 0
can also choose this neighborhood equal to W,f‘o) and a function 7, «,
belonging to C! defined on Ri‘o X W,z) onto W,{‘O, that is 7y, x, : RQO X

W,?O CRYT xR — I/NV,/(\O C IR/ such that
1. Yax, (X, 0) = O

2. V(/)Z)L,(S) € RQO x WA G(/)Z)L,(S,’)/)\,XO(/)E/\,(s)) = 61[{/'

Xp”

3. V(%) 0,7) € R}, x Wi x Wi

Xp”

(G(1,6,7) =Ty = 71 = 1 (%0,9) )

Moreover, derivating the expression G(Xy,d, 71 x,(X1,0)) = Og; with

respect to X, we get for all (X,,9) € RQO X WQO,
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Oja-j =

G N G , . _ 0V x
T (R0,6, Yo (R0, 8)) + 2 (R0, 6, Ymy (R0, 8)) X 022
aXA axA

9y

(X1,9),
where O; 4 ; is the null matrix with j rows and d — j columns.

From the equality (3.5) and since

G ~
ﬁ (X/\, 51 YAxo (x)u 5))

j
= VX (@ (X2) + Y Teax (Xa6)es) x Vi (Xa),
k=1

finally we obtain

a/)//\ ,X0
X,

j
(%0, 0) = = (VX (%) + Y Yiax (X1, 6)eq ) /Vir) ! x
=1

VX (0 (X0) + kal Vo (Xas0)eq,) X Vityx(Xy) (3.6)

Defining '
Dr b () = Gaxy (%2) + ki:l ViAo (X1, 0)eq,, (3.7)
this function is a local parametrization of the level set C' (y + 6). With

this new parametrization we can write (3.6) under the form

a’)//\,XQ
X,

(5(\)\/ 5)

= — (VX (@rrs %))/ V) ™ X VX (Brr0s(R0)) X Vg (X1). (3.8)

In a similar manner by derivating the equality G(X),d, YA x,(XA,9)) =
Og; with respect to 8, we get this time

a,)//\,XO
06

(%,0) = (VX(@nr05(%0))/ Vi) ™ (3.9)
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We need to point out that if X € R}, then G(x;,0,0) = X(m(ﬁA)) -
y = O, By the precedent point 3. we obtain that 7, x,(X1,0) = 0, and

since v, x, is a continuous function on R/\ X WXA0 , we get firstly

lim D‘)\,xo,5 (3(\)\> = “A,xo (5(\/\) .
0—0

Being the convergence uniform over Fio. In fact since ) x,(X),0) = 0
and by using the mean value theorem and the equality (3.9), we have

|00 5(R0) — &g (%)

a’)/k/\x
= HZ Z ©(Xr, 0k0)di)eq, |a

= \!Z((VX(M,xo,eka(?A))/Vi)*1(5))k,1eekHd
k=1

< Visup (VX (2)/Vi) " lay x (101l

zeK

where 0 < 0y < 1,fork = 1,---,j and K a compact set of R? that
. . — 5 =A ‘ SA  =A -

is defined by K = ) x(Ry,) + Y, Verng (Ry, X Wy, )eq,. To finish, let
us recall that ||(VX(z)/ Vi) !|| remains bounded over this compact.
To show this it is enough to make smaller the open sets V,} and W,.

. . A .
That is chosing Vi such that YXO C Ry, and chosing an open set Fy
containing 0 on R/ such that F, C W,ﬁ;.
Secondly, let us prove that Va, 4, s converge uniformly towards Va, y;

over R . Given that for all X, € R}, X(OTXS(?A)) =y, we get
VX (@ (X1)) X Vo (%)) = Oja—j-

By this last fact, (3.7) and (3.8), we have the following sequence of in-
equalities
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IV x 6 (X)) — Vita g ()44 =

|- <vx<m<m>>/vf>* (VX (@i (%)) = VX (@ r (X2)))
X Vity (X lla-; <

(VX (@b (%)) /ViE) Yl X [[VX @rrgs (Rn)) — VX (@0 (%))
X ||V (%) |ad—j <
sup [|[(VX(2)/Vi") Hla, sup VX (8r5(%0)) — VX (@rm (X))]]

zek X/\ER

—
x sup |[Vay x(Xa)|laa-
&\AEE;\O

The first term in the last inequality is bounded as we have explained
above. The third term is also bounded because V&, ; is continuous

=A .
over R, thatis a compact. In the same form the second term tends to
zero because we already know that «) , 5 uniformly converges towards

—  =A . .
&) x, on R, and VX is continuous over K a compact set.
We will show that

b o) Y (005 (2) = / gy Y(2002),
Fisrtly using that supp(Y) is a compact set in R included in the open
set T(A), we can prove that there exists an open set O contained in R?
such that: supp(Y) C O € O C T(A).

Secondly let us notice that since O C T(A) C D, theset ONCR (y) is a
compact set of R?.

Let us built a partition of unity {7y, - - - , 7, } for this compact manifold
in the following form.

Let us consider x € O NCY'(y). Since x € O C T'(A), x € T(A) it holds

that ])((A) (x) # 0and we can Construct the open set U} Since U} is open,
we can chose a real number 7} > 0 such that the closed ball of R? with
center x and radius 7} is Contalned in U}, let B(x,r}) C U}.

But we know that O N C¥' (y) is a compact set of IRd then we can cover
ONCR (y) with a finite number of these balls, that is ONCY' (y) C
U;-”:lB(xl, ry) in such a form that fori = 1,- - -, m, we still have:

B(x;, x) C U/\
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In the same form that in page 34, we obtain a partition of unity of on
C;l?y (Y)/ let {rty,- -, 7T}, such that:

1. misC*onONCY (y), ;i >0,i=1,---,m
2. supp(7;) C ONCY (y) NB(x;, 1) C Up.
3. Y1, m(x) =1,xe ONCR (y).

Moreover, the sequence of inclusions holds true

supp(Y)NCR (y) c ONCY(y) c ONCR (y) c Ur U}, x; € ON
Cl(y),i=1,---,m

Let us use the fact that supp(Y) is a compact set of R? and O is open,
in the following form. Consider w € supp(Y). Given that supp(Y) C
O C T(A), there exists two open sets U(w) and U(w) containing {w}
and R, > 0, U(w) C U(w) C O such that the restriction f)\|l~l(w) has
an inverse on the open ball B(f)(w), R, /2) and the restriction f |i;(.)
has an inverse on the open ball B(f)(w), Ry). Also it is possible to
have Diam(U(w)) < infi_q... Diam(WQ{,), VNV,/(\l being the neighbor-
hood of zero in IR/ used to build the function 7, x, and also the local
parametrization of the level curve at level y + 6.

Since supp(Y) is compact in R, it can be cover by a finite number of
such sets, that is supp(Y) C Us_ U(wy) C UE_ U(wy) € O, wy €
supp(Y) for¢ =1,--- k.

Let us chose § = (&1, -+ ,6;) € R/ such that ||8]|; <infy_,... x R, /2.
We are going to prove that if 6 is small enough, all element of CY' (y +
5N supp( ) belongs to m(R ), for almost one indice i belongmg
tol,---,m

Let us chose z € CY'(y + &) Nsupp(Y). Since z € supp(Y), there ex-
ists¢ =1,--- ,k, such that z € U(wy), and given that z € CY (y +9),

)
f/\(z) = 7TV\( )+ Z 5keék € B(f/\(wé)/wa/z)

It yields that 7Ty, (z ) 6 B(fr(z),110]];) € B(fa(we), Ra,). Thus there ex-
ists an unique x € U(wy) C O, such that

£ = 7 (2) = 7, (x) + X (Xilx) ~ e, So we have my, (z) =

i
my, (x) and ) (Xi(x) — yx)e,, = O, thus X(x) = y. Since x € ON
k=1
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CP(y) C U:” OUA x can be written in the form x = &, (X)), X\ € Rf(‘l_,
i = 1,---,m. Finally and since 7y, (z) = 7y, (x), the vector z can
be written in the form z = x + 77y, (z — x). Moreover, Ty (z—x) =

i vier, and ||y][; = [y (2= X)|la < |1z = /|4 < Diam(U(wr)) <
D1am(W,é ), because we have

sup Diam(U(w;)) < inf Diam(Wy).
(=1, k i=1,-,m i

Finally by using the property 3. of function G, we have proven that
Zz= “A,x,»,é(sz)\);/)z)\ € RQ]_, i=1,---,m

Let us assume that t, s € (U U}) N CY (y) are such that my, (t) =
my, (s) and t # s. We can write s = (nVAL(t) + 097y) + 7y, (t), where
0p > 0,7 € Vit and ||7||; = 1. By defining h(c) = X(t+ 07y) we have
h(0) = h(op) = y. Let us point out that this function is well defined for
0 < o < 0y, because D is a convex open set and here is the only place
where we use the convexity of the set D . Also, the Rolle’s theorem
allows us to say that if h = (hy,---,hj), thenforall £ = 1,--- ], there

exists oy € (0,09) such that i1(0y) = VX, (t+ 047)(y) = 0. Moreover,
1= l7lla = 1(VX®)]y) VX ®)ye (1)l < MIVXE) (V)]

where M = ¥ sup . H(VX(X)|VAL)_1Hd,j < oo ( to ensure that

the last norm is finite it is sufficient to take the open sets LIQI, small
enough). Finally by using that /1,(0;) = 0 we obtain

1< MY VX (t+ o) (7) = VXA(O()
/=1

j
< MY |IVXi(t+ory) = VXe(B)[F 4
=1

We will asume for the first time that VX is a Lipschitz function. Let L
be its Lipschitz’s constant. We have

j
1< ML o7 < jMPLA0P,
=1
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where 0 = maxy—,... j 0y. From this fact it yields

||S_t||d—00/0/

(3.10)

\/ ML
Let us prove that if z € C¥ (y +6) Nsupp(Y), there exists a unique
x € UM Up NCR (y), such that z = x + 7TVAL(Z — x) and such that
||y L (z—x)||g <infizq,.. Diam(W,ﬁ,) (this is always possible by tak-
ing the open sets I/NV,?! small enough to have Diam(W,é) < %).

As z belongs to CX' (y + 6) N supp(Y), we have shown above the ex-

istence of this x. Let us show now the unicity. We assume that there
exists another vector X' € (U U) NCY (y), x' # x, such that z =

x' + Ty (2 — X ') and also that HTL’V/\L (z—x")|]|g <infiq,... 4 Diam(WQ).
For the precedent result we have necessarily ||x — x/||; > a
Furthermore, it holds

x =l < [x—zllg+ X ~zlla
= Iy (2= )lla + 17y, (2 = x) o

PR
2 2

Thus we get a contradiction.
Now consider z € CR' (y + &) Nsupp(Y), since

X € omc)?’(y) C 6mc§g"(y)

and given that ) = X, we obtain the sequence of equalities

Y(z) = (im(x)) xY(z)
= iﬂtl( x) X 1{xeuAmcD’( ) X Y(z)

= Ym0 X Loy X Lmery) X Y(2)
i=1

m

—
= 2 i@ (Z) X Vit @y X Laeryy X Y(2)
i=1 '
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= Z m(l)\)) X 1{1 m(z\)} X Y(lx/\x 5(1/\)) X 1{z,\eR)‘}
i=1

The last equality coming from the way we built the vector x from the
vector z and from the uniqueness of the decomposition of this vector z
on the set (U L) N C¥ (y).

We have the following equality

/ vy Y2001 (2)

f (@ (2)) % Y (@i (2) o (z) =

Drrrh (Z2), Z\ERY}
m
Y [, i )Y (00,3 (20) (det(Vitn 2 5(20) Vi 3 (20)7) 2 ds
i=1" 1%

m
S 1 [ @ @)Y (@03 20) ([det(VEs (1) Vi (21) )2 d2y,
Iy

. ——
the last convergence comes from the uniform convergence of «) 4,5 to

s —=A SN N —A
a)x; over R, and of that one of Va, ,, 5 towards Va, ,; over R, .
But

m
y /R (@4, (20))Y (w27, (22)) (det(Vay £ (22) Vit 1 (22) 7)) /2 d2a
i=1

= 5 ey SO0 00 = [ V(a0

i=1

= Y (x)doy_i(x),
g (y) (o)dea—j(x)

because supp(Y) C O.
Summing up we have proved the continuity of the function

— Y(x)doy_:i(x),
y CQr(y) () d]()

under the hypothesis that Y : D}, € R? — R is a continuous function
satisfying supp(Y) C T'(A).
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Finally, we do not assume anymore that supp(Y) C T(A), just that
supp(Y) C D%.
Let us introduce two new functions. For A € B, let set fort € D,

ga(t) = inf - |[VX(E) /v (1)), (3.11)
eV llrlle=1 )

and
¢(t) = sup pa(t).

)\GB]'

These two functions are Lipschitz then continuous, with the same Lip-
schitz constant L, that the one of VX. In fact, let us consider firstly the
first function. Consider two points t and t*, we have for all v € VAL
satisfying ||y|[4 =1,

IVX(©) /e (Nl = IIVX® ()]

< NVX(@®) () = VXE) (D] + [IVXE) /ye (D],

using that VX is Lipschitz, we obtain
IVX () /v (] < Lt = € + [[VXE) /v (1),
then
$A(t) < Lflt = t*[|a + ¢a(t?), (3.12)
since a symmetric inequality can be proven, we obtain finally
|#2(8) — ¢a(t)] < L[t — [ a.

Let us study now the second function.
The inequality (3.12) allows writing

¢(t) < L[t = "] + ¢(t"),
given in the same form as before
|p(t) = ¢(t")] < Lf|t = t"[|a.
Let us prove that
(AeBjand teT(A)) < (pa(t) >0). (3.13)
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Let us consider t € I'(A) for a A € B;. That means that VX(t)/VAL has
an inverse and moreover that ker(VX(t)/,.) = 0/y.. But there exists
ayo € Vi, ||70lla = 1 such that ¢, (t) = HVX(t)/VAL('yO)Hj, and this
implies that ¢, (t) > 0.

To prove the other implication, let assume that fora A € Bj, t £ r'(A),
say that VX (t) /v has notinverse. Then there exists y € Vit Iyl =1
such that VX(t)/VAL (7) = 0, and this implies ¢, (t) = 0.

Now let us prove that

(te DY) < (¢(t) > 0) (3.14)

Indeed by Remark 3.1.3 and equivalence (3.13), we have the following
equivalences

(te D) <= (A €Bj,tel(Ad) <= (IAeBj, Pr(t)>0)
= (¢(t)>0)

We are going to built a partition of unity of D}, whose support inter-

sected with D% will be included in T'(A), for all A € B; . We will denote
this partition by 7, .
Firstly let us consider the function x,(t) = (2¢,(t) — ¢(t)) ™. Since ¢,
and ¢ are Lipschitz functions, it results that 2¢, — ¢ remains Lipschitz.
It follows that the function x, is also Lipschitz and a fortiori continu-
ous.

Let us show that

(t € DY) = (Z xa(t) > 0) (3.15)

)\EB]'

Consider t € DY%. Let assume that A% xXA(t) = 0 and let us prove
€5

that we get a contradiction. Since Y x,(t) =0, forall A € B; we have
)\GB]'

then x, (t) = 0, thatis ¢, (t) < 1¢(t). This implies because this inequal-
ity holds true for all A € Bj, that ¢(t) < 1¢(t) and ¢(t) = 0, which is in
contradiction with the equivalence (3.14).
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Letset forallt € D%,

m(t) = % (3.16)

/\EBj

that is possible from property (3.15). Now it is easy to see that 7, is
continuous on DY since yx, is also continuous on D¥.

It remains only to prove that the support of this function intersected
with D% is included in T'(A).

For all C > 0, let us build an open set O¢ around of

(T(A)2n{teD,¢(t) > C},

contained in the set

More precisely, let us prove that for a given C > 0, if 6 < % (with L
being the Lipschitz constant of the function VX), then

(T(A))sn{teD: ¢p(t) > C} C {te D: x\(t) =0}

where for all set A we have defined the open set A; = {x € R? :
d(x,A) < d}.

Thus let C > O be fixed and t € ((T'(A)))s;N{t € D: ¢(t) > C}. Since
t € ((I(A)))s, then there exists a t’ € B(t,4) such thatt’ € (I'(A))“
(and also such that ¢, (') = 0 as a consequence of the implication
(3.13)). Then we have, since ¢, is Lipschitz with Lipschitz constant
L that

Pa(t) < [@a(t) — ga(t)] + ga(t)

< Lie-ella<Li<s,

hence 2¢,(t) < C < ¢(t), and this entails that x,(t) = 0. We have

proved that for all C > 0 and for all § < %, we have the inclusion

{te Dx:xa(t) #0} ={te Dx: m(t) #0} C
((((T(A))s) N Dx)U{t e Dy : ¢(t) < C},
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where we recall that the symbol ¢ denotes the complementary set with
respect to R%.

Noting that (((I'(A))“)s)¢ is a closed set contained in I'(A) U D¢, we
have

supp(2) C [(F(A) UD) N D5JU (Nesoft € D« ¢(t) < C}),

that is

supp(7a) N D C T(A) U (Neso{t € D% : ¢(t) < C} N D).

It will be enough to finish to prove that Nc-o{t € D% : ¢(t) < C} N
D% = @. Indeed, consider z € Nc~o{t € D% : ¢(t) < C} N D%. Then
z € D% and for all C > 0, there exists a sequence of points z, ¢ of DY,
satisfying ¢(z,c) < C and that converges to z € D%. Since the func-
tion ¢ is continuous on D and also on D%, it holds that ¢(z) < C. This
last inequality is true for all C > 0, then we get that ¢(z) = 0. From
property (3.14) we readily get that z € (D% ). Butz € D%.

We have proved that

supp(nx) N D% C T'(A). (3.17)

In this form we have for t € D%, Y(t) = ¥ m()Y(t) = X Ya(t),
AEB; AEB;

where we have set for t € D%, Y, (t) = 17, (t)Y(t).

The function Y), is a continuous function on D with compact support
included in T'(A), from the inclusion (3.17) and since supp(Y) C D% by
hypothesis.

We have for all y € R/

Y dO'd
/Cﬁ’r (y) (2)doa—j(=

the continuity of the left hand side integral as a function of the y vari-
able is a consequence of the continuity of each of the terms of the sum
in the right hand side. This last fact is an application of the above pro-
cedure.

This finish the proof of Theorem 3.1.2 in the case where we have chosen
the bounded open set D; of R? equal to D convex (bounded).

Z/(/,D, z)doy_i(z),

AEB;
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Let assume now that D is a convex open set of IR, that can be un-
bounded. The function X : D C RY — R/ is a function C'(D,R/) such
that VX is Lipschitz and the function Y : D; C RY — R is a continuous
function defined on D1 open and bounded set of R? included in D such
that supp(Y) C DY, -

In this case the function X restricted to the bounded open set Dj, that is
X /Dy, is such that X/D; : D; € R? — R/ is still a continuous function
C!(Dy,R/) such that VX /D is Lipschitz.

One can apply the precedent procedure to these two functions X/D;
and Y and also to the open set D;. The only problematic thing is that
a priori the set D; could not be convex, but this is not a true problem.
Indeed, if we refer to page 40, the only place where we used the con-
vexity of the open set, we realize that what is important is to be able
applying the Rolle’s theorem to the function & that is defined there and
using the fact that the function VX is Lipschitz. Since D; could not be
convex, we did not be sure to can do that, but this is not the case if one
works on D that is convex.

Ending the proof of the theorem. O

Now we are able to exhibit a class of processes X and Y satisfy-
ing the hypotheses Hy and Hy4 through the following condition Ay and
the following proposition whose proof is based on the one given by
Cabafia [11]. In what follows we will give a new proof slightly more
general that the original one.

e Ap X:OxD C OxR? - R (j < d)isarandom field that
belongs to Cl(D, R/ ), where D is a bounded open convex set of
RY, such that for almost surely w € (), the process VX (w) is
Lipschitz with Lipschitz constant Ly (w) satisfying E(Lx(-))¢ <
+00. Also Y : QO x D C Q x R? — R is a continuous process such
that there exists a A € B; such that supp(Y) C I'(A). Moreover,
H(VX(')/VAL)_” la,j, Y(-) and |[VX(-)|;4 are assumed uniformly
bounded on the support of Y, the bounds not depending on w
(e O).

Proposition 3.1.1 If X and Y satisfy the condition Ay, then the hypotheses
H; and Hy are satisfied.
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Remark 3.1.5 We can replace in Ag the condition E(Lx(-))4 < oo for
the following, there exists a L > 0 such that for almost surely w € ),
the hypotheses supp(Y(w)) # @ implies that Lx(w) < L, then the
hypotheses H; and Hy hold.

Remark 3.1.6 We can generalize the Proposition 3.1.1 and also the Re-
mark 3.1.5 assuming that D is an open and convex set eventually un-
bounded and maintaining the same hypotheses on X. Furthermore for
Y we will assume that it is defined on D; bounded and open set in-
cluded in D. Moreover, we need to adapt the hypotheses for Y to the
open set Dy in place of D and to X/ D;. The hypotheses Hy and Hy will
be still hold for X /D7 and Y defined on D;.

Proof of the proposition 3.1.1. For almost surely w € Q) the field X(w) :
D ¢ R - R (j < d) belongs to C'(D,R/) such that VX(w) is
Lipschitz and Y(w) : D € R? — R is a continuous function such
that supp(Y(w)) C T(A)(w) C DY, and D is an open and convex

bounded set of RY. According to the Theorem 3.1.2 the function
y— |, Y(@)(x)doaj(x)
C)l?(w) (y) !
is a continuous function of the variable y.
The same is true for fCD(’ e Y (w)(x)|dog_;(x).
X(w
Let us bound by above |, ' (y) |Y(x)|doy—;(x) by an integrable random

variable that does not depend on y. Then according to the dominated
convergence theorem hypotheses Hy and Hy will be fullfilled.

Since supp(Y) C I'(A), we can built a partition of unity of supp(Y) in
the same form as in page 34 getting as in (3.4)

Y(x)doy_;(x) =

/Cg,m (x)day—;(x)

Y- [ 7 ()Y (27 (Ra)) (det( Vi 3 (%) Vi 4 (%)) 2 .
i=1 X;

Consider X, fixed in RQ]_ such that m(ﬁA) esupp(Y),i=1,...,m.
We have det(Vity x (1) Vi v (%1)7)12 < || Vatax (%) |44 ;
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Let us bound uniformly ||Va; x;(X)))|[4,4—j, for all X, in RQI, such that
—

%1%, (Xr) € supp(Y).

For all X, € R}, we have X (pr Ax(X1)) = y. Taken derivatives in this
equality on the open set R} x» We obtain

VX (@00 (X0)) X Vitre (X)) = 0.

By using the equality (3.3), also that m (X)) € T(A), forall u € R4,
u=(uy,--- ,ud,]-) it yields

Vit (%) (w)
- d—j
= — [VX@L &)/ 1(vx<mm>>/w<zjukak>)
k=1

d—j
+ Z Uge;, .
k=1

Since | ](VX(-)/VAL)*1 |a,j, Y(-) and [[VX(-)];4 are uniformly bounded
on the support of Y and the bound does not depend of w, then we have

ch’ x)|dog_ ]( X)

m
<C / 2 70 (@ (R)) L ) esupp(v)} Lgoery y 4%
Iy, (D) i=1 ! i

For w € Q) and X, € Iy, (D), we consider the set A defined by
A= {4 (%) (@), %y € RY (w)

and @, (%)) (w) € supp(Y)(w),i=1,...,m}

We form a partition of set A into equivalence classes. An equivalence
class A;, forig = 1,...,m, is the set defined as

Aiy = {@3 (&) (W), %1 € R (@) NRY, (@) and &y (%) (w)

= OTXI.O)(QA)(w) esupp(Y)(w),i=1,...,m}.
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By property 3. page 34, we have the following property Y/ ; 7;(x) =1,
x € supp(Y). Also into each class we bound the corresponding sum by
one. Now it only remains to count the maximal number of equivalence
classes.

For counting the classes let us take two elements belonging to two dif-
ferent classes. For fixing the ideas we will take for instance

t= . (%)) (w), %) € R (w) and @y, (%)) (w) € supp(Y)(w)

and
s = M(ﬂ)(w), X, € Rﬁj(w) and m(%\)(w) € supp(Y)(w),

i,j=1,---,mand t #s.

It is clear that t and s are two different elements of R, they have the
same projection on V) and belong to the level curve C? (y). By re-
peating the proof given in page 40 and since t € supp(Y)(w) and that
[(VX(+) /VAL)*1 ||4,j is uniformly bounded on supp(Y) by a constant C,

we have the following bound

1< O IVX (@0 (%) +007) (@) — VX (0 (30)) (@) 2

But for almost surely w € ), VX(w) is Lipschitz with Lipschitz con-
stant Ly (w), we obtain

1<jC% (w)o* (w),

where 0 = maxy—,... ; 0y
As in inequality (3.10) we finally get the following bound

1
l|s —t||s = o0o(w) = o(w) =

~ VjCLx(w)

The open ball with centers t and s and diameter a(w) do not intersect.

We have at most (%ug)m)d balls of diameter a(w) and then at most

( diam(D)
a(w)
Finally for almost surely w € ():

Y(w)(x)|doy_;i(x gc/ %ddﬁ
fir o MWl < [ W) )" %,
< Coy_j(Ily, (D)) (diam(D)+/jC) 119 (w) < CLY (w).

=a(w).

)¢ equivalence classes.



51

Since E(Lx())? < 400,y — E [fc)?r(y) Y(x)dad,]-(x)] is continuous.

The same holds true for [E |:fc)1?r 5) |Y(x) |d(7d,]-(x)} .

Then the hypotheses H; and Hy have been checked. This ends the proof
of the proposition. O

Proof of the Remark 3.1.5. It is enough to replace in the proof of the
preceding proposition Lx(w) by L and a(w) by Jier In this case for

1
iCL
almost surely w € (), we have the bound

Y (w)(x)|doq—j(x) < C.
/CQ(“,)(y) !
and this implies the integrability. O

Proof of the Remark 3.1.6. We prove this remark in the same way as in
the proof of Proposition 3.1.1. As in the proof of Theorem 3.1.2 we use
that the open set D; is contained in D that is convex. This allows us
applying, as in page 40, the Rolle’s theorem and the fact that VX is
Lipschitz on D. O

We will study now the hypotheses H,, H; and Hs and will show the
following proposition that is also deeply inspired by Cabafia [11].

In what follows we will exhibit a class of processes X and Y satisfying
these hypotheses. So we are going to set out some conditions concern-
ing the processes X and Y.

In the first three conditions A1, A; and Az, we will make the hypothesis
that Y can be written as a function G of X, VX and of a new variable
W:QxDc R — R k € N*, where D is an open set of R?, in the
following form: for almost surely x € D:

Y(x) = G(x, W(x), X(x), VX(x)), (3.18)

where ‘ )
G:DxRF xR/ x £(R", R) — R

(x,z,u,A) — G(x,z,u,A),

is a continuous function of their variables on D x RF x R/ x £(R%, R/)
and such that ¥ (x,z,u,A) € D x Rf x R/ x £(R%, R/),

G(x,z,u, A)| < P(f(x), |[2l[x 1(u), [[Allja),
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where P is a polynomial having positive coefficients and f : D — R™
and i : R/ — R™ are continuous functions.

e Aj: The process X : QO x D C Q x R — R/ (j < d) is Gaussian
belonging to C! on D, such that there exists a real a,0 < a, such
that for almost surely x € D, 0 < a < infj,| [V (X(x)) x zl];.
Also the first order partial derivatives of its covariance I'x are
bounded almost surely over the diagonal contained in D x D.
Moreover, for almost surely x € D, the process W(x) is indepen-
dent of the vector (X(x), VX(x)),andVp € N,¥Vn € N,V{ €N
and Vm € N

/f” E(IW ) EVX G0l 4) B(IX ([} dx < +eo.

e Ay Forall x € D, X(x) = F(Z(x)), where F : Rl — R/ is a
bijection of class C!, such that Vz € R/, the Jacobian of F at z,
Je(z) satisfies Jr(z) # 0 and the function F~! is continuous. The
process Z : O x D C O x R? — R/ (j < d) is Gaussian of class
C! on D in such a form that there exists a real @ > 0, such that for
almost surely x € D, 0 < a < mfqu 1 [[V(Z(x)) x z||;; the first
order partial derivatives of its covariance I'; are bounded almost
surely on the diagonal contained in D x D. Morever, for almost
surely x € D, W(x) is independent of the vector (Z(x), VZ(x)),
andVpeN,VneN,V/c NandVm € N

/f” E([[WO)I7) E(IVZ()1]0) E(IZ(x)[}") dx < +oo.

e Az Forall x € D, X(x) = F(Z(x)), where Z : QO x D C Q x
RY — R/ is Gaussian of class C! on D, with mean mz(-) =
E(Z(-)) bounded on D, and such that there exist reals a and b,
0 < a < b such that for almost surely x € D,

0<a< inf HW( (x)) xz||; < sup ||[V(Z(x)) x z||; < b;

|zl];=1 |z]|;=1

the first order partial derivatives of its covariance I'; are bounded
almost surely on the diagonal contained in D x D. Moreover, for
almost surely x € D, W(x) is independent of the vector
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(Z(x),VZ(x)) and we assume that this last vector has a density
denotedbypz( 0,vz(x) () FinallyVp € N,Vn € Nand v/ € N

/ FPOOE(IWIR) E(IVZ(X)[}4) dx < +eo.  (3.19)
The function F must satisfy assumption (F) that is:
- (F)F: R — RJ (j < ') is of class C?, furthermore defining
Ay ={1,2,...,j'} there exists A = ({1,05,...,4;) € A;,, U <
lr < ---,Lj,such that Vz € R/,

o d(Fy, ..., F)
TN (z) = det (a(zéllzgz,,..,]zej) (Z)> # 0.

For simplicity reasons let us assume that A = (1,2,...,j) and
let us denote Jr(z) instead of | 1(?)‘) (z).
Moreover, Vv € R/ 7/, the function F, defined by
F,: R — R
ur— F(u) = F(u,v),

is an invertible function whose inverse denoted F, ! is as-
sumed to be a continuous function of the variable u.
Also, V¢ € N and Vu > 0, the function T; defined by

T): R — RY
ur— Ty(u)

1 —ullzll3 1 ¢
=/ 7= [|VE(E, Y (u),2)][¢ . dz
R’ |Jp(F, 1(u),z)| 1 5.20)

is continuous.

e Ay4: For almost surely (x,y,x) € D x R x RY and for all u €
R/, the density Py (x),X(x), VX(x) (y,u,x) of the joint distribution of

(Y(x), X(x), VX(x)) exists and is continuous in the variable u.
Moreover
U|—>/ ,/]R R ‘yH’ Hd]pY )(y,u X)dxdydx

is continuous.
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Remark 3.1.7 e It is interesting to notice that condition Aq (resp.

A, resp. A3) contains the case where the processes X and Y sat-
isfy Vx € D, Y(x) = G(x, X(x), VX(x)) and also the case where
Y(x) is independent of (X (x), VX(x)) (resp. Y(x) independent of
(Z(x), VZ(x))).

Note also that condition A4 is satisfied for instance in the case

where, Vu € R/, there exists a neighborhood V,, of u and a func-
tion h, such that

/D /]RxJRdJ' |y”|k|’{11'h“(x’y"") dxdy dx < +oo,

and such that for all z € V,, and for almost surely

(% y,%) € D x R X RY, Py x(0vx0x) ¥ 2 %) < hulx,y,%).

In fact, these hypotheses are the ones which we need for apply-
ing the Lebesgue dominated convergence theorem that allows ob-
taining the continuity of the function

u»—)/ /]R Rl lyllI% depy x(o (¥, W, %) dxdy dx.

We are now able to show a class of processes X and Y satisfying the
hypotheses H,, H3 and Hs through the following proposition.

Proposition 3.1.2 If Y satisfies the condition (3.18) and if X and Y satisfy
one of the three conditions A1, Ay, Az or if X and Y satisfy condition Ay,
then the hypotheses Hy, H3 and Hs hold.

Proof of Proposition 3.1.2.

1. Let us first assume that the processes X and Y satisfy condition

A;. Let us show that the hypotheses H3; and H; are satisfied.
Since X is Gaussian and that for almost surely x € D,

inf ;). -1 |V(X(x)) x z||; = a > 0, the distribution of vector X(x)
is not singular with density py, (-). Moreover, u — Px(x) (u) is
continuous and it is bounded by above, that is there exists a real
M such that for almost surely x € D and for all u € R/,

P (1) < M. (3.21)
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The hypothesis Hj is satisfied.
Let us show that the hypothesis Hs holds.
Since for almost surely x € D,

Y(x) = G(x, W(x), X(x), VX(x)),

by using the hy_potheses on G and since for all A € S(JRd, Rj),
H(A)<C HAH;.,d , for all u € R/ we have

E[Y()H(VX(x))[X(x) = u]
= E[L(x, W(x), X(x), VX(x))|X(x) = u],
where L is a continuous function of all its variables belonging to
D x RF x R/ x £(R%,IR/) and such that V¥ (x,z,u,A) € D x RF x
R/ x £(R%,R/),
1Lz, u, A)[ < Q(fF (%), [|2]lk h(w), [|Alja), (322)

where Q is a polynomial with positive coefficientsand f : D —
R* and / : R/ — R+ are continuous functions.

For almost surely x € D fixed, let us consider the regression equa-
tions: fors € D

X(s) = a(s)X(x) +&(s),

Va;(s)X;(x) + VE(s), (3.23)

-

VX(s) =
i=1

where (&(s), V{(s)) is a Gaussian vector independent of X(x).
In particular, a(x) = Id;.
A covariance computation gives

a(s) =Tx(s, x) x Fil(x,x),

where we recall that I'y stands for the covariance matrix of X.
Thus foralli,m =1,...,jand ¢ =1,--- ,d,

al'x

8754(5' x) X T (%, X)) mi

(Vai(s))em = (
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In particular for almost surely x € D, i,m = 1,...,jand { =
1,---,d,

arx
8515

Since for almost surely x € D, inf},) _; [V(X(x)) xz|[; 2a >0
and the first order partial derivatives of the covariance I'x are
bounded by above almost surely on the diagonal contained in
D x D, we get that there exists areal M such that foralli =1, ...,j
and for almost surely x € D we have

(Vai(x))em = (5 (%,%) X T (%, %)) mi-

[ Vai(x)[[ja < M. (3.24)
For u € IR/ let set
Gxu(w) = [ EY()H(TX(0)|X(x) = u] py s (u) dx.
With the above notations we obtain then
G w) = [ EIL(x W (x), X(x), VX (x)X(x) = u] py g (u) dx.

Since for almost surely x € D the random variable W(x) is inde-
pendent of the vector (X(x), VX(x)), using (3.23), this yields that

GX,L(U) =

]
Lo Lo W) (@), w, 3 V() (= Xi() () + VX(9)(w)

i=1
X Px(x (W) dP(w) dx.

We have then eliminated the conditioning in the conditional ex-
pectation appearing into the integrant.
Now since for almost surely x € D, the function u — py,, (u)

is continuous and since the function L is also continuous then for
almost surely (w, x) € Q) x D, the function

u—

j
Lix W(x)(w), u, ; Vai(x) (w0 = Xi(x)(w)) + VX(x)(w)) Px(x) (W),
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is continuous.
Morever using the bounds (3.22) and (3.24), we get that for almost
surely (w,x) € Q x D,

IL(x, W(x) (@), 1, Xy Vay(x) (u; — X;(x) (@)) + VX(x) (@))| Py (W)

< S(FO) [IWE) (@) [k £(w), [|X () (@), [[VX () (@) ] )

where S is also a polynomial with positive coefficients and ¢ :
R/ — R7 is a continuous function.
It is clear that for almost surely (w, x) € Q x D, the function

u = S(f(x), [[Wx) (@) |k, £(w), [ XC) (@) ], [V X (x) (@)]]j.0),

is continuous. Furthermore, we know that for Vp € IN,Vn € IN,
V¢ e Nandforallm € N,

/f"’ E([[W0o17) E(IVX ()] [f0) E(IX(x)]]]") dx < +oo.

Moreover recalling that
[ SUOIWGR) @)l ), [1X6) (@)1l
IVX(x)(w)]]j,4)dP(w)dx

= [ B0 IW e ), X3 ] [[TX(0)1 1))

and since the function u — ¢(u) is continuous we obtain that the
function

u—
/DxQ S(f0) WO (@)l £(w), [[X )], [[VX () (@) ]].a)dP(w)dx,

is continuous.

A weak application of the Lebesgue dominated convergence the-
orem allows to conclude that the hypothesis Hs holds true.

A similar proof can be made to show that the hypothesis H; is
also satisfied. This ends the first part of the proof.
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2. Let assume now that the processes X and Y satisfy condition A,.

Let us prove that hypothesis Hj is satisfied.
In the same form that in part 1) of the proof, since Z is Gaussian
and given that for almost surely x € D,

It [IV(Z(9) xzll; > >0,
z =

the distribution of the vector Z(x) is non singular with density
Pz(x) (+). The hypotheses on the function F entail that for almost
surely x € D the vector X(x) has a density py,,(-) given by for
allu € R/:

Px (W) = Ty P (7 (W)

Let us show that the hypotheses Hs and H; are satisfied.
By using the same notations of part 1), for almost surely x € D
and for all u € R’ we have

E[L(x, W(x), X(x), VX(x))[X(x) = u] px,(u) =

E[L(x W(x), F(Z(x)), VF(Z(x)) x VZ(x))|Z(x) = F"\(w)]
<Py (F (W) X [ =
E[L(x, W(x), Z(x), VZ(x))|Z(x) = F(w)]
<Py (F(W) X T

where the function L is defined V (x,z,u,A) € D x RF x R/ x
£(R?, R/) by

L(x,z,u,A) = L(x,z,F(u), VF(u) x A).

It is clear, since F is C! that L has the properties of L, that is L is
a continuous function of its variables in D x R* x R/ x £(R%, R/)
and that

L(x,z,u,A)| < Q(f(x), [|zll h(u), ||All;4),
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where Q is a polynomial with positive coefficients and
h: R/ — R” is a continuous function.
We have shown by using the notations of 1) that for all u € IR/

1
e
|[JE(F~1 (u))]
This leads us to the case considered in 1) where the process X is
replaced by the process Z. The continuity of the function u —
Gxr(u)isa consequence of the one of GZ,Z and the fact that the

function F~! is continuous and F belongs to C!. This ends the
second part of the proof.

Gx.L(u) = G, 7 (F '(u))

. Let us assume that the processes X and Y satisfy the condition Aj.
We need to prove that conditions H, H3 and Hs hold.

Let us prove firstly that for almost surely x € D, the distribution
of the vector (X(x), VX(x)) has a density py,).yx(x) (" ), and let
us compute this density.

First at all consider the following notations.

The matrix sy, = (Si)1<i<o € £(R*,R?), defined by its generic

1<k<u
element s;;, will be identified to the matrix s;, with row vector

S(ou) € R™, defined by

S(v,u) = (51115211 ey S501,512,822, -+« s Sv2s s STUus S2uy - - - 1Svu)-

Using this notation we can introduce the following function

K:R x R'Tx R x RU-DN — RI x RI'T x RiT x RU'=)4

t1 Sj,d
PO (L % L T j,
(= "ty = (ti’—i 1) ST T (Si’—i d>)

— ((F(0) 2; 1) (VE() X 8) .0 8(57—j.a))

The jacobian Jx of this transformation satisfies: V(t,s) € R/ x
R/:

Ji(t,s) = (Je(®)™" #0,
by hypothesis.
Furthermore, since F belongs to C? then K belongs to C!. More-
over, K is bijective having an inverse K~! given by



K1: R xR'7 xR x RU-DN 5 RI x RI'T x R x RO~

t1 Sj,d
t=1(, |;s=(_""
( (fi'—j,l) ° (Si'—i,d>)

-1 . . -1 . -
— (th’—j,l (tj,l)/ tj’—j,l’ [VF(Ft]-/,j,l (ti/l), ti’—j,l)] ji

1

-1 . .
X (sja— [VE(F,! (52)it50)] o X si-ia)isp—ja),
where we have denoted, if A € £(R/,R/), by [A] jj the matrix A

for which we retain only the j first columns and by [A] the

ii'=i
matrix A for which we retain the j’ — j last columns.
For all x € D since

X(x) = F(Z(x)) and VX(x) = VF(Z(x)) x VZ(x),

K(Z(x), VZ(x)) = (X(x); (Z(x))j—1; VX(x); (VZ(x))j-ja) -

We deduce that if for almost surely x € D,
PX ()2 (x))y i VX6 TZ(x)) (+;+;+;+) denotes the density of the
vector

i'=id

(X(x); (Z(x)jr—j,1; VX(x); (VZ(X))j—ja) s
and py(,).yz(x) (+; *) the one of (Z(x), VZ(x)) then

' /i id 7 —i)d
V(u; Zj'—j1;8j,d; Sj’—j,d) ER' xR/ 77 x R x IR(] j) ,
we have

pX(X)i(Z(X))juj,l;VX(X);(VZ(X))j/,j,d(uf' Zj/_j,l}S]',d}S]'/_j,d) =

Pzogvzeo (K (W 2y j158),4;87-j,4))
1
X E . d+1"
|]F( zj’—]',l (u)’ Z]'/*]‘,l)|

Finally, we get the density of the vector (X(x), VX(x)) by inte-
grating this last expression. Hence for almost surely x € D and
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V(u;s4) € R/ x R/ we have

Px(x);vx(x) (0;8j,4) =

—_

/IR/ SIxRE D4 |Jp(Fy (u),Z)\dJrl XpZ(X);VZ(X)<(F;1(u);Z);
([VE(E (w),2)];" % (sja — [VE(E, ! (u),2)]j—
><sjr_]-,d);s]-/_j,d))ds]-/_j,ddz (325)

Remark 3.1.8 It is important to point out that the results shown
above could be obtained by using the coarea formula. We referred
to the reader to Corollary 4.18 page 68 of [28]. However, we have
preferred explicit computations in a way to obtain the exact ex-
pression of this density and also for introducing some notations
useful in what follows.

Now for u € R/, set as in part 1)
G (u) =
| EYGOH(VX(0)[X(x) = u] pyy) (w) dx
= [ BILGx W(x), X(x), VX(0)[X() = u] Py (w) dx.

Since for almost surely x € D, W(x) is independent of

(X(x), VX(x)),

we get Vu € R/,
Gx,L(u) =

-/D><IRfd IE[L(X, W(x)/' w; s, d)]px( )V X (x )(u,' Sj,d) de,d dx

= Jo et e e T
x E[L(x, W(x); u;8j,4)] X Pyx)v700 (Fr ' (0);2);
(IVF(E (w),2)7! % (sja— [VE(Fy a2l %34l
Sj'_j,d))ds;adsj _j adzdx
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In the last integral where the domain of integration is R, main-
taining (sj_j4;2;X) € RU'=D4 x R/'~1 x D fixed, let us make the
following change of variable

via = [VF(E ' (), 2)];! x (50 — [VF(E (), 2)]

we get
S EILOG W) 1383V P 20200 (B (w)2); (IVE(E, (), 2)]!
x(sja— |VF(E () 2)] s

/IR CE[L(x, W(x);w; [VE(F; Y (u), 2)]; Vi

J
+HIVF(E " (w),2)]j % sj— )]
xPzvzix (F ' (w),2); (viaisy—ja)) x Jr(E, " (u),2)| dvjq =
- -1 Vid
[ Bl Wi VE(E w2 (52 )
*P2(x);v2(x) ((F; H(w), 2); (Vi Si’—ird)) < e(E (), 2)ldv,a

Finally Vu € R/,

Sus) = [ o rr T
i EIL (3 W0 9 a2 ()1

_ Vi
Pzx);vz(x) <(Fz 1(“)/2); <Sj/i;id>> dvjqdsy_jq dzdx

:// S

DRI |JE(F;  (u),2)]

/ LEL (x W50 VE(F; H(w),2) % sj.4)] %

R]/d 7
pz(x);vz(x)((Fz’l(u),z);sj/,d) dsjqdzdx. (3.26)

A slight modification of this proof or the use of the coarea formula
given in Corollary 4.18 page 68 of [28], show in first place, that for
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almost surely x € D the vector X(x) has a density py(, () given
by: forallu € R/

X pZ(x)(F;l(u>/Z) dZ,

1
Px(o (W) = /]Rf'—f Ve (B (w), 2)]

this implies the hypothesis H3. Moreover, this density is a contin-
uous function of the variable u.

Indeed, using the hypotheses on Z, we get the existence of a num-
ber A > 0 such that for almost surely x € D and for all (z,u) €
R'-1 x R,

ME @D o,

Al
4

C M @) 2]
Ce (3.27)

since the function my(-) is bounded on D.
Furthermore, using the hypotheses satisfied by F and the process
Z, for almost surely z € R/~ and x € D, the function

u X Py (Fy ' (0),2)
\Je Z(x)

(F; ' (u),2)|

. . . —Allz|3 .
is continuous and also the function u — 1 I H,/ i,

—
Jp(E (w) 2)]
By using that the function u — Ty(u) is continuous for £ = 0 (see

in the hypothesis A3, the equality (3.20)), an application of the
Lebesgue dominated convergence theorem allows to assert that
for almost surely x € D, the function u — py (u) is continuous.
The hypothesis H3 holds.

Now coming back to the definition of Gx 1 (u) given by the equal-
ity (3.26), note that Gx 1.(u) can be written as

1 _
GxL(u) = /D/IRH e ) 2)] P2y (Fr ' (), 2)

E[L(x, W(x),u, VF(F, }(u),z) x VZ(x))/Z(x)
= (F, Y (u),2)] dzdx.
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In the same form that in part 1) of this proof, for all s € D we
do the regression of Z(s) with respect to Z(x) for almost surely
x € D so

Z(s) = a(s)Z(x) +&(s),
VZ(s) = 2 Vui(s)Zi(x) + VE(s),

i=1

where (¢(s), V{(s)) is a Gaussian vector independent of Z(x).
Using the hypotheses on the process Z, we get as in the part 1)
of this proof the following inequality: M € IR such that for all
i=1,...,j and for almost surely x € D we have

[ Va;(3)||j,a < M. (3.28)

Moreover, for almost surely x € D and using that W(x) is inde-
pendent of (Z(x), VZ(x)), we get that for almost surely x € D,

Gx,L(u //le S TrE ) 2] X Py (Fr ' (w),2) %
E[L(x, W(x), u,VF( L(u), z) x

J
(; Vai (x)[((F; ' (w),2))i = Zi(x)] + VZ(X)) )] dz dx.

As in part 1) we have turned non conditional the conditional ex-
pectation appearing into the integral and

GxL(u //]R] TR E ) 2)] X Py (F ' (w),2) %
L(x, W(x)(w ),u,VP( F, ' (u),2)%
;
(; Vai()[((F; ' (),2))i — Zi(x) (w)] + VZ(x)(w)))dP(w)dzdx

:/D/]R]_,_j/of(u,w,z,x)dp(w) dz dx

By the hypotheses satisfied by Z and F and since L is a continuous
function, we obtain for almost surely (w,z,x) € Q x R/~ x D,
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that the function u — f(u, w,z,x) is continuous. Let us bound
now the expression f(u, w, z, x).
By using the bounds (3.22), (3.27) and (3.28) we get that for almost
surely (w,z,x) € Q x R’/ x D,

f(uw,w,z,x)|
C —M(F(w),2)| 13
—— e "X R(f(x), [[W(x)(w)][x, h(u),
Je(Fz (u), 2)|
IVF(E, (), 2)|]j,, ||(F, " (), 2)]]5,
[IVZ(x)(w)]]j1a, 1 Z(x) (@) ]]),
where R is a polynomial with positive coefficients and / : R —

R is a continuous function. ‘
By using that ¥z € N, IM,, > 0 such that Vy € R/,

<

A/ZHYH,/ % HyH;ql <M,

we get that for almost surely (w, z,x) € Q X R/~ x D,

|f(u,w,z,x)|
€ el iy R
Jr(E(u),2)] X S(f(x), [|W(x)(@)]|x, h(w),
IVE(E (w), 2)|1;,, [[VZ(x) (@) ], 11 Z(x) (@)]])

= g(u,w,zx),

where § is again a polynomial with positive coefficients and y =
A

5 > 0.

2

It is clear that g is a continuous function in the variable u for al-
most surely (w,z,x) € Q x R'/ x D.

In one hand, by using the hypothesis on Z and also the hypothesis
(3.19) we havethat Vp € IN,Vn € N,V/ € N and Vim € IN,

/f” E([[WOOI7) E(IVZ)|1),4) E(IZ()1]!) dx <

C/f’” E([[WOOIF) E(VZ()]]j,4) dx < +oo.
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Moreover, let us recall that

,w,z,X)dP(w) dzdx =
/D/]R]_,_]_/Qg(uwzx) (w)dz dx

/‘ C ~pllelly_
R |Jr(E (u),2)]

/D E[S(f(x), [IW )k, 1(w), [[VE(E (w), 2)] |, IV Z(X) ],
1Z0GO] )] dx dz

In the other hand, since for all ¢ € IN the functions h and T, are
continuous in u, we obtain that the same is true for the function
ur [ fri-i Jo 8w w,z,x) dP(w) dz dx.

By applying the convergence dominate theorem we get that hy-
pothesis Hs holds true.

A similar proof allows us to show that hypothesis H; is also sat-
isfied. This ends the third part of the proof.

. Let assume now that the processes X and Y satisfy the condition

A4. Let us show that the hypothesis Hs holds true, since the hy-
pothesis Hj is clearly satisfied.
Foru € R/,

| EYOH(TX()IX(3) = u] py (1) dx =
/D /JR><]R'1/ y H(X) py(x)/X(X),VX(x) (yr u, X) dx dy dx

Using the hypotheses on the density py(y) x(x) vx(x) (¥, W %), we
obtain that the function appearing into the integrant is a con-
tinuous function of the variable u, for almost surely (x,y,x) €
D xR x RY. _

Besides, since for all A € £(RY,Ri), H(A) < C||A] ];/d , readily
we obtain the following bound for all u € R/, and almost surely
(x,y,%x) € D x R x R¥,

Y1 H(X) Py (x), x(x), v x(x) (¥ 0 %)

< Cly XM Py, x 0, wx00 (V&%) = 8(x,y, 0, %).
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Now it is clear that for almost surely (x,y,x) € D x R x RY, the
function u — g(x,y, u, Xx) remains continuous and also by hy-
pothesis the function u — [ [p 4 8(X, ¥, u,X) dx dy dx.

The dominated convergence theorem allows to get that the hy-
pothesis Hs holds true. The same holds for the hypothesis H,.
This ends the proof of Proposition 3.1.2.

3.2 Rice’s formula for all level

We have given before conditions for some classes of processes X and Y
satisfying the hypotheses (Hy, Hy), or (Hz, H3, Hs).
Now we will provide a class of processes satisfying the hypotheses H;,
i = 1,5 simultaneously and will prove a proposition and then a theo-
rem giving conditions on X and Y allowing the validity of the Rice’s
formula for all level. We must recall that Proposition 3.2.1 that follows
was proved in 1985 by Cabafia [11]. Our proof is deeply inspired by
this work.
The difficulty is in fact to exhibit a class of processes Y sufficiently large
enough ensuring hypotheses H; and Hy, hypotheses H,, H3 and Hs
being more simple to obtain. In this aim, that is to exhibit a class of pro-
cesses verifying hypotheses Hy and Hy, we required the only tool we
provided before, that is using Proposition 3.1.1. Our objective is then to
construct a class of processes Y satisfying assumption Ay, that is such
that Y is a continuous process for which there exists a A € B; in such
a way that supp(Y) C T(A), [[(VX()/ )" gz Y(-) and [[VX()]ja
are uniformly bounded on the support of Y.
These assumptions being very demanding, the idea consists in given
a process Y verifying hypotheses A;, i = 1,4, so that by Proposition
3.1.2 verifying hypotheses H, H3 and Hs, approaching this last one for
tixed n € IN*, by a process Y™, defined as Y(") = ¥ Y)(L”), where Y)(L”)
AEB;
is still verifying hypotheses H,, H3 and Hs and above all assumption
Ao.
In that form, by Theorem 3.1.1 we will be able for fixed n € IN*, to pro-
pose a Rice formula for processes X and Y and for all level y € R/.
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Then we will make 7 tends to infinity to get a Rice formula for X and
Y.

In this aim let X : QxD C QxRY — R (j < d) be a random
field belonging to C'(D,R/) where D is an open set of R?, and let
Y : QOxD C QxR — R be a continuous processes. In the same
form that in section 3.1.1, we define for fixed A in B; and x € Dj,
Yy (x) = n7x(x)Y(x), where 7, (t) was defined in (3.16).
For n € IN*, let us define the random variable Y(") by

Y0 = "),

/\GBj
for x € D , where we define the random variable Y)(L”) by
YU (%) = Ya () fu ) F (Y (X) /) ¥ (|| VX ()] |0/ 1)
Y(1/ (ndpar(x)) Lip, x>0y T2 119, x)=03) Loy (%),

where the function ¢, was defined in (3.11), and ¥ is an even continu-
ous function on R, decreasing on R™ such that

Y(t) = {1’2

t<1
0 t

VARV/AN

and (f,)nen+ is the sequence of functions defined on R¥ to [0, 1] in the
following manner

d(x, D?")
d(x, D7) +d(x,D(m)’

fu(x) =
where the closed sets D*" and D) are defined by

}.

We will see later in the proof of the following Lemma 3.2.1 that the func-
tions (fu)nen+ are well defined, continuous and such that the support
of f,/D is contained in D for each n € IN*. In Lemma 3.2.2 we will
prove that (f,)nen+ is a sequence of nondecreasing functions tending

D™ ={x € IRd,d(X, D) < %} and DM = {x € IRd,d(x, D°) > %
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to one when 1 goes to infinity.

Let us explain a little more the choice in the terms compounding the
expression of Y)E"). The terms

o Y, (%) fu(x)¥(1/ (npa(x)) Lg, (x>0} +2Lyg, (x)=0}) ensures that
YA(") (x) will tend to Y, (x) when n will be tend to infinity as x €
D%, as we will show using the fact that f,(x) tends to one when
n goes to infinity. Then for x € D%, Y (x) will be tend to
e, Yy (x) = Y(x). Furthermore, this implies since for all n €

IN* supp(f,/D) C D, that supp(Y)(Ln)) cI'(A).

o Y((1/n¢xr(x)) Lig, x>0y + 214, (x)—0y) ensures that for all n €
IN*, H(VX('>/VAL>_1 |4, is uniformly bounded on the support of

Y\,

e Y(Y(x)/n)fu(x) ensures that Yﬁn) is uniformly bounded on D
since f,(x) < 1.

e Y(||VX(x)|[;a/n) ensures that for all n € IN*, || VX(-)]]; 4 is uni-
formly bounded on the support of Y/in).

We can now establish the following lemmas.

Lemma3.21 Let X : O x D C QO x RY — R/ (j < d) be a random field
belonging to C'(D,RY), where D is an open, convex and bounded set of RY,
such that for almost surely w € Q, VX(w) is Lipschitz with Lipschitz con-
stant Ly (w) satisfying E(Lx(-))? < +c0. Let Y : QO x D C QO x RY — R
be a continuous process. Then in one hand, for n € IN*, X and Y") are satis-
fying the hypotheses Hy and Hy. In the other hand, if Y satisfies the condition
(3.18) and if X and Y satisfy one of the three conditions A;, i = 1,2,3 or if X
and Y satisfy the condition A4, then for all n € IN*, X and Y") satisfy the
hypotheses Hy, Hz and Hs and a fortiori the hypotheses H; , i = 1,5.

In this form we have provided a class of processes X and Y(") satisfying
simultaneously the hypotheses H;, i = 1,5. Then by Theorem 3.1.1 we
get that for all » € N* and for ally € IR/



¥ [/cD ) YO e (X)]

X

= [ P E Y0 H(TX(x))IX(x) = y] dx.

The idea consists to make 7 tends to infinite. More precisely we can
show the following lemma.

Lemma 3.2.2 Let X : Q x D C Q x R? — R/ (j < d) be a random field be-
longing to C'(D, R/), where D is an open, convex and bounded set of R?, such
that for almost surely w € Q, VX (w) is Lipschitz with Lipschitz constant
Lx(w) satisfying E(Lx(-))% < +o0. Let Y : O x D C QO xR? — Rbea
continuous process. If Y satisfies the condition (3.18) and if X and Y satisfy
one of the three conditions A;, i = 1,2,3 or if X and Y satisfy the condition
Ay, forally € R/,

lim E [ /C - Y(")(x)dadj(x)} —E [ /C v Y(x)dadj(x)}

X

and

dim [ py ) E YO (0H(VX ()X () = y] dx
= [ P @) E[Y () H(TX ()X (3) = y] .

Finally we can establish the following proposition.

Proposition 3.2.1 Let X : QO x D C () x R? 5 R/ (j < d) be a random
field belonging to C* (D, R), where D is an open, convex and bounded set of
IRY, such that for almost surely w € Q, VX (w) is Lipschitz with Lipschitz
constant Ly (w) such that E(Lx(+))% < 4+oco. Let Y : QO x D C QO x RY —
R be a continuous process. If Y satisfies the condition (3.18) and if X and Y
satisfy one of the three conditions A;, i = 1,2,3 or if X and Y satisfy Ay, then
for all y € R/ we have

¥ [/c w T (x)]

= /D Pxeo @) E[Y () H(VX(x))|X(x) = y] dx.
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Remark 3.2.1 In the same way as in Proposition 3.1.1 we can generalize
this proposition by considering that D is an open and convex set not
necessarily bounded, maintening the same hypotheses on process X.
For Y, we will assume that it is defined on D; an open and bounded set
included in D, adapting the hypotheses on Y to the open and bounded
set D instead of the open D and to X/ D;. The Rice’s formula still holds
for all level y € R/ and for X/D; and Y defined on D;.

Proof of the Lemma 3.2.1. Let X : Q x D C Q x R — R/ be a random
field belonging to C' (D, R/) such that for almost surely w € Q, VX(w)
is Lipschitz with Lipschitz constant Ly (w) such that E(Lx(+))? < o0
andletY: Q x D C Q x R? — R be a continuous process.

Let us show that for all n € IN*, the processes X and y () satisfy the
hypotheses H; and Hy.

Let us begin considering for 7 fixed in IN* and for A fixed in B, the pro-

cess Y)(\"). We will prove now that the process X and Y)(\n) satisfy the
condition Ay stated before the Proposition 3.1.1. In this form we will
deduce by using this proposition that these processes will satisfy the
hypotheses H; and Hy.

Let us check that Y/gn) is continuous on D, that is a non trivial fact due
to the presence of the indicator function of the set DY into the defini-
tion of this function. Firstly let us remark that as the sets (D*"),cN-
and (D(”))neN* are closed, the functions (f,),enN+ are well defined and
continuous on R? and then on D. Let us now consider x € (D) and
a sequence (x,)pen+ of points belonging to D that converges to x when
p tends to infinite. We have YA(H) (x) = 0. Let assume that there exists a

subsequence (xp, )xen+ Of (Xp)pen+, such that Y)E") (xp,) # 0, forall k €
IN*. In this case, necessarily GDA(ka) > % for all k € IN*, and since the
function ¢, is continuous on D, it holds that ¢, (x) > % The property
(3.13) implies thatx € I'(A) C D%, giving a contradiction. All the points
except maybe a finite number, of the sequence (x,),en~, are such that
YA(H) (xp) = 0. The sequence (YA(H) (Xp))pen+ converges then towards
zero. Furthermore by using a reasoning similar to the precedent one we
can prove that function x — ¥(1/(n¢(x)) Ly, x)>01 +2 Ly, (x)=0}) 18
continuous on D and then on DY. Then the function Y}(\”) is continuous

on DY that is an open set, yielding the continuity of Y)(Ln) on D.



72

Now let us prove that for all n € IN*, the support of this function is
contained in T'(A), i.e. supp(Yﬁn)) cIr(A).
To prove this inclusion, firstly we will prove that for all n € IN*, one

has supp(f,/D) C D.
Indeed, since for all n € IN* the set D?" is closed, we have

supp(fu/D) = {x € D,d(x,D¢) > %} C D,

the last inclusion is a consequence of the continuity of the distance func-
tion and of the fact that D is an open set.
Hence

supp(Y|") € {x € D,¢a(x) > 2.} N D C {x € D,ga(x) > 5.},
the last inclusion comes from the fact that function ¢, is continuous on
D. Finally the property (3.13) gives us supp(YA(n)) CT(A).

Let us see that Y/gn) is uniformly bounded on its support.

We only need to prove that Yﬁ”) is uniformly bounded on D. Let us con-
sider x € D such that Y/in)(x) # 0. Then necessarily we have |Y(x)| <
2n. Since one has fu(x) < 1and 73 (x)L{xepyy < 1, ]Y)(Ln)(x)| < |Y(x)].
Thus it holds that \Y/gn) (x)| < 2n and yields the result.

Let us show that || (VX(-)/ L )~ *{|4,j is uniformly bounded on the sup-
port of YA(n). We have seen that supp(Y)En)) C {x € D,gr(x) > 5}
Then for x € supp(Y)E")), we have H(VX(X)/V/\L)_l |la; < 2n. Hence
the result holds true.

Finally let us show that || VX(-)|; is uniformly bounded on the sup-

(n)

port of Y;"’. This follows from the following inclusion.

supp(Y,"”) € {x € D, [[VX(x)[[;4 < 21} N D

C {x e D, [[VX(¥)|lja < 2n},

the last inclusion come from the fact that X belongs to C! on D.

Finally the processes X and Y)(Ln)

hypotheses Hy and Hy.

satisfy the condition Ay and then the
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By using that YV = ¥ YA(H) and that [YW| = ¥ ]Y)(Ln)|, it is clear
)\GB] )\GB]

that X and Y satisfy also the hypotheses Hy and Hy.

Let assume now that Y satisfy the condition (3.18) and that X and Y
satisfy one of the conditions A;, i = 1,2, 3. Let us prove then that X and
y () satisfy the hypotheses H,, H3 and Hs.

For almost surely x € D, we have

Y(x) = G(x, W(x), X(x), VX(x)), (3.29)

where G is a continuous function on D x R* x R/ x £(R?, R/) and such
that V (x,z,u,A) € D x RF x R/ x £(R%, R/),

|G(x,z,u,A)| < P(f(x),||z]|x, h(w), |[Al];4)-
Forallm € N*and x € D

Y (x) = AZl;_77A(X)Y(X)fn(X)‘I’(Y(X)/n)‘i’(!IVX(X)\!j,d/n)

Y(1/ (ndpr(x)) L1, (x)>0) T2 Lig, (x)=01) Loy, (%)
We deduce that for all n € IN* and almost surely for all x € D,

Y (x) = My (x, Y(x), VX(x)), (3.30)

where fqr all n € IN*, M,, is a continuous function defined on D x R X
£(R%, IR/). The proof of this last assertion can be made in a similar way

that the one used for proving the continuity of YA(H) on D. Moreover,
¥ (x,y,A) € D x R x £(R,R/),

[Mu(x,y,A)| < Clyl.
By (3.29), we have for all n € IN* and for almost surely x € D,

YW (x) = M,(x,G(x, W(x), X(x), VX(x)); VX(x))
= Gu(x,W(x),X(x), VX(x)),

where for alln € N* and V (x,z,u,A) € D x RF x R/ x £(R¢, R/),

Gn(x,z,u,A) = M, (x,G(x,z,u,A); A).
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It is clear that G, inherits the properties of G and M, that is G, is a
continuous function on D x R¥ x R/ x £(R¢, R/) and is such that

V(x,z,u,A) € D x RF x R/ x £(RY, R/),

Gn(x,z,u,A)| < CG(x z,u,A)| < CP(f(x),[|z]lx h(u), ||Al];a)
= QU (), llzllk h(w), [|All;a),
where Q is as P, a polynomial with positive coefficients and
f:D—>lR+andh:IRj—>lR+,

are continuous functions. Finally Y (") satisfies the condition (3.18) and
X and Y™ satisfy one of the three conditions A1, A, or Aj. By using
Proposition 3.1.2, we proved that the hypotheses H,, H3 and Hs hold
for X and Y("). By using the first part of this lemma we can conclude
that the hypotheses H;, i = 1,5, are satisfied by X and y(®),

Let assume now that X and Y satisfy the condition A4. Let us prove
that for all n € N*, X and Y satisfy Hp, Hz and Hs.

Since for almost surely (x,y,x) € D x R x R% and for all u € R/, the
density Py (y) x(x),vx(x) (¥, 1, X) of the joint distribution

(Y(x), X(x), VX(x))

exists (and is continuous in u) then for almost surely x € D and for all
u € R/, the density py,)(u) of X(x) exists and Hj holds true.

Now by using (3.30) we have for all n € N* and for all u € R/,

Liw) = [ BY"0H(VX(0)[X(x) = ul pyy (u) dx
= [ EIM(x, Y(0, VX () H(VX(x)IX() = u] pyy () dx
= [ EILux Y00, VX ()X () = ul Py (u) dx,

where L, is a continuous function on D x R X R%Y and since for all
A € £(RY,Ri), H(A) < C||A][},, we have Vn € IN* et V (x,y,A) €

. jdr
D x R x £(R%,R/),

Lu(xy,A)| < Cly| [|All],.
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Finally for all n € IN* and for allu € R/,

Lﬂ(u) = /D /]R><]Rdf Ln(x/y/ X) py(x),X(x),VX(x) (y, u, X) dxdydx

In the same form as in the proof of Proposition 3.1.2 (4), the dominated
convergence theorem entails that for all n € IN*, the function u —
L, (u) is continuous. Then the hypothesis Hs holds true. Also one can
get in the same manner the hypothesis H,. This ends the proof of this
lemma. 0

Proof of the Lemma 3.2.2. Let us prove first that for ally € IR/,

lim E { /C - Y(”)(x)dcfdj(x)] —E { /C iy YO0 @31

n—+00

Recall that for all # € IN* and x € D we have

Y (x) = 3 mO)Y) fa ¥ (Y(x)/m)¥ (VX ()| ]j.a/ 1)

/\EBJ‘
Y(1/ (ndpr(x)) L1y, (x)>0p + 2 L, x)=01) Loy, (%).

Notice that forally € R/ and forall x € D,

o Jm YO O)Lep () () = Y Lepr(y) (x)

n——+0o
o YU () [Lepr ) (%) < TY ()] Lepr oy (%)

oY Loy € L'(doy_j @ dP)

Let us establish the first assertion, proving first that for x € D, f,(x)
tends to one when 7 goes to infinity.

Consider x € D. Since D¢ is closed, we have that d(x, D) > 0, and there
exists an integer 1y € IN* such that d(x, D¢) > nio Thus for n > ng, we
have d(x,D¢) > %, that implies for n > ng, x € D™, In consequence
for all n > no, d(x,D(”)) =0, then f,,(x) = 1 for all n > ny.

Finally the first assertion is a consequence of inclusion (3.17), that is for
all A € B;j one has supp(,) N Dy C I'(A). Indeed this last inclusion
implies that for all A € B, for all x € D} NT°(A), 71(x) = 0 and then

forall A € B, for all x € DY, limy— 4o Y)(\”)(x) = 71 (x)Y(x) so that for
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all x € DY, limy 400 Y (x) = (ZAij 1A (x))Y (x) = Y(x).

The last assertion, can be proven in the following fashion. By using
Lemma 3.2.1, we know that X and Y™ satisfy H; , i = 1,5 and in par-
ticular Hy, H, and H3z. The Remark 3.1.1 yields that for all n € IN* and
forally € R/,

¥ [/cg ) Y60l doay (x)}

= [ P @) E [IY (I H(VX()[X(x) = y] dx.

Remarking that the sets (D?"),cN- and (D(”))neN* which define the
sequence (f,)neN- are respectively decreasing and nondecreasing, we
obtain that the sequence (f,)nen+ is nondecreasing. Since the func-
tion ¥ is an even function on R and decreasing on R", the sequence
(]Y"]),en+ is a nondecreasing one.

We can apply the Beppo-Levi theorem and we have for all y € R/

lim 1 [/ng(y) |Y(ﬂ)(x)]dcrd_j(x)} —F ch’<y> 1Y (x)|dog_i(x) | -

Similarly for ally € R/,

Tim 1 [ Py E [[Y 0010, GOH(VX()[X (x) = ] dx

= 1im 1 [ pyy ) E [[Y? 00 [H(VX()IX(x) = y] dx

nt+oo
= [ Pxo @) E Y10 () H(TX(x))|X(x) = y] dx

= [ Pro @) ELYOH(VX(x)) X (x) = ] dx,

the last equality comes from the fact that for all x € D we have
]lDS((x)H(VX(x)) = H(VX(x)).

We obtain then for all y € R/
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E[ [, V0l (0]

= /DPX(X) (V) E[[YC)H(VX(x))[X(x) = y]dx < 400,  (332)

since X and Y satisfy one of the four conditions A1, Az, Az or A4 and
by consequence of Proposition 3.1.2, satisfy the hypothesis Hy.
We have shown that Y - 1opr () € L'(doy_; ® dP). Then by using the

Lebesgue dominated convergence theorem we can deduce (3.31).
Let us show that forally € R/,

dim [ py (0 E Y H(VX(0)X(x) =y dx  (339)
= [ o) E(OH(VX()|X(x) = y] dx.

In the same manner that above, let us notice that for all y € IR/ and for
almost surely x € D,

o lim Y0 (x) H(VX(x)) ) (¥) = Y(x) H(VX(x)) pxx) (¥)

n——+0oo
o Y (x)| H(VX(%)) Py (¥) < [Y()] H(VX(x)) Py (¥)

o E Y| H(VX ()P (9| X(0) = y| < +oo,
The finiteness of the last expression results from that of the second in-
tegral in (3.32).
The Lebesgue dominated convergence theorem allows to write for all
y € R/ and for almost surely x € D,

i (n) _ _

e lim E[Y® (x)H(VX(x)|X(X) = y] Py (y) =
E[Y(x) HVX(x))|X(x) = y] pxx (¥)

Furthermore, forally € R/ and almost surely forallx € D,

o[ [Y () H(VX(x))|X(X) = ¥] Py (9)] <
E[[Y(x)| H(VX(x))|X(x) = ] px((¥) € L'(D,dx),
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the last assertion comes from the fact that the second integral in (3.32)
is finite.

The Lebesgue dominated convergence theorem allows to obtain (3.33).
This ends the proof of Lemma 3.2.2 and this fact establishes the proof
of Proposition 3.2.1. O
This proposition leads us to the next Theorem 3.2.1 and this one allows
us to weaken the hypotheses A;, i = 1,2, 3, in the following form.
More precisely, our goal is to avoid assuming the existence of uniform
lower (or upper) bounds for the variance of process Z appearing in
these hypotheses.

In the three first conditions By, B, et B3, we will assume that Y can be
written as in formula (3.18). Let D an open set of R,

e Bi:LetX: QO x D C QxR — R (j < d) be a Gaussian random
field belonging to C Lon D, such that for all x € D, the vector X(x)
has a density. Moreover, for almost surely x € D, the field W(x)
is independent of the vector (X(x), VX(x)), and Vn € N,

/DIE(HW(X)Hg)dx < foo.

e By: Forall x € D, X(x) = F(Z(x)), where F : Rl — R/ is a
bijection of class C!, such that Vz € R/, the Jacobian of F in z, that
is Jr(z) satisfies Jr(z) # 0 and the function F~! is continuous.
Let Z: QOxD C QO xR! — R (j < d) be a Gaussian process
belonging to C! on D such that for all x € D, the vector Z (x) hasa
density. Moreover, for almost surely x € D, W(x) is independent
of the vector (Z(x), VZ(x)),and Vn € N,

/DIE(||W(x)H,’§) dx < +oo.

e Bs: Forallx € D, X(x) = F(Z(x)),where Z : Q x D C Q x R? —
R/ is a Gaussian random field belonging to C' on D such that
for all x € D, the vector (Z(x), VZ(x)) has a density. More-
over, for almost surely x € D, W(x) is independent of the vector
(Z(x),VZ(x)). Finally, Vn € N

/DlE(||W(x)H;) dx < +oo.
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The function F verifies assumption (F) given in condition Aj.
e By: Is the same condition Ay.
Let us now state the hypothesis Hg.

e Hg: Forally € R,
/ Px(x) Y(x)|H(VX(x))|X(x) = y]dx < +co.

We are now ready to state the following theorem.

Theorem 3.2.1 Let X : QO x D C Q x R* — R/ (j < d) be a random field
belonging to C*(D,R), where D is an open and bounded convex set of RY,
such that for almost surely w € Q, VX (w) is Lipschitz with Lipschitz con-
stant Ly (w) such that B(Lx(-))? < +oo. Let Y : O x D C O x R? = R
be a continuous process.

IfY satisfies condition (3.18) and if X and Y satisfy one of the three conditions
B, i = 1,2,3 and the hypothesis Hg or if X and Y satisfy the condition By,
then for all y € R/ we have

¥ [/cg’<y> Y(x)dos-, (x)]

= /DpX(x) (y) E[Y(x)H(VX(x))[X(x) = y] dx.
Remark 3.2.2 Under the same hypotheses as those of Theorem 3.2.1,

eliminating the condition E(Lx(-))? < +o0 and the hypothesis H6, we
get the following inequality for all y € IR/

B[ [, 0ol 00)]

< /Dpx<x)(Y)1E[IY(X)|H(VX(X))|X(X) =yl dx.

Remark 3.2.3 As in Proposition 3.2.1 we can generalize the theorem
and the Remark 3.2.2 considering that D is an open and convex set
non necessarily bounded but maintaining the same hypotheses about
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the process X. For Y one assumes that it is defined on D; open and
bounded set included in D, then we will adapt the hypotheses on Y to
D; instead of the open set D and to X/ D;.

The Rice’s formula will still hold for all level y € R/ and for X/D; and
Y defined on D;.

Proof of Theorem 3.2.1. Let us consider for all n € IN*, the sets D,, =
{x € RY, d(x,D°) > %} For all n € IN*, D, is an open set included
in D. Considering now the restrictions X/D, and Y/D,. It is clear
that if Y satisfies condition (3.18) and if X and Y satisfy one of the
three conditions B;, i = 1,2,3 then for all n € IN*, Y /D, satisfies con-
dition (3.18) and X/D,, and Y /D, satisfy one of the three conditions
A;, i = 1,2,3, where we have replaced the open set D by the open
set D,,. In fact, it is enough for this to point out that for all n € IN¥,
D, C {x € R%,d(x,D°) > %} which is a compact set contained in D.
The set D,, may be eventually not convex but it holds that D,, C D, and
this last set is convex.

We apply the Remark 3.2.1 which follows the Proposition 3.2.1 to X/D,,
and to Y/D,, (resp. |Y|/D,). We get: Vy € R/ and for all n € IN*,

E

Y(x)do_:(x
/C,B;,X(y) (x)doy_;(x)

= Jp, Pxt0 (¥) E[Y()H(VX(x))[X(x) = y] dx,

and also Vy € R/ and for all n € N*,

E

Y (x)|dog_;(x
Jgr ) 1Y 00t

= ), Px( (V) E[[YO)[H(VX(x))[X(x) = y]dx.

Noting since D is an open set of lR_d, lim,1;0 T D, = D, the Beppo Levi
theorem allows to obtain, Vy € R/
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E[ [, V0l (0]

— [ Py ) EIYRIH(VX()IX(x) = y]dx < +oo,

by using the hypothesis Hg.
We can apply the Lebesgue dominate convergence theorem to get ,
Vy € R/,

¥ [/c o O (X)]

= [ Prw W EY(OH(VX(x)X(x) = y] dx.

D

If X and Y satisfy the condition B4 which is other than the condition
Ay, the above equality is trivial since already settled in the Proposition
3.2.1.

The proof of Theorem 3.2.1 is over. O

Proof of the Remark 3.2.2. In the same way as in the proof of the Lemma
3.2.1, let us define for all n € N*, the r.v. Z(") by Z(") (x) = Z Z ( )

( )

for x € D, where we have defined for A fixed in Bj the r.v. Z}" L by

2\ (x) = Y (x)¥(Lx(-)/n),
(n)

where we recall that we defined the r.v. Y,

by

YU (x) = Ya () fu )F (Y (x) /1) ¥ (|| VX(X)| |/ 1)
Y(1/ (nga(x)) Ly, x>0y T 211, (x)=0}) Ly (%)

Let us note that we cannot work as in Lemma 3.2.1, since we are not
be able of showing that Z)(\") verifies hypotheses H; and Hs. In fact we
cannot apply the results of the Proposition 3.1.2, since we cannot verify
that Z/(\n) verifies assumptions A;, i = 1,4. Indeed for x € D, Zg\”) (x)
depends of all the trajectory of process X via the term ¥(Lx(-)/n).

The processes X and Z/(\”) satisfy the hypotheses of the Remark 3.1.5
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and by consequence X and Z/(\”) satisfy Hy. As in the proof of Lemma

3.2.1, we deduce that X and Z(") satisfy Hj.

Furthermore, assuming that Y satisfy the condition (3.18) and that X
and Y satisfy one of the three conditions A1, A, Az or that X and Y
satisfy A4, the Proposition 3.1.2 allows us to deduce that Hj is satisfied.
By Proposition 2.2.1 we get that for almost surely y € R/

¥ [/c%y) 260l (xﬁ

= [ Pxw ) E [IZVH(VX(x)IX(x0) = ] dx,

thus for almost surely y € R/

¥ [/cézf(y) 2 ldea- (xﬁ

< [ Pxig ) E Y [H(VX () [X(x) =y dx.

Always according to the Proposition 3.1.2 the processes X and Y satisfy
H,. Since X and Z(") satisfy Hy, we deduce that the right and left hand
side terms of the last inequality are continuous as function of the vari-
able y. Then the inequality holds true for all y € IR/.

In the same form as in the proof of the Lemma 3.2.2, by using the
Beppo-Levi theorem we obtain for all y € R/

i TE UcD 12" W14 (x)] -F UCD o V00

VX

We have shown that for all y € R/

E| [, V(o0

S /DPX(X) (V) E[[YO)[H(VX(x))[X(x) = y] dx,

this ends the proof of this remark whenever Y satisfy the condition
(3.18) and that X and Y satisfy one of the three conditions A;, fori = 1,3
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or that X and Y satisfy the condition A4 and then the condition By.

In the case where Y satisfies the condition (3.18) and X and Y satisfy
one of the three conditions B;, for i = 1,3, in the same form as in the
proof of Theorem 3.2.1, we apply for all n € IN* the above inequal-
ity to X/D,, and Y/D,, that satisfy one of the three conditions A;, for
i = 1,3, making then n tends to infinity. The Beppo Levi theorem gives
the looking for result without assuring that the right hand side term is
finite because we do not assume the hypothesis Hg. O

Our goal in this stage of these notes is to propose a Rice’s formula that
holds true for all level but without the hypothesis E(Lx(-))? < +oo
that was given in the Theorem 3.2.1. We will propose in the following
a little better that the inequality appearing in the Remark 3.2.2. To do
this we will replace in that theorem one of the conditions B;, i = 1,4 by
a condition B} slightly more strong. In the three first conditions B}, B
and B3, we will make the hypothesis that Y can be written under the
form (3.18).

More precisely let D an open set of R? and consider the following con-
ditions:

e Bj: It is the condition By, plus the following hypothesis. For al-
most surely (x1,x2) € D x D, the density of the vector
(X(x1), X(x2)) exists.

e Bj: It is the condition B,, plus the following hypothesis. For al-
most surely (x1,x2) € D x D, the density of the vector
(Z(x1),Z(x2)) exists.

e Bj: It is the condition B3, plus the following hypothesis. For al-
most surely (x1,x2) € D x D, the density of the vector
(Z(x1),Z(x2)) exists.

e Bj: It is the condition By, plus the following hypotheses.

u»—>/ /]R Rd}y H Hd]PY ()(y,u, x) dx dy dx,

is continuous.
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For almost surely (x1,X2,X1,%2) € D x D x RY x R% and for all
(u,v) € R/ x R/, the density

PX(x1),X (x2), VX (x1),V X (x2) (W ¥V, X1, X2),

of the vector(X(x1), X(x2), VX(x1), VX(x2)) exists.
Moreover, for all y € R/, the function

(u,v) —

Lo sl el Pxag ) 95000, 000 (0 V251, 52)
dxq dxp dxq dxo,
is bounded in a neighborhood of (y, y).
Let us express now the hypothesis Hg.

e H;: Forally € R/, the function

(W) — | Px(x) X(x) (W V) %

E[H(VX(x1))H(VX(x2))|X(x1) = u, X(x2) = v]dx1 dxz,
is a bounded function in a neighborhood of (y,y).

Finally we can state the following theorem.

Theorem 322 [et X : Ox D C QxR — R/ (j < d) bea ran-
dom field belonging to C*(D,R/), where D is an open and convex bounded
set of RY, such that for almost surely w € Q, VX(w) is Lipschitz. Let
Y:Qx D CQxR?— R bea continuous process. If Y satisfies (3.18) and
if X and Y satisfy one of the three conditions B}, i = 1,2, 3 and the hypothesis
Hg and H or if X and Ysatisfy the condition B}, then for all y € R/ we have

= /D Pxeo @) E[Y () H(VX(x))|X(x) = y]dx.
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Remark 3.2.4 In the same form as in Theorem 3.2.1, we can generalize
this theorem to the case when D is an open an convex set not necessarily
bounded. It is enough to make the same hypotheses for the process X
adapting those of Y now defined on the bounded set D; included in D
to D, instead of the open set D and to X/ D;.

The Rice’s formula will be still true for all level y € IR/ and for X/D;
and Y defined on D;.

Proof of Theorem 3.2.2. For all z € R/, and with the same notations as in
the proof of Lemma 3.2.1 and the Remark 3.2.2, we have for all n € IN¥,

IE/ 70 (x da-x]—]E[/ y o) da-x] -
| [, 12700l 00| ~E | [, 1Y lde ]

E| [y, V010 =L))o ()]

X z

Let us begin assuming that if Y satisfies the condition (3.18) then X and
Y satisfy one of the three conditions A, i = 1,2,3, instead of the three
conditions B; that appear in the conditions B;.
By Lemma 3.2.1, since X and Y satisfy one of the four hypotheses A;,
i=1,4, foralln € N*, X and Y satisfy the hypotheses Hz and H; (

also Hs). By Proposition 2.2.1, we have then for almost surely z ¢ R/
and for all n € IN*

= [ Pxig @ E [V () H(VX(0) X (x) = 2] dx,
and a similar formula holds true for the r.v. Y.

Let us denote for simplicity reasons (2%5 fyyjf f(x)dx> the following

(%y (/yflj . /yfi:df(x)dx) )

where y = (y1,y2,---,y;) and f is a positive or integrable function

multiple integral

defined over IT,_, [y; — 6, yj + 4] and taking real values.
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With this notation and by using the Schwarz inequality we get for all
n € IN*, forally € R/ and forall § > 0:

215/yy2(5 E |:/C'Dr(z) |Z(”)(x)]d(7d_j(x)} _
/DPX(X)(Z)IE \Y(n)(x)\H(VX(x))\X(X) — z} dx| dz <
(EI0 = xO/mDx (g [EL Or 00l

< (Elys [ ”"ad (CY (@))d)h. (334)

Let us consider the second term in the product in the right hand side of
the last inequality

To this end let us remark that if Y satisfies the condition (3.18), and if
X and Y satisfy one of the three condition A;, i = 1,2,3, or if X and Y
satisfy the condition By, it is easy to prove, as in Proposition 3.1.2 that
X and Y? still satisfy the hypothesis H, and Hs.

By Proposition 2.2.1 and since for all # € IN* and for all

x €D, Y (x)] < [Y(x)],

we get the following inequalities, Vn € N*, Vy € R/,

im Sup E X Oq_;(X VAR
0—0 20 CDr( ) =
limsu Y () x)d d
. i g

hmsup y+b/ Px(x) Y2(x)H(VX(x))|X(x) = z] dxdz

5—>0

50 | Pxig () E [POH(VX())X() = y] dx < +oo.

The last convergence comes from the fact that X and Y? satisfy the hy-
pothesis Hy. We will study now the third term in the product in the
right hand side (3.34).
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By Remark 2.1.1 following the Theorem 2 1.1 if we apply the coarea for-

mula to the functions G = X and f = {H yi—Gyitd]) = > 0 and to the
i=11Yi i

borel set B= D, forally € R/ we obtain

y+6
D" _ )
/y (R @)z = [ Ty e BVX(00)dx

If Y satisfies the condition (3.18) and if X and Y satisfy one of the three
conditions A;, i = 1,2,3, instead of the three conditions B; that ap-
pear in the conditions Bj, the additional hypothesis in condition B},
i = 1,2,3, insures that for almost surely (x1,x2) € D x D, the density
of the vector (X(x1), X(x2)) exists. It is enough for convincing itself to
make the computation of the density as in the proof of Proposition 3.1.2
and this yields equality (3.25).

Furthermore, if X and Y satisfy the hypothesis Bj, it is clear that the
density of the vector (X(x1), X(x2)) exists for almost surely (x1,x2) €
D x D.

Finally for all y € R/, we get by the hypothesis H or by using the forth
condition appearing in B} and using the same conventions of notation
as above, we get

1 y+o : 2
limsup E [ / 4 ](CD (z))dz} =
6—0 20

I y+5 y+o
, X
1m§i}8 25 /y /y_(s /DXDPX(xl),X(xz)(Zl z2)

E[H(VX(x1))H(VX(x2))|X(x1) = 21, X(x2) = z2|dx1dx2dz1dz, < C.

Before taking the limit when ¢ tends to zero in the inequality (3.34), let
us observe that in the same form as in the proof of Remark 3.2.2, X and
Zm) satisfy the hypotheses H; (and Hy). Moreover, we have seem in
the beginning of this proof that for all n € IN*, X and Y(") satisfy the
hypothesis H; (and Hj).

Thus taking the limit when J tends to zero, it holds for all n € IN* and
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forally € R/

[, Py 9V E (Y1 (0| H(VX () [X(x) = y] s

BN

<C (113[(1 —‘P(Lx(-)/n))4])

(] Prco O E [POH(VX00)|X() = y] ax)

The idea is now to take the limit when n tends towards infinity in the
last inequality. First, let us observe that by using the Lebesgue domi-
nated convergence theorem, Llrf E[(1—-Y¥(Lx(-)/n))* =0.

n (9}

Hence forally € IR/ :

lim sup
n—r+4o0

E| [, 120 00l i00)] -

X

=0

[ P @V E [IY (I H(VX(:0) X (x) = y] dx

Furthermore, by using the Beppo Levi theorem, Vy € R/,

Jim 1 [ py3)E [[Y7 G0l H(VX(x))|X() = y] dx =
[ Pxn @ EIYCOIH(VX())[X(x) = y]dx <+,

the fact that the last integral is finite provides from Proposition 3.1.2.
But Beppo Levi theorem also entails that, Vy € R/,

im 1B | [, 1Z0000don00| = [, V0lde-i00)].

nt+oo

Then, Vy € R/,

E { /C v yy(x)\dad_]-(x)] < +oo, (3.35)

x ¥
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(and also for Vy € R/,

B[ [, V0ol 00)]
~ [ Pxeg®) EIYRIH(VX(0)|X(x) = y)dx)

Now replacing |Z| by Z") and |Y™)| by Y("), similarly as in the
precedent proof, we get for ally € R/ :

¥ [/cézf(y) 21 ey <x)] -

[ P E Y0 H(TX(0)|X(x) = y] dx

lim sup
n—-+00

=0.

By (3.35), the Lebesgue dominated convergence theorem entails, for all
y € R/

lim [ /C - Z(”)(x)dad]-(x)] —F [ /C v Y(x)dad]-(x)] .

X

Also Vy € R/,

dim [ py () E YU (0 H(VX(0)[X(x) = y] dx =
/D Px( (¥) E[Y()H(VX(x)[X(x) = y] dx.

This ends the proof of the theorem in the case when either Y satisfies
the condition (3.18), X and Y satisfy one of the three conditions Bj,
i = 1,2,3, where we replaced in the condition B} the condition B; by
A;. If X and Y satisfy the condition B}, the theorem holds true.

Let assume now that Y satisfies condition (3.18) and X and Y satisfy one
of the three conditions B}, i = 1,2,3. We will proceed as in the proof
of Theorem 3.2.1. Let us consider for all n € IN*, the sets D, = {x €
RY, d(x, D¢) > 11},

For all n € IN*, D, is an open set contained in D. We consider the re-
strictions X/D,, and Y/D,,. Itis clear that if Y satisfies the condition
(3.18) and if X and Y satisfy one of the conditions B}, i = 1,2,3, then
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forall n € IN*, Y /D, satisfies the condition (3.18) and X/D,, and Y /D,
satisfy one of the conditions B, i = 1,2,3 and also the hypothesis Hg,
where we have replaced the open set D by the open set D, and replaced
in B} the condition B; by A;.

We apply the theorem to X/D,, and to Y/D, (resp. |Y|/D,). We get
then Vy € R/ and for all n € IN*,

)

=/, Px (V) E[Y(X)H(VX(x))[X(x) = y] dx,

E

similarly replacing Y by |Y].

The hypothesis Hg¢ allows when n tends towards infinity to apply the
Lebesgue dominated convergence theorem in the above equality.
Ending the proof of the theorem. O

3.3 General Rice formulas for all level

3.3.1 Preliminaries for the general Rice formula

The two following propositions proved by Azais & Wschebor [6, p. 178-
179] will provide the arguments for obtaining a general Rice formula
for a random field not necessarily regular and for all level y € R/.

Proposition 3.3.1 Let Z: Q x W C Q x R — R"** (m € N,k € N¥),
be a random field C', W an open set of RY, | a compact subset of W whose
Hausdorff dimension is less or equal to m and zy € R™** fixed. We assume
that Z satisfies the following hypothesis: for all t € ], the random vector Z(t)
has a density pz ) (v) such that there exists a C > 0, a neighborhood Vs, of
z satisfying that for all t € ] and for all v € Vyy, pz)(v) < C.

Then almost surely there is not point t € | such that Z(t) = z.

Proof of the Proposition 3.3.1. For T a borelian of R contained in W, let
us denote

Ryp(T) ={w e Q:3IxeT,Z(x)(w) = 2o}
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Let | a compact set contained in W whose Haussdorff dimension is less
or equal to m. Since k € IN*, the euclidian Haussdorff measure of | of
dimension m + k is zero, that is H,, x(J) = 0 (c.f. definition in [28]). By
definition of the euclidian pre-measure of Haussdorff of | that defines
H,, . x(]), that is an+k(]), we have

Hysk(J) =0 = (lsii% Hg1+k(])-

Consider ¢ > 0 and 7 > 0 fixed. There exists J; > 0 such that for all
J < &, there exists a numerable set [ and (7;);e;, 0 < r; < dforalli € [
such that | C Uje;B(x;,#;) and Y. r;."”‘ <e

i€l

Moreover, since W is open in RY, for all y € ] C W thereexistsary > 0
such that B(y, 2ry) C B(y,2ry) C W.
Given that ] C Uy¢;B(y,ry) and since ] is compact, there exist a finite
covering (B(yj, ry;))j=1,m satisfying | C UL, B(yj,ry;), y; € ] for all
j = 1,m. Consider r = inf;_q,, ty; and C the compact set defined as
C = U B(y; 2ry) C W.
Letset R, ,; = inf(d.,1/2, %) where 1 is the constant defining the neigh-
borhood of zy, where the density of Z is bounded. This last neighbor-
hood satisfies that for all t € ] the random vector Z(t) has a density
Pz (V) satisfying py ) (v) < C, for v such that ||[v — zo| |, < p-
Thus there exists a numerable set I and (7;);ic;, 0 < r; < R foralli € I
satisfying | C U;jeB(x;,7;) and Y rf"*k < &. We have

icl

P(Rgy(])) < P(sup [[VZ(1)[| > 1)

teC

+)_ P ({SUPHVZ(t)ll S 77} M Ry, (B(xi, 7:) ﬂ])) :

iel teC

Set i fixed in I. If B(x;,r;) N ] = @, then Ry, (B(x;, ;) N ]) = @ and

P ({sup,ec [IVZ(t)|| <7} MRy (B(xi, 1) NT)) = 0.1 B(x;, 1) N ] # D,
let fix z € B(x;,7;) N ].

For w € {sup,.c||[VZ(t)|| <7} N Ry (B(x;,ri) N]) there exists x €
B(x;,r;) N ] such that Z(x)(w) = zo.

Let us remark that there exists j = 1, m such that x and z belong to the
ball B(yj, 2ry,), this entails that for all A € [0,1], Ax+ (1 - A)z € C.
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Indeed, since x € ] there exists a j = 1,m, such that x € B(y;, ryj). We
have the following inequalities

llz=yille < |z =xille+ |[xi = x[[e + |[x = yjlle
< ZVi—I—rngZRe,,?—f—ryj<r+ryj§21’yj.

Furthermore, since Z belongs to C! over W and then over B(yj, 2ry,)
which is an open convex set we have then

Z(z)(w) — Z(x)(w) = Z(z)(w) —z0
1
- [/0 VZ(Ax + (1 - A)z)(w)dA| (z —x),

in consequence as for all A € [0,1] we have Ax + (1 — A)z € C then
1Z(2)(w) = 2zol[m+k < 77|12 = x][e <277 <29Rey < p

Hence

P ({supyec [IVZ()[| <11} N Ry, (B(xi, i) N]))

< P(w, |[Z(2)(w) = zo| |k < 27)

- L v—zolx<2yr} P2(z) (V) @V < C Dy (7)™,

Rm+k

Finally we have shown that Ve > 0, Vi > 0,

P(Ryy(])) < P(sup||VZ(t)|| > y) + CDypiep™ ™ Y v+
teC iel
< P(sup |[VZ()[| > 1) + CDpupyp™ e
teC

By taking limits when e tends to zero then when 7 tends to infinity, in
this order, we get P(R,,(])) = 0. O

We are now able of stating the second proposition.

Proposition 3.3.2 Let X : QO x D C Q x R? — R/ (j < d) be a random
field belonging to C*(D,R/), where D is an open set of R? and let Dy be a
compact of R? contained in D. Let y € R/ fixed. We assume that X satisfies
the following assumption (S):
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e (S) Forall (x,\) € Dy x S/~ the random vector
(X(x),A-VX(x)),

has a density pxx), ».vx(x) (W, W), such that there exists a constant C >
0, a neighborhood Vy of y and a neighborhood V;, of Oge, such that for
all x € Do and for all A € S/, for all w € Vy and for all w € Vg,

Px(x),A-vx(x) (0, W) < C.

Then
P{w e Q:3x € Dy, X(x)(w) =y, rank VX(x)(w) < j} =0.

Proof of the Proposition 3.3.2. Let us define the random field Z by
Z:QxDxR C QxR xR — R x R such that

Z(xA) = (X(x), A - VX(x)).

Let us consider the set W = D x R/ that is an open set of R!, where
¢ = d+j. The field Z is C! on W since X is CZ on D, and takes its
values in R"** where m = j +d —1and k = 1.

Considering ] = Dy x S/~! a compact contained in W. Its Haussdorff
measure is less or equal to 1. Set zg = (y, Og¢) € R™* fixed.

Since forall (x,A) € Dy x S/~ the random vector (X(x), A - VX(x)) has
abounded density px x), 1.vx(x) (4, W), for uin a neighborhood of y and
w in a neighborhood of O then for all t € | the random vector Z(t)
has a density py ) (v) satisfying py ) (v) < C, for v in a neighborhood
of Zy.

By the Proposition 3.3.1,

P{w e Q:3(x,A) € Dy x 71, (X(x)(w),A- VX(x)(w)) = (y,0p4)} =0
then
P{w € Q:3x € Dy, X(x)(w) =y, rank VX(x)(w) < j} =0.

This ends the proof of the proposition. O
We have now all the ingredients to prove the general Rice formula for
all level.
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3.3.2 The general Rice formula

In this section the Theorem 3.3.1 provides a general Rice formula for all
level. Let us point out that Theorem 6.10 of [6] gives the same result
as that obtained in that one. However, in the aforementioned Theorem
6.10 the proofs are only sketched.

The proof of Theorem 3.3.1 will be based in the proof of the Theorem
3.2.1. Therefore, its proof will need more general conditions than those
denoted by B;, i = 1,4, that appear in this last theorem. Thus let us
state the following conditions C;, i = 1,4 with the same precedent con-
vention. That is for the three first conditions C;, i = 1,3 the process Y
will be expressed using (3.18).

In what follows we have the conditions.

e Cy: It is the condition By plus the following hypothesis. For all
x € D the vector (X(x), VX(x)) has a density.

e Cj: It is the condition B, plus the following hypothesis. For all
x € D, the vector (Z(x), VZ(x)) has a density.

o Cj: Itis the condition B3 plus the following hypothesis. The func-
tion F would be verified assumption (FF) that is:

— (FF) For all y € R/ there exists C > 0, there exists a neigh-
borhood Vy, of y such that for all # > 0 and for all u € Vy we
have

/ 1
R’ |Jr(F ! (), 2) |4+

e M T F(F (), 2) | e

<C

o Cy4: Itis the condition By4 plus the following hypothesis. The pro-
cess X verifies the assumption (S).

Let us state the general Rice formula for all level.

Theorem 3.3.1 Let X : QO x D C Q x RY — R (j < d) be a random field
belonging to C*(D,R/), where D is a bounded convex open set of R?. We as-
sume that for almost surely w € Q), VX (w) is Lipschitz of Lipschitz constant
Lx(w) such that E(Lx(-))? < +c0. Let Y : QA x D C QO xRY = Rbea
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continuous process.

If Y satisfies the condition (3.18) and if X and Y satisfy one of the three con-
ditions C;, i = 1,2,3 and the hypothesis He or if X and Y satisfy hypothesis
Cy then for all y € R/ we have

E| [ Y00 i3] = [y (0B YWHTX()IX () =yl

Remark 3.3.1 We can replace the hypothesis “for almost surely w € (),
VX(w) is Lipschitz with Lipschitz constant Lx(w) having a d-order
moment”, by the hypothesis

"E(suguv%X(x))H}fg)d < +od”.
XE

Indeed if X is C? on D, the Taylor formula on D convex and open set
allows concluding that almost surely

Lx = sup |[VA(X(x))]|5] < +oo,

xeD

then almost surely VX is Lipschitz with Lipschitz constant L.

Remark 3.3.2 We can generalize this theorem and also the remark to
the case where D is an open set no necessarily bounded. It is enough to
conserve the same hypotheses for X adapting those of Y that is defined
on the open bounded set D; included in D to D; instead of the open set
D and to X/D;s.

The Rice formula holds true for all y € IR/ and for X/D; and Y defined
on D1.

Proof of the Theorem 3.3.1. By the Theorem 3.2.1, we already know that
Vy € Ri

B / Px ) (V) E[Y()H(VX(x))|X(x) = y]dx.

D

Let us verify that assumption (S) holds. That is let us prove that if
Dy is a compact set contained in D and if X and Y satisfy one of the
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conditions C;, i = 1,3 then for all (x,A) € Dy x S/=1 the random vec-
tor (X(x),A - VX(x)) has a density px(x),1.vxx) (w,w) such that for
all y € IR there exists a constant C > 0, there exists a neighbor-
hood Vy of y and a neighborhood V; of Oge such that for all x € Dy
and for all A € S/, forallu € Vy and for all w € V6d it holds
Px(x),A-vx(x) (0, W) < C.

Let us notice that this last conclusion holds true when the processes X
and Y satisfy the condition Cy.

In this case by using the Proposition 3.3.2, we shall deduce that for any
compact set Dy contained in D and for all y € IR/,

P{w e Q:3x € Dy, X(x)(w ):y rank VX(x)(w) < j} = 0.

By choosing the compact Dy = D = {x € R% d(x,D°) > 1} C D
we will deduce, since D) tends in a nondecreasing form towards D,
when 7 tends to infinity, that for all y € R/,

P{weQ:3xe€ D, X(x)(w) =y, rank VX (x)(w) < j} = 0.

We then shall have shown that for all y € IR/,

¥ [/cx(w Y ()i (x)}

— E [ /C gy Y005 )
= [ P ) E YGOH(VX(x) X (x) = y)dx

that will end the proof of this theorem.

Thus let us verify that assumption (S) holds.

Let Do be a compact set contained in D. For all x € Dy and for all A €
S/=1, in the case where Y satisfies condition (3.18) and X and Y satisfy
one of the conditions C;, i = 1,3, as a first step we will study the density
Px(x), - vx(x) Of the vector (X(x), A - VX(x)). We shall express this last
one as function of the density px(x)vx(x) of vector (X(x), VX(x)) that
exists by the proof of Proposition 3.1.2 (c.f. equality (3.25)). So let us
consider A € SI71, A = (Aq,--- ,Aj). There existsa k € {1,---,j} such

that [Ar| > -L-. We will assume for instance k = j and that |A;| > -L.
Akl i j Al i
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this will imply ‘%\ < \/]
] .
Ifu=(uy, - ,u;) € RNand
— e g e G e e g R4
s = (511,521, ** ,Sj1,512,822,* " ,Sj2," " * ,S1d,824," - * ,Sja) € R,

let us make as in the proof of the Proposition 3.1.2 (third part) the fol-
lowing change of variables. Let K be the function defined by

K: R x R¥ — R x R? x RU-D?
j j i
(w;s) — (W ) Aisit, Y Aisio, -+, Y Aisias
i=1 i=1 i=1
511,821, * ,Sj-11,512,522, " * * ,Sj—12," " " ,S1d,52d, " ** ;Sj—ld)
The Jacobian Jx of this transformation is such that V(t,s) € R/ x R/

Uk (u,s)| = Al #0,

by hypothesis.
Thus K is a bijection of class C'and also its inverse K~! given by

K1 R xR x RU-D4 s RI x R/

(u; 5j1,5j2s ++r 8jdr 511,521, ++r 8j—11, 512,522, ++y Sj—12, -+» S1ds S2d/ -+ Sj—ld)

1, &2
— (11}511,521, Ct s 8i-11 x[— Z/\isﬂ + Sj1],512, 822, ,8j—12/
] =1
1, 2 1, &2
)Tj[_ Z;, Aisip + sz], ©rc 514,524,004 8j—1ds xj[— Z% AiSig + de])
1= 1=

For all A € S/~1 for all x € Dy we have
K(X(x); VX(x)) = (X(x); A - VX(x); (VX(X)) (j-1)a),
where if s € R/ we have denoted S(j—1)a by
S(j-1)d = (511,521,' ©c8j-11,512,822, "+ ,Sj—12," ** ,S1d,82d, " " /ijld)-
With these notations if pxx), 1.vx(x),(VX(x)) Ay denotes the density of
the vector (X(x), A - VX(x), (VX(x))(j-1)a), we have: VA € Si—1 vx e
Dy, ¥(u,s) € R/ x R,

1 _
PX (), AV X(x),(VX(x)) g (W S) = A Px(.vx00 (K (w,8)).
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We deduce that

VA e ST vx € Dy, V(u,w) € R xRY w= (w1, wy, -+, wy),

1
pX(x),/\'VX(x)(u/w) = W /]R(]._l)d PX(X),vx(x)(u; 511,821, -+, Sj—11,
1, 2 1, =
= [— Y Aisin + w1, 812,52, -, Sj—12, f[_ Y Aisiz + wa], .., 14,52, -+
= iz
1, 2

Sj-14, 3-[— Y Aisia +wq])ds(i_1ya (3.36)

] i=1

We now have to bound this density. In this aim let us consider each of

C;, i = 1,3 conditions.

o If X and Y satisfy the condition Cy, then for all x € Dy the vector
(X(x), VX(x)) has a non singular density and since X is a process
of class C? the covariance matrix of this vector is strictly positive
on the compact set Dy . Then there exist reals a,b > 0 such that for

allx € Dy, 0 <a < ianZHj(dH

S IVX (), VX)) x 2l|js1) < b.

In the same form that we have obtained the equality (3.27), we get
with the same notations as before that there exists a number y > 0

and a number C > 0, such that for all (x,u,s) € Dy x R/ x R%,

pX(X) VX(X) (u, S) g C e_m|(u,5)”]z<d+1) < C e—HHSH]Zd

< CeiﬂHs(l’*l)dH%j—l)d'

By using the equality (3.36), we obtain the following bound: VA €

SI=1,¥x € Dy, V(u,w) € R/ x RY,

C —lls_pal %
Px(x), 2 VX0 (W W) < 7|/\j|d /]R(j_l)d ¢ HlIsG-nallG-1)a ds(;_1)q
< G

the last inequality comes from the fact that ﬁ < (V)%
]
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o If X and Y satisfy the condition C,, then for all x € Dy the vector
(Z(x),VZ(x)) has a non-degenerate density. In the same form
that in the first part we show the existence of a number y > 0 and
of a number C > 0 such that for all (x,u,s) € Dy x R/ x R¥,

P2(x),vz(x) (W8) < Ce sl

Moreover, the equality (3.25) proved in the third part of the proof
of the Proposition 3.1.2 and applied to j = ;' shows that the den-
sity of the vector (X(x), VX(x)) is given by: for all (x,u,s) €
Dy x R/ x RY,

1
pX(x),VX(X)<u'S> - [Je(F~1(u))[d+1 X

Pz, vz (F (), (VE(F ()" xs).

We deduce that there exists a constant > 0 such that for all
(x,u,8) € Dg x RI x RY,

C —ul(V “1(u)))?! 2
Px(x),vx(x) (U8) < Je(F-T(u)yat ¢ HNTEE oD cell

Now let y be a vector fixed in IR/. Since the function F belongs to
C! and F~ ! is continuous the Jacobian Jr(F~!) is continuous on IR/
and it is everywhere non zero. Let Vy a compact neighborhood of
y, then there exists a C > 0 such that for all u € V; we have

1
Ty S C

Moreover, for all u € R/, (VF(F~!(u)))™! € £(R/,R/) and thus
foralls € R/,

||S||jd

-1 -1 .
IOVEE D)™ xsllia > [GEF—1 gy,

(3.37)

Since F belongs to C Land F1lis Continuou_s, the operator
VFE(F~1()) is a continuous function of R/ into £(IR/, R/). There
exists a constant C > 0, such that for all u € Vy, we have

IVF(F~ ' (u))]];; < C.
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We deduce that for all s € R/ and for all u € V,,

I(VE(E™(w))) ™" x 8jallja = Cllsl]ja-

Finally we conclude that for all y € R/, there exists a constant
C > 0, there exists a neighborhood Vy, of y, there exists a constant
# > 0 such that for all x € Dy, for all u € Vy and for all s € R/M
we have

Px(x),vx(x) (W8) < Ce Ml

Then in the same form that in the first part of the proof of this
theorem we deduce that for all y € R/, there exists a constant
C > 0, there exists a neighborhood of y, let Vy, such that for all
x € Dpand forall A € Si=! forallu € Vy and for all w € RY,

Px(x),1-vx(x) (W W) < C.

If X and Y satisfy the condition C3, in the same form as before and
since Dy is a compact set, there exist constants > 0 and C > 0
such that for all (x,u,s) € Dy x R/ x RY,

Pz(x),vz(x) (W) < C g Il gl

The equality (3.25) proved in the third part of the proof of Propo-
sition 3.1.2, shows that the density of the random vector

(X(x), VX(x)) exists. Using the same notations that in this proof
and by the equality given in (3.37), we can prove that this last
density is bounded in the following form, for all

(x,u,8;4) € Do x R/ x RY,

Px(x);vx(x) u’sld /IR] ]/]] |]1: ) )|d+1 g

VH H Vl‘s]’fj,dl‘g 7]')d

=i x e X

-1 b L -1 2
,HIIVECE <u>,z>1,]|\j, Al [VFE @2 syl gg, g
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We deduce that for all (x,u,s;4) € Do X R/ x R,

Px(0:vx () (W 8j.a) < /R] ]/11 1Tr(F; ) z)|4+1 :

VH H]/ i X e VH ]’—],d”(]‘,]‘)d %

-1 L A _ -1 2
HIIVECE <u>,z>1,]|\j,- “Alsora [V @)y syialfasge g,

where the matrix s; 1 q is the matrix s; 4 of which we have deleted
the j-th row and [VF(F, ' (u), z)]]._lj,_]. is the matrix
[VE(F;(u),z)] j; of which we have deleted the j-th row.

By using the equality (3.36), we get:

3C>0,3u>0,Vx€ Dy, VA € 71, V(u,w) € Rl x RY,

1

<RI RO | e (B, (w), 2) |41
izl

<
pX(x),A-VX(x)(u/W) S C/]RU

2
] —j X e ’”LH ]l’]/dH(j/fj)d X

o M IIVEE (w)2)]jl];% Hsjfl,d_[VF(Fz W2)] o sl
dsj_j,adzdsj 14
W(e rggke the following change of variables in the integral over
RY=Y4:
Sj-14 ~ [VF(Fz’l(u)IZ)L e
= [[VF(E (w), 2)]jilljj - Vj-1.a-
We get: 3C > 0,3 > 0,Vx € Dy, VA € SI—1,¥(u,w) € R/ x RY,

Sj'—j.d

PX(x), A-VX(x) (W W)

C//1 /]RJJ/I]UF ))|d+1x

B iy all

X

e HIvi- 1allfiona o |[[VE(E, Y (u),z )]]]||]] ds] _j,adzdvj_14 <

1
C/]R].,_]. Je(Fz (), z) |41

& M [V E (R (), 211

1 —pllzIf (j—1)d
C/ i||VF ,2)||Y Vg
R/ |]P(F{1(u),2)|d+1e IVEE(w) Z)H” i
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The C; condition allows getting that for all y € R/, there exists
C > 0, a neighborhood Vy of y, such that Vx € Dy, VA € S/ -1
Vu € Vy and Yw € RY, we have

Px(x),A-vx(x) (W, W) < C.
This ends the proof of the theorem.

g
In the same manner as in Theorem 3.2.2, we can free ourselves in the
Theorem 3.3.1, from the assumption E(Lx(-))? < +oco. If one of the
conditions Cy, Cz, C3 or C4 is replaced by Cj, C;, C5 or Cj, the Rice’s
formula will be still true. In the three first conditions Cj, C; and C3, we
make the hypothesis that Y can be written under the form (3.18).
More precisely

e C7: It is the condition Cy, plus the following hypothesis. For al-
most surely (x1,x2) € D x D the density of the vector
(X(x1), X(x2)) exists.

e C3: It is the condition C; plus the following hypothesis. For al-
most surely (x1,x2) € D x D the density of the vector
(Z(x1), Z(x2)) exists.

e C3: It is the condition C3 plus the following hypothesis. For al-
most surely (x1,x2) € D x D the density of the vector
(Z(x1), Z(x2)) exists.

e Cj: Itis the condition Bj plus the following hypothesis. The pro-
cess X verifies assumption (S).

The following theorem synthesizes all the results which we obtai-
ned previously. In a certain sense one can say that it is a new result. Let
us state it.

Theorem 3.3.2 Let X : O x D C O xR* — R (j < d) be a random
field belonging to C*(D,R/), where D is a convex open bounded set of R?,
such that for almost surely w € Q, VX(w) is Lipschitz. Let Y : A x D C
Q x R? — R be a continuous process. If Y satisfies the condition (3.18) and
if X and Y satisfy one of the three conditions C;, i = 1,2,3 and the hypotheses
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He and H} or if X and Y satisfy the condition C}, then for all y € IR/ we have

[, v
= /Dpx(x)(y)lE [Y(x)H(VX(x))|X(x) = y] dx.

Remark 3.3.3 In the same form as in the Remark 3.3.1, we can replace
in the theorem the hypothesis “for almost surely w € Q, VX(w) is
Lipschitz”, by the hypothesis " almost surely

Lx = sup,p || V2X(x)| \](Sd) < 400", since almost surely the process VX
will be Lipschitz with Lipschitz constant Ly.

Remark 3.3.4 We can generalized this theorem in the case where D is a
convex open not necessarily bounded. We maintain the same hypothe-
ses for the process X adapting those of Y that is now defined on the
bounded open set D; included in D instead of D and to X/ D;.

The Rice’s formula will be still valid for all level y € R/ and for X/D;
and Y defined on D;.

3.3.3 Rice formula for the k-th moment

The Theorem 3.3.1 will allow to state a general Rice formula for the
second moment.

Let us set the conditions D;, i = 1,4, where in the three first ones D1,
D; and D3, we will assume the hypothesis that Y can be written in the
form (3.18).

We will denote A the subset of R?, A = {(x1,%) € D x D, x; = x3},
where D is an open set of RY. Let us state the following conditions D;,
i=1,4.

e Djy: It is the condition Eq, plus the following hypothesis. For all
x € D, the vector (X(x), VX(x)) has a density.

e D;: It is the condition E,, plus the following hypothesis. For all
x € D, the vector (Z(x), VZ(x)) has a density.

e Dj: It is the condition Esz, plus the following hypothesis. The
function F verifies assumption (FF) appearing in condition Cg.
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e Dy: It is the condition E4, plus the following hypothesis. The
process X satisfies the assumption (S).

The conditions E;, i = 1,4, are the following:

e E;: The process X : O x D C OxR? - R/ (j < d) is Gaus-
sian of class C? on D, such that for all (x1,x2) € D x D — A, the
vector (X(x1), X(x2)) has a density. Moreover, for almost surely
(x1,X2) € D x D, the vector (W(x1), W(xz)) is independent of the
vector
(X(x1), X(x2), VX(x1), VX(x2)),and Vn € N,

/D]E(HW(X)Hgg)dx < foo.

e Ex: Vx € D, X(x) = F(Z(x)), where F : Rl — R/ is a bijective
function of class C2, such that Yz € R/, the Jacobian of F in z,
that is Jr(z) is such that Jr(z) # 0 and the function F~! is contin-
uous. The process Z : O x D C QO x R? — R/ (j < d) is Gaus-
sian of class C? on D, such that for all (x1,x2) € D x D — A, the
vector (Z(x1), Z(x2)) has a density. Moreover, for almost surely
(x1,x2) € D x D, the vector (W(x1), W(x2)) is independent of the
vector
(Z(x1),Z(x2),VZ(x1),VZ(x2)),and Vn € N,

/D1E(HW(X)H;) dx < +oo.

e E;:Vx € D, X(x) = F(Z(x)), where the process Z : O x D C () x
R? — R/ is Gaussian of class C? on D, such that for all (x1,%2) €
D x D — A, the vector

(Z(Xl),Z(Xg), VZ<X1), VZ(XZ))

has a density. Moreover, for almost surely (x1,x2) € D x D, the
vector (W(xq1), W(x2)) is independent of the vector

(Z(Xl), Z(Xz), VZ(Xl), VZ(Xz))

And,Vn € N,

/DIE(||W(X)\|g) dx < +oo.

The function F verifies assumption (F) appearing in condition Aj.
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e E;: For almost suljely (x_l,xz,yl, y2,%1,X2) €
D x D xR? x RY x RY and for all u € R/, the density

Py (x1),¥ (x2), X (1), X(x2), VX (x1), VX (x2) (Y1, Y2, W, W, X1, X1 ),
of the joint distribution of
(Y(xl)/ Y(Xz), X(Xl), X(XZ)/ VX(X1), VX(XZ))r

exists and is continuous in the variable u.
Furthermore

o e 11
ws [yl lsall) el

PY (1), Y (x2), X (1), X (x2), V X (1), VX (x2) (Y1 Y2, W W, X, X1
dx1dxdy1dy2dx1dxz,
is continuous.
Let us state the hypothesis Hy.
e Hy: Forally € R/,

/DxD E[[Y ) [[Y () [H(VX(x1)) H(VX(x2))[X(x1) = X(x2) = y]

XPx(x),X(x2) (y,y) dx1dxz < +o0.

We are ready to prove the following theorem.

Theorem 3.3.3 Let X : QO x D C Q x R? — R/ (j < d) be a random field
belonging to CZ(D, R/ ), where D is a bounded, convex open set of R?, such
that for almost surely w € Q, VX(w) is Lipschitz with Lipschitz constant
Ly(w) such that E(Lx(-))* < +c0. Let Y : O xD C OxR? = Ra
continuous process.

If Y satisfies the condition (3.18) and if X and Y satisfy one of the three condi-
tions Dy, i = 1,2,3 and the hypothesis Hy or if X and Y satisfy the condition
Dy, then for all y € R/ we have

E [ /C PRI

/DxD1E[Y(X1)Y(xz)H(VX(x1))H(VX(xz))IX(X1) = X(x2) =y

XPX(x1), X (x0) (Ur ¥) X1 dX2. (3.38)

2
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Remark 3.3.5 In the same form as in the Remark 3.3.1, we can replace
in the theorem the hypothesis “ for almost surely w € Q, VX(w) is
Lipschitz with Lipschitz constant Ly (w) such that E(Lx(-))* < 4007,

by the hypothesis “ E(sup,p, |[V2X(x)| ]](;))Zd < +o0”.

Remark 3.3.6 Under the same hypotheses as that of the theorem or un-
der below those of the Remark 3.3.9, for j = d, we get a result similar to
the one obtained in the equality (3.38). It is enough to replace

¥ [/cX(y) YOO (x)} .

E

</CX(Y) Y (x)daa-1(x) > - /cx<y> Yz(x)dgd_j(x)]

in the equality (3.38). The right hand side remains unchanged. How-
ever, we need to point out that is this particular case oy is the counting
measure.

Remark 3.3.7 Under the same type of hypotheses as those given in the
theorem or farther in the Remark 3.3.9, we can propose a general Rice
formula for the k order moments of the process Y integrated on the level
set of the random field X, and this for all y € R/.

Remark 3.3.8 The Theorem 3.3.3 and also the Remarks 3.3.6, 3.3.7 and
3.3.9 can be generalized to D a convex open set R? not necessarily
bounded.

For this mutatis mutandi we can argue as in Remark 3.3.4.

Proof of Theorem 3.3.3. The idea consists in applying the Remark 3.2.3
following the Theorem 3.2.1 for the convex and open set D x D and the
open bounded set D; = D x D — A, to the processes X and Y defined
of the following form

X:QOxDxDcCQxR¥ — RY
X = (x1,X2) —> X(x) = (X(x1), X(x2)),
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and

Y:QxDxDcCQxR¥ —R
x = (x1,%2) — Y(x) = Y(x1) X Y(x2).

Since X is a random field belonging to C2(D,RR/) then X is a random
field belonging to C%(D x D,R¥) and D x D is a convex and open set
of R*. Also Y/D x D — A is still continuous on D x D — A open and
bounded set of R? contained in D x D.

Since for almost surely w € ), VX(w) is Lipschitz with Lipschitz con-
stant Ly (w) such that E(Lx(+))?? < +oo, then for almost surely w € Q,
VX (w) is Lipschitz with Lipschitz constant Ly(w) = Lx(w), such that
E(Lg () < +oo.

Then under one of the conditions C;, i = 1,3, since Y is written as a
function G of X and of VX and of the variable W : Q x D ¢ R? — R,
k € IN*, in the following form, for almost surely x € D:

Y(x) = G(x, W(x), X(x), VX(x)),

where ‘ ‘
G:DxRF xR/ x (R, R) — R
(x,z,u,A) — G(x,z,u,A),
is a continuous function of its variables over '
D x RF x R/ x £(IR%,IR/) and such that V (x,z,u,A) € D x RF x R/ x
£(RY, R)),

G(xz,u, A)| < P(f(x), [|2[|e, h(w), [|Allja),

where P is a polynomial with positive coefficients and f : D — R*
and /1 : R/ — R™ are continuous functions, the same holds true for Y.
More precisely, for almost surely x = (x1,x2) € D x D,

Y(x) = G(x, W(x), X(x), VX(x)),

where N
W:QOxDxDcQxR*¥ — R*

x = (x1,x2) —> (W(x1), W(x2)),
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G: D> x R* x R¥ x B(R*,R¥Y) — R
A0
(X = (xl/ XZ)IZ = (le ZZ)/u - (ull uZ)/ (0 B))

=~ A 0
— G(x,z,u, <0 B>)
- G(xll zZy,uy, A) X G(XZ/ Z3,uy, B)/
where B (IR??, R%) is the vector subspace of £(IR??,R?) of the matrices

of the form C = <f; g) where A, B € £(RY, R/).

It is clear that G remains a continuous function defined on
D? x R%* x R¥ x B(R*,R%),

and it is such that V (x,z,u, C) € D? x R? x R% x B(R*,R/),

|G(x,2,u,C)| < P(f(x1),||zallx, h(w1), [|Al]j4)
X P(f(x2), [|z2||k, h(uz2), [|B]];4)
< P(f(x), ||zl | h(w), [|Cl|2j24),

where the function fis defined by

f:D* — R

x = (x1,%2) — f(x) = f(x1) + f(x2),

and the function % is defined by

h:RY — Rt

u = (ug,up) — h(u) = h(ug) + h(uy),

that are still continuous functions and P is a polynomial with positive
coefficients.

Itis easy to check that X and Y/DxD—A satisfy the hypotheses B;,
i = 1,4, of the Remark 3.2.3 following the Theorem 3.2.1, respectively
for the convex open set D x D and for the open and bounded set D x
D — A contained in D x D.
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Furthermore, if X and Y satisfy the hypothesis Hy then XetY /D x D —
A satisfy the hypothesis Hg, since Vx € D x D,

H(VX(x)) = H(VX(x1)) x H(VX(x2)). (3.39)

It holds that X and Y/D x D — A satisfy the hypotheses of the Remark
3.2.3 following the Theorem 3.2.1.

Now the hypotheses that X and Y satisfy make that these two processes
verify hypotheses C;, i = 1,4, appearing in Theorem 3.3.1 and then the
ones of the Proposition 3.3.2. Hence in the same form as in this theorem

we get that for ally € R/,
P{w e Q:3xe D, X(x)(w) =y, rank VX(x)(w) < j} = 0. (3.40)
Deducing for ally € R/,
P{w e Q:3x € D x D,X(x)(w) = (y,y), rankVX(x)(w) < 2j} = 0. (3.41)
Indeed by using the equality (3.39), for ally € R/,

P{w e Q:3Ixe D x D, X(x)(w) = (y,y),rank VX (x)(w) < 2j}
<P{weQ:3IxeD, X(x)(w) =y,rank VX(x)(w) < j} =0.

Ihe Remark 3.2.3 following the Theorem 3.2.1 applied to X and '
Y/D x D — A and the equality (3.41) allow writing for ally € R/,

E|f Y ()deyj) (%)
Coip-ax(¥y)

-F /CDxDA,X(Y/Y) Y(x)daz(d*j)(x)
= Jpp s PR YY) E [Y00H(VE(x)|X(x) = (7,)] dx
= /DXDIE[Y(x1)Y(xZ)H(VX(x1))H(vx(xz))|X(Xl) — X(x) = y]

“PxX(x1),X(x) (v, y) dx1 dxz,

the last equality comes from the fact that o»;(A) = 0.

Moreover, we know by using the Remark 3.1.2 and the equality (3.40)
that for all y € R/, almost surely C¥' (y) = Cx(y) and C¥' (y) is a dif-
ferentiable manifold of dimension (d — j). Thus for all y € R/, almost
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surely the set A defined by A = {(x,x) € D x D, X(x) = y} is a differ-
entiable manifold of dimension (d — j) then, since j < d, almost surely
0yd—j)(A) = 0. Thus forally € R/,

E

Y (x)doy i (x
/CDxD,)?(YrY) ( ) 2 ])( )]

_E ch(y> Y(x)do*dj(x)} ’,

the last equality comes from the fact that for all y € R/,

/ Y(doy,_y(x)| = E
Coxp-ax(¥y)

CDxD,i(Y/ y) = Cx(y) x Cx(y)-
This ends the proof of this theorem. ]

Proof of the Remark 3.3.6. Under the same as that of Theorem 3.3.3, but
for j = d, we make the same proof as before. We get for ally € R/,

E Y (x)doyqj) (x)

/CDxDA,f((Y'Y)

= DXDIE[Y(Xl)Y(Xz)H(VX(Xl))H(VX(Xz))|X(x1) = X(Xz) — y]
XPx(x),X(x) (¥, ¥) dX1 dX2.

In the same form we get, for all y € IR/ and almost surely the set A is
still a differentiable manifold and since for all

y R, Cp b3y, y) = Cx(y) x Cx(y),

we can write recalling that in this case 0;_; is the counting measure

Y (x)dosy i (x
/CDxDA,i(YrY) ( ) 2 ])( )]

Y (x)do- _-x—/ Y?(x)do,_(x
/Cow,g(y,y) G0d72(a—) () Cx(y) (ot )]

</CX(Y) Y(x)dos-, (x)>2 - /CX(Y) Yz(x)dod_j(x)] '

E

= E

= E
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this ends the proof of this remark. O

Remark 3.3.9 In the same manner as in the Theorems 3.2.2 and 3.3.2,
we can weaken the hypothesis E(Lx(-))? < +co in the Theorem 3.3.3.
More precisely, we can make the hypothesis that for almost surely w €
), VX(w) is Lipschitz or as in Remark 3.3.5, asking for the almost
finiteness of

sup,.p || V2X(x)| |](sd) . Then, it will be enough to replace conditions Dj,
i = 1,4 appearing in Theorem 3.3.3 by the following D} conditions,
i = 1,4, conserving the hypothesis H7 and adding the following hy-
pothesis Hz.

e Dj: It is the condition D4, plus the following hypothesis. For
almost surely (xq, X2, X3,X4) € D*, the density of the vector
(X(x1), X(x2), X(x3), X(x4)) exists.

e Dj: It is the condition Dj, plus the following hypothesis. For
almost surely (xq, X2, X3,X4) € D*, the density of the vector
(Z(x1),Z(x2),Z(x3), Z(xa)) exists.

e Dj3: It is the condition D3, plus the following hypothesis. For
almost surely (x1, X2, X3,X4) € D*, the density of the vector
(Z(x1),Z(x2),Z(x3), Z(xa)) exists.

e Dj: It is the condition Dy, plus the following hypothesis. The
function

(I,I1, 112) — fDXD f]RzX]RMj }’12 Y22 Hlefj] ||x2||Zj]

Py (x1), Y (x2),X (x1), X (x2), VX (x1), V X (xz) (Y1, Y2, U1, U2, X1, X1 )
d)'(l dXz dyl dy2 dx1 dXz,

is a continuous function.
For almost surely (x1, X2, X3, X4, X1, X2, X3, %) € D* x R*/ and for
all @ = (uy,uz,v1,v2) € RY, the density

PX(x1),X(x2),X(x3),X (x4), VX (x1), VX (x2), VX (x3), VX (x4) (q, %1, %2, X3, X4),
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of the vector
(X(x1), X(x2), X(x3), X(x4), VX(x1), VX(x2), VX(x3), VX(x4)),
exists. Moreover, for all y € IR/, the function

a— [ o sl el 15 il

PX(x1),X(x2),X (x3),X (x4), VX (x1),VX(x2),VX(x3),V X (x4) (q, X1, X2, X3, %4)
d)'(1 d)'(z Xm dXz,

is bounded in a neighborhood of q = (y,y,y,y).

Let us state the hypothesis H3.

e H}: For all y € R/, the function

a— D4 pX(Xl)'X(XZ)rX(Xs),X(X4),(q) X
E[H(VX(x1))H(VX(x2) ) H(VX(x3)) H(VX(x4))]

(X(x1), X(x2), X(x3), X(x4)) = q|dx1dx2dx3dxa,
is a bounded function in a neighborhood of q = (y,y,y,y)-



Chapter 4

Applications

The principal reason to have good Kac-Rice formulas is that they pro-
vide some tools to make explicitly computations that involve roots of
functions as well other level functionals. Below we will present some
of these applications. They can be classified by themes. First let us
to mention the possibility for getting conditions under which the level
functional has some moments. This is a non trivial task and it has been
completely solved only in certain particular cases. Furthermore, Rice’s
formulas have been also applied both in physical oceanography and
in the theory in dislocations of random waves propagation. Another
two applications deserve to be studied: in first place the theory of ran-
dom gravitational microlensings and in second place the study of the
zero sets of random algebraic systems invariant under the orthogonal
group, that are known in the literature as Kotlan-Shub-Smale systems.
In what follows the reader will find a brief description of all of them.

4.1 Dimensions d=j=1

Classically the study of Rice’s formula began with the seminal papers of
Kac [18] and Rice [27]. The first one considered the number of roots of
a random polynomial with standard and independent Gaussian coeffi-
cients and the second one developed formulas for studying the cross-
ings of stationary Gaussian processes. In this subsection we will revisit
these two old problems. Firstly we will give, using the formulas ob-
tained before, necessary and sufficient conditions for the existence of

113
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both the first and the second moment of the number of crossings of a
stationary Gaussian process. Secondly the research of Kac will be ex-
tended for considering random trigonometric polynomials.

4.1.1 Necessary and sufficient conditions for the first and sec-
ond moment of the number of crossings

Let X : O xR — R be a mean zero, real and stationary Gaussian
process. Let us denote its covariance function as r and u the spectral
measure assumed to be not purely discrete. Thus we have

r(t) = /R (7).

The p-order spectral moment is defined as

Ay = /}R APdu(A).

Fory € Rand t > 0 we will denote N[)é f
the level y by the process X on the interval [0, t]. We have the following

theorem

(y) the number of crossings of

Theorem 4.1.1 o The first order Rice’s formula holds if and only if A, <
+o00. And we have for ally € Randt > 0

t Ay
EING 3] = =/ e .

e Moreover in this case, IE[(N[)é’ﬂ (y))?] < +oo if and only if for some
5 > 0 we have D=0 ¢ 1.1([0, 6], d).

Remark 4.1.1 The first result was proved by K. It6 in [14]. In such a
work the author generalizes the precedent proofs providing a defini-
tive result. The second one is the famous Geman result [16]. He only
considers the case y = 0. In [20] the result was extended for all y.

Proof of Theorem 4.1.1. Remark 3.3.1 following Theorem 3.3.1 gives the
validity of the first formula whenever X belongs to CZ([O, t],R). How-
ever, the result holds with a large generality as it was shown by It6 in
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[14]. For completeness we will sketch his proof. First it is proved in
[14] that if Ay < +co the process has absolutely continuous trajectories.
And moreover it holds

N[}é,t]( hgrglglf / 141x(s)— |<5}\X/(s)|ds.

Then by using Fatou’s lemma and that X is Gaussian and stationary we
get by denoting ¢ for the standard Gaussian density on R

t

0—0

y+o
— liminf— / / dzds
iy zmTAz v-s Je 219t f v ricis

liming y+5 /
= 1?1)16’1 25\/7
— A2 ‘m
/\0

Concerning the other inequality, in [14] it is proved that the following
inequality holds true

2’1
N[)ét] > lim Zl

(monotonic limit).
n——+o0

B —y)(X(3)-y)<0}
Therefore by using the monotone convergence theorem we obtain

E[Njgq(y)] = Hm 2"E[1(x(0)_y)x(4)-y)<0})-

n—r—+400

The expectation in the right hand side can be written as

E[1{ (x(0)y)(X(4)-y)<0}]

_ X(0) X(57)
- IE[l(\/L/TO +oo)( m)l(—oo ﬁ)( \/ng )]
X(5) X(0)
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Then by ease of notation let us take above Ay = 1. Thus if Z,, stands for
a Gaussian r.v. independent of (X(0), X(5)) we have

E[1(y 1) (X(0))1(_ooy) (X(57))]

thus

0 TV o s
2”/ (p(z)dz/ ) p(x)dx — tz—/:e_%yz.

The same process can be made for the second term. Obtaining for any

Ap finally
t )\2 1y
E[Nj,(y)] = T\ ¢ 2.

The above procedure can be used also for proving that if A, = +oco then
IE[N[)é’t] (y)] = +oc0. And all the results hold in force.

For proving the second statement of the theorem we can use Re-
marks 3.3.5 and 3.3.6 following Theorem 3.3.3 for the case d = j = 1,
making thus the hypothesis that X belongs to C*([0, ], IR). Thus the for-
mula for the second factorial moment holds providing that the integral
appearing in equation (4.1) is finite. Let us remark that the assumption
that X possesses C>-trajectories implies that the covariance r is C* and
then Ay < +oco. However the case Ay = +o0 remains an interesting
case. It is the reason why we will follow the more general way given
by [12] and [16]. In [12] it is shown that

Ma(y, t) := E[Nj 1 (y) (N 4 (v) = 1)]
t
=2 [ (=) [ 1XiIlpely Xy )dxidxidr, @)
0 R
where p(x1, X}, X2, x}) is the density of the vector

(X(0),X(0), X(1), X' (1)),
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that is non-singular for T > 0, since the spectral measure y is not purely
discrete. Furthermore it is shown that if one of the term is infinity the
same fact occurs for the other. In this way we will give a necessary and
sufficient condition for the right hand side in the formula to be finite.

Without loss of generality we can assume that r(0) = 1 and since
Ay < +oo that 7 is two times differentiable.

We will begin by showing the result for the level y = 0 that is the
Geman's original result. Firstly let us write M, (y, t) in another fashion
by using a regression model. In first place we have

MZ(Y/ t)

= Z/Ot(t — T)p(y, y)E[ X' (0)X'(7)] | X(0) = X(7) = yldT, (4.2)

where p(x1,x2) stands for the density of the vector (X(0), X(7)). The
following model will be useful

X'(0) = &+a(1)X(0) +az(7)X(7)
X'(t) = &+ p1(1)X(0) + B2(T)X(7),

where (¢, ¢*) is a Gaussian vector independent of (X(0), X(7)), and

Var (&) = Var (g*) := o*(1) = —r"(0) — (")

1—72(1)’
(1) = Cov (§,¢*) _ —r"(0)(1—r*(7)) - ("'(1))*r(7)
Lo o2(1) —r7(0)(1 = 7*(7)) — (r'(1))?
Moreover
e I

pr(7) = —ma(7) 5 Pa(7) = —a (7).

In this form we have
t
Ma(0,1) = 2 [ (£ =T)pc(0,0)E[[Z] ¢ JdT

_ 1 o> (1) & 1 6
= -0 A=yt lsmllF

7 ||d.
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By using Cauchy-Schwarz inequality we get

Mz(O,t) < t/ot de

T 1—1r2(t))1/2
hence if the interval of the right hand side is finite then Mz(O ) < 4o0.

But the integral is convergent if for a § > 0 we have fo %d'{ <

+00, because the integrant is continuous in [4, t]. Reciprocally denot-
ing by ay the coefficients of the function |x| in the Hermite basis of
L?(R, ¢(x)dx), Mehler’s formula gives (see [10])

too > Ma(0,1) = 2/ (=), )) - ZaZk (2K)1p(1)%)dt

2
> Z“O/O(t_ﬂ(g,,;,f)))l/zd

(
k) 2
> 2a§(t—5)/0 MWdT

We end the proof in this case if we can prove that

r”(t) —r”(0)

1 Z(T)

()12
But this is the matter of the Lemma 4.1.1 proved below.
Now we will consider the case where y is any real. Let us define
(T
mir) = —Y "0

, and let introduce the expression

E[|-2

A(m,p,T) = ﬁ

_ 6"
m()l 2+ m(o)l.
By using (4.2) and the regression it holds

Ma(y, 1) =2 [ (t = Opely,y)e(2) Al p, 7).

Applying the Cauchy-Schwarz inequality we get

A(m,p,t) < (]E[g_m(ﬂc)}zlE[C*)—m(’r)]z)2

o(7)
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Let us prove now that the function m(7) is bounded in a neighborhood
of T = 0. In this aim let us consider the asymptotic behavior of the

/
term Z((E)) Two cases must be considered according to A4 is finite or

not. In the former case a fourth order Taylor development of function

rQE ; gives easily that (( )) — 2

Assume now that Ay, = +o0.

/\4—A§
Given that ”(7) — r”(0) = 2 [ 1= cos(™) A2y ()), we have by Fatou's
lemma
o 17(0) = 17(0)) /+°° 1 —cos(Th) oy
A PN il Sl )
luén_}lgf o > hrTn_>151f @ Afdu(A)
- / Mdu(A) = 4.
0
Moreever
(1) A3
o2(t)  Al=r(m)=r?(v)’
4

and Ao (1 — 72(1)) — (1) = 2A5(1 — r(7)) — r'?(T) + O(7*). Further-
more by using the 'Hospital rule

2 0(1 = (7)) — (1) . (—r’(T)> <1’"(T) - 1’"(0))) = +oo,

lim

750 T4 70 2T T2

since we know that _rz/?) — % Thus Z((;) — 0.
Theses computations lead us to conclude that as T — 0, m(7) tends to

\/% in case where A4 < +o0 and to zero otherwise. In both cases
=

we then have shown that the function m(7) is bounded.
In this form, by using the above inequality (4.3), we readily get

t
H<Ct [ pely,y)ot(oir,

and by Lemma 4.1.1 this integral is finite under the Geman’s condition.
For proving the other implication assume that My (y, t) < +oo. Thus

)
Ma(y,) 2 [ (£ = Dpely,y)o(0) Alm, p, ).
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We shall study A(m, p, 7).
As the function m(7) is bounded the following expansion holds

x = m(T)] = ) ax(m(7)) Hi(x),
k=0
where suppressing the variable T in m, the coefficients are

ap(m) = m2®(m) — 1] + 2¢(m)
a(m) = 1-2®(m)
2
where @ stands for the Gaussian distribution of ¢.

Using that function ai(m) is even if k is even and odd otherwise, the
Mehler’s formula gives

(0,7 z e (m (7)) (—m () g (7)
- kia%kw(r))( E By (m (7)) (2 + D)1(p(7) 2.
=0

But by defining the odd projection as Mg, (x, m) = %(|x —m|— |x+m|)
it holds

Moga(x,m) Za2k+l ) Haky1(x).

Then
E Mo (5, (7)) Mo ()] =
| Z e 1 (m(1)) 2k + 1) (p(2)) 2+ < E[Middg,fr),m(r))] -
/ (2 (x = m(0)] — x+ m(0)]))2p(x)dx < m?(7)

Thus
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Now it is easy to see that if —mg < m < myp, then a3(m) — m? >
%(Flo(ﬂ’lo) — mo) > 0.

Since function m(7) is bounded in a neighborhood of zero, this implies

that A(m,p,7) > C for T small enough. Then

+o0 > Mz(y, t)

6 ) 2
> ¢ [[t=Dply ) > ¢ [ T

and we end evoking again Lemma 4.1.1. O

Lemma 4.1.1 There exists a 6 > 0 such that
r”(t) —r"(0)
T

e L'([0,6],dt) <> /05( (1) dt < co.

1—7r2(1))1/2
Proof of Lemma 4.1.1. Let us consider the integral
5 2
/ @
0o (1—r2(1))1/2
For T small enough we have

o(r) (L Z0a — (1) = ("(1))?
(1—=r2(7))V/2 7 Ay (= ’

thus integrating by part

/5 —(0)(1 — (1)) — (f’(T))Zd
0

[NT[e8)

3 T
_ (01— (1) + (' (7)) 8
272 0
o 4/ 7” —
+/0 T (TT) (r (0)1’(71)r (T))dT
P(0)(1= () + (r(6))?

252

+/05rI(TT)r”(O) <’(T>T_1> it
+/05 —r;(r) <r”(T) —r”(0)> it

T
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since r,(—r) (ﬁ) ~ A3 e L1([0,6],d7).

T
Finally and since ( ) Ay, the above integral is finite if and only if

/5 au _L(O)dr < Ho00.
T

0

4.1.2 Numbers of roots of random trigonometric
polynomials

In the sequel we will study the asymptotic behavior of the random
Gaussian trigonometric polynomials. For any N € IN* and for two
independent sequences of i.i.d standard Gaussian random variables
{a,} 1 and {b,}$’, these functions are defined as

Xn(t) = sin nt + by, cos nt).

1 N
— Y (a
m L
The number of zeros of such a process have been extensively study
in the recent times (see [17] for example). Process Xy is a mean zero
inﬁnitely differentiable stationary Gaussian process. We can define as
before N, [O’é )(y) as the number of crossings of level y of these trigono-
metric polynomials on the time interval [0,271). The smoothness of
these polynomials implies that the Rice’s formula holds. The ingre-
dients needed for its application are

_ (NFD@N+1)
. .

N
E[X{(0)] =1  E[(Xy(0 Z

n:

E[Njg5 ) (¥)] = 27 E[(X&(O))z]\/zf/%

_2\/(N+1)(2N+1)ey22
ave 5 -

Hence
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Yielding
X
o ElNjgzn W] 2. s
N—oo N \@ '
For computing the variance and its asymptotic value we need to
consider the rescaled process: Yn(t) = Xn(4;). Given that the covari-
ance function Xy is

N Nt
1 (N + 1)t sin(3})
rxy (t Z cosnt = N© cos( 5 ) snzi ,
=1 2
we get
sint
T’YN (t) — T’X(t) = T

Similar results can be obtained for the first and second derivative
of ry,. The above result leads us to consider the Sine cardinal process
which has as covariance the function rx. In [4] was proved that by con-
structing the processes Yy and X in the same probability space and if
we define

By
X 2
- IE{[ [ o, 271)(0) - ]E[N[of\zln)<0)]) - ([Nﬁé,ZTL’N)(O) - IE[N[)(anN)(O)]ﬂ },
it holds that BWN — 0. This result entails that
lim Var(NX%(0)) = lim ~Var(NX, \/(0))
N—+oo N [0,277) N—+oo N [0.27eN) !
and the latter quantity is

E[|X"(0)X'(7) |X(0) = X(7) =0] _ 1
7_{_2/ 1_(@)2 —37T]dT.

T

4.2 Dimensions d>1

4.2.1 Sea modeling applications

In this subsection our results will be used to give some theoretical justi-
fications to the work of Podgorski & Rychlik [26]. This article provides



124

several applications to random sea waves. Like those authors let us
consider two random fields

X:R? - R(withd >j=1)and V: R? — RI*,

This last field is defined as V(x) = (X(x), VX(x)). It is the argument of
the function G in (3.18) but suppressing the explicitly dependence on x
and also on the field W. Thatis Y(x) = G(X(x), VX(x)).

Moreover, for sea applications either the field X is Gaussian and
models the sea surface or it is the envelope field (defined below).

We will discuss first the case where X belongs to CZ(D, R), with
mean zero and is a stationary Gaussian field with ¢ = Var(X(0)) =
E[X?(0)] > 0. Then Remark 3.3.1 following Theorem 3.3.1 applies and
we have forally € R

o]
= [ Pxg ) E N VX1l X (x) = y] dx

e m?Y
(2n)z0
The following notion is also introduced in [26]. One defines the distri-

bution of V over the level set by taking first G(z) = 14(z) for z € R4*!
and A a Borel set of R**!. We have Y(x) = 14(V(x)) and setting

E | foy ) 14 (V(0)dog 1 (x)]

|:fC dO’d 1(X}
E[14(V(0)) HVX( )l4 1X(0) =]
E[[[VX(0)],] '

E[14(y, VX(0)) [ VX(0)][]
E[[VX(0)], &

— 04(D)E[Y(0) [VX(0)]|,]X(0) =y]

P{V(x) € A|X(x) =y} :=

For applying the formula to sea waves modeling we set d = 3. Let
us use the notation of sea modeling taken from [26]. We have a mean
zero and stationary Gaussian field X(t, p) := {(t,x,y), p = (x,y), that
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models the sea surface. For introducing it let M(A1, A2, w) be a ran-
dom spectral Gaussian measure, restricted to the airy manifold A =

{H?HE = ;}7;} where K = (A1, A2). One defines

g(t, X, y) _ /A ei(A1x+A2y+wt)dM(/\1,)\z,w).

In this manner restricting the stochastic integral to the set

2

%
AT = {(AM, A w) w0, || K HZ - ‘;},

by using polar coordinates we can write

¢t x,y)
= 2/0OO /_icos(H?Hzcos(G) x+ H?stin(é))y + wt)de(w, H),

where c is an aleatory measure with independent Gaussian increments.
The covariance function results

I'(t,p) :==E[((0,0,0){(t, x,y)]
_ 2/0oo /Zcos(HﬁHzcos(e)er |€||sin@)y +wt)s(w,0)deds,

here function 25(-, -) is the physical spectral density.

For establishing the next results it will be necessary to give a dis-
gression about ergodic theory. The following text has been taken from
[5]. For a given subset D C R? and for each t > 0, let us define
Ay = o{X(t,p) : T > t,p € D} and consider the o-algebra of t-
invariant sets A = (; A:. Moreover, we assume that for all p € D it
holds I'(t,p) —t—e 0. It is well known that under this condition, the
o-algebra A is trivial, that is, it only contains events having probability
zero or one (see e.g. [12] Chapter 7).

Now for eacht > 0 and y € R we define the level set

Ch(t,y) ={peD:{(tp) =y}
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and the following functional
Z(t) = / Y(t,p)do .

Furthermore, in the sequel we assume that

Y(t,p) = G(Z(t,p), Vpl(t,p)),

where V,, is the gradient operator with respect to the space variables
x,y. The process {Z(t) : t € R"} is strictly stationary and has a fi-
nite mean and is Riemann-integrable. The ergodic theorem gives that
almost surely as T tends to infinity

% /OT Z(1)dt — BglZ(0)],

where B is the o-algebra of t-invariant events associated to the process
Z(t). Since for each t, Z(t) is A;- measurable, it follows that B C A so
that Eg[Z(0)] = E[Z(0)]. Thus

Eg[Z(0)] = E[Je g, Y(0,p)dor(p)]

_
e 200

= 02(D)E [Y(0,0) || V2(0,0)],1£(0,0) = y] 2tron)t

where Agpo0 = E[Z?(0,0)]. The above formula can be used to get the
distribution of velocities as defined in (4.4) (cf. [5]).

Next we will consider the case where the observed field, denoted as
E(t,p), is the envelope field of X (¢, p). First let define the Hilbert trans-
form of { as the Gaussian field

{(t,x,y)
_ 2/000 /7; sm(H?H2cos(9) X+ H?HZSm(e) Y+ wt)de(w, ).

The real envelope E(t, x,y) is defined as

E(tp) = /(6 x,y) + 82t x,y). 45)
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We can write the process E in the following form. Set

Z(t,p) = (C(t,x,y),L(t,x,y)).

Then if F(z) = ||z||,, it holds E(t,p) = F(Z(t,p)). The function F sat-
isfies condition B3 except for z = 0, but this does not matter because
P{Z(0,0) = 0} = 0. Furthermore a straightforward calculation shows
that the process X verifies assumption (S) in Proposition 3.3.2. We can
then apply Remark 3.3.1 following Theorem 3.3.1 with condition Bj
and hypothesis (S) replacing condition Cj.

Moreover, the density of E(0,0), in the point y > 0, is the Rayleigh

P

density Uigye > that exists and is continuous if ag = Var(Z(0,0)) > 0.

For eacht > 0 and y > 0 we define the level set

Ch(t,y) ={p € D: E(t,p) =y},

and the functional
2 ()= [, Y(tpdoi(p)
F CE(ty)

Invoking again the ergodic theorem we get almost surely as T tends to
infinity

[ ZX(t)dt _, EX(0,0) ) |[VpE(0,0)]|, |E(0,0) = y]
I ZL(t)at E[||VpE 0,0)\ ,[E(0,0) =]

(4.6)

but

E[||VoE(0,0)]|, |E(0,0)y]

— LE[[2(0,0)¥,2(0,0) + £(0,0)V,£(0,0)]|, |E(0,0) = ),

thus conditioning and defining

21Vp{(0,0) £ 1/y2 — 22V,{(0,0)

f=(y,21) = K] ]

2
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we get

E[[|VpE(0,0)]|,1E(0,0) =]

1

=3 /yy(f+(y,Z1) + f-(y,21)) P00 (21)dzs,

and given that { has the same distribution of — we finally have

2 1y
B[ VpE0,0),[E0,0) =y = © [ fe(y.20)pe00 (21)der

Let us consider the numerator in the right hand side of the expression
(4.6),

E[Y(0,0) || VE(0,0)]|, |E(0,0) =y]

= JEIG(y, S(E(0,0)9,£(0,0) + £(0,0)9,£(0,0)))
x12(0,0)Vp2(0,0) +£(0,0)Vp((0,0)[12 [E(0,0) = y].

The same argument as above yields

E[Y(0,0) || VpE(0,0), |E(0,0) =y]

2 (Y
= y/y ]:+(y,Z1)p§(O/O)(Z1)dZL

where

Fily,z) = E[G(y, ;<zlvpg(o,o> +/y? — 22V,8(0,0))) x
21V,(0,0) + 1/y2 — 22V,((0,0))) || .

2
Hence the term in the right hand side of (4.6) becomes equal to

f_yy F oy, 21)pz(00)(21)dz1
I f+(y.21)pg00) (21)dz1

In certain important cases this terms can be computed explicitly using
only the spectral moments of the processes ¢, ¢, Vpl, Vpé'
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4.22 Berry and Dennis dislocations

In this part of the work we will give an outline about the applications
of the Rice’s formulae to some notions in physics that are known as:
dislocations of random waves. The motivation for such a study is the
seminal paper of Berry & Dennis [9], where based on physical grounds
several novelty notions were introduced.

We will consider two independent mean zero isotropic Gaussian
random fields belonging to Cz(D,lR), &1 QxR? - R, defined
trough their spectral representation

g(x)
= [racos(< %,k >) (M) 2wy (k) — [ sin(< x, k >) (1) 2w, (k)

N

1(x)
— [ cos(< x k >) (1K)

SIEY

NIl—=
[
=

AW (K) + [gasin(< x k >) (2 2qmw, (k),
where < -,- > stands for the scalar product in R? and k = (kq, k),
k = ||k||,, TI(k) is the isotropic spectral density and W = W; + iW, is
a standard complex orthogonal Gaussian measure on R?. Without loss
of generality, we may assume that E[¢(0)]?> = E[1(0)]> = 1.

Defining the complex wave {(x) = ¢(x) + ir7(x) the dislocations are
the ensemble of zeros of . That is

NA(0) = #{x: p(x) = 0} = #{x: &(x) = 5(x) =0}

In [9] (see formulas (2.7) and (4.6)) it is defined the expected number by
unit of area of dislocation points as

iy — E[#{x € D: ¢(x) = 0}]
2(D)

Ay

— (27_[)21]5[’69((0) ’7y(0) o Cy(o) 77x(0) H - )\2

VA2 VA VA A, 2
where Cy, ¢y, 17x and 7, stand for the derivatives of first order of ¢ and

nand Ay = E[¢:(0)]* = E[Z,(0)] = E[:(0)]* = E[1,(0)]? .
And here we will study also the length of the set of zeros of each coor-
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dinate process (length of nodal curves)

d
01(C¢(0)) = 01(C;(0)).
Thus we have the definition of length of nodal curves for unity of area

Bl (C(0)] _ Eln(G,(0))]

L= »(D)  o(D)

In the cited work of Berry & Dennis other notions have been defined
related to the following two integrals

Y (x)d d / x)d
/{XEDW(X)O} (x)dop(x) = Z ) an Ydoq (x

xe{xeD: (x)

for the first integral we must recall that oy is the counting measure.
For instance in [9] it is introduced the dislocation curvature. In the
sequel we will consider instead the curvature of one of the nodal curve,
defined using for example ¢. The curvature of the nodal curve ¢(x) =
¢(x,y) = 0, is the quantity

’(é“xx(x)(;‘g%(x) - Zéxy(x>§x(x)‘§y(x) + é’yy(x)gﬁ(x))’

Vel
For the interval [0, k1] by defining Y (x) = 1) ,(x(x)) we have a partic-
ular case of a function Y(x) = G(V¢E&(x), V2¢(x)), where the operator

V2 denotes the second order differential. For these functions similarly
that in Theorem 3.3.1, it can be proven a Rice’s formula obtaining

Bl ) Tl (0001 ()]

K(x) =

= 02(D)E[1[,) (1(0)) [[VE(0)l; [£(0) = 0]pe o) (0)

= ”jQE[l[O,KIKK(o» IVE()]1, |2(0) = 0.

The independence between VZ(0) and (&(0), V2Z(0)) allows writing a
regression model that simplifies the last expression. Moreover,
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E[o1(Cz(0))] = V22D, /8O | &0

V21 A2 Az
_ \/)xthz(D)l/oo /an2e%p2d9dp _ \/TZUZ(D)’
V2 2o Jo 2

(as a bonus we get £ = @).

Furthermore, in order to obtain an interpretation for the distribution
of x over the level set of § we take the ratio of the two last expectations
obtaining

ELf, 0y Lo (£(x))den ()]
E[01(Cz(0))

= 2Bl (600 V201 1500) = )

Using the independence it can be written as

2 0 21 .
= \/;/0 /0 IE[l[O,p\/rzKl](Mxx(O)COSZf) —2Cy(0) cosfsin 6

2
2

e
271

+Gyy(0) sin®6]) [5(0) = 0] x > —dpdf. (4.7)

A regression model yields that the following relation holds true

[£42(0) cos? 6 — 284, (0) cos Osin 6 + &, (0) sin? 6] £(0) = 0] £
N(0,02(6, Ay, A2z, A2)),

where )\4 = lE[ chx(o)] = ]E[ ﬁy(o)]'

A = E[¢3,(0)] and — Az = E[Z(0)8xx(0)] = E[Z(0)&yy(0)].

Then the expression (4.7) is equal to

1 o 21 K1 \/)sz/U’(G,/\4,/\22,/\2) 2 ,é ,ﬁ
= — 2 2
272 fo 0 f*Klv/\zp/U(Q,M,)tzz,)\z) pe ze dpd(?du

1 oo 27T rK1 \/)sz/U(el/\4//\22//\2) ) 02 u?
= ?/ / / p7e” Ze 2 dpdfdu := K(xq).
o Jo Jo
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The density of this distribution is
d

d—llC(Kl)
0o 21 ’ ) et ©
@/ / 0>/ 0(0, Mg, Aop, Ag)e™ Te” s Aods
0 0
0'2 0, )\4,)\22/)\2) +K AZ)Z

2\/ /2” 3(0, A, A2, A2)
(c2(6, 7\4,)\22,)\2) + xk2Az)?

The last part of this subsection is aimed to compute some second
order Rice’s formulas. Let first introduce the dislocation correlation at
distance R defined as g(R) in [9]. For defining this quantity we first

consider the second factorial moment of the random variable N}g(O)
that is

E[#{x € D: p(x) = 0}(#{x € D : p(x) = 0} —1)]

= // A(xl,x2)dx1dx2,
DxD

where by using the Rice’s formula it holds

A(x, %) = E[| det Vi (x1) || det V(o) | [ (x1) = $(x2) = 0].

By using the invariance with respect to rotations and translations it
holds

Alx1,x2) = A((0,0), ([xa = xall,,0)) := A((0,0), (R, 0)) := g(R).

In the last equality we have set ||x; — x|, = R.
Moreover, by dropping the absolute value of the determinant of the
Jacobian of 1 we can introduce

B(x1,x2) = E[det Vi(x1) det Vip(x2) [p(x1) = ¢(x2) = 0].

Thus the charge correlation function (cf. [9]) is defined as

80(R) := B((0,0), (R, 0)).
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Both in [9] and [5] a closed elementary expression for g(R) was
obtained by using an expression for the absolute value function as a
Fourier integral. Nevertheless, the computation is not a trivial one. The
interested reader can consult these works. On the other hand, the func-
tion go(R) can be written as the conditional expectation of a sum of
products of four standard Gaussian random variables. As instance let
us consider the first term. That is

E[¢x(0,0)77(0,0)8x(R, 0)1 (R, 0) [¢(0,0) = 9(R,0)) = 0],

then we make the regression of the random variables representing the
derivatives with respect to the vector (¢(0,0),¥(R,0)). An elementary
Gaussian computation gives the result.

4.2.3 Gravitational stochastic microlensing

In this part we only sketch an application to gravitational cosmology.
The main reason to present it is that the used Rice’s formula is shown
for a non-Gaussian process. However, this subsection is built more as
an ilustration than a true formal mathematical development.

We must point out that all the matter corresponding to this sub-
section comes from the article of Peters et al. [25]. Moreover, for the
background this work needed to be complemented with the book [24].

Let {&;} be ¢ independent and identically distributed random vari-
ables uniformly distributed over the disc of radius R in R2. They will
be considered as the positions of the stars. The following random field
can be defined

2
27

8
9o (x) = = X3 = 2 (¢ —>3) +m ) In|x — g
j=1

where x = (x1, x2) and «, 7y are physical constants and m represents the
mass of the stars. Outside of the random points {¢;}¢ , the potential 1,
is a C* function. The following random function is known as the delay
function for the gravitational lens systems

=yl
Ty (x) 5 lpg(x)-
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The lensing map is defined as

7(x) = VIy(x) +y = x — Vipe(x).

Given the definitions we readily get

_ & X_(:-{]
700 = (1= ke )t (1= ke — pa) —2m Y, =
j=1 H g]Hz

A lensed image is a solution x* of the equation VTy(x) = 0. Thas is

n(x*) =y.

These images correspond to the stationary points of the function Ty,
and are classified as local maximum, local minimum and saddle point
whenever the image is not degenerated. In other case we say that they
are degenerated. We are interested in computing the number of non
degenerated images having a positive parity N, and which are defined
as Nt = Nyax + Npiy. It is plain to show that in these images the
Jacobian of 7, that is det V#(x), is always positive.

It results of interest in gravitational studies the computation of the
expected number of N generated for a point source y. The number of
such images on a set D C IR? is

Ni(y) =#{xe D: y(x) =y, det Vy(x) > 0}.

Consider f : R? — R a continuous function with bounded support,
then by using the area formula we obtain

o S VEN(y)]dy = /DlE[f(W(X))detW(X)l(o,+oo)(detV'?(X))]dX

= [ F) [ Eldet V(10,40 (det Vi (x)) 1 (x) = ylpyx) (¥)xdy.

Although the function 7 has singularities in the positions of the stars ¢;
these are infinite singularities. That is limy_,¢, ||7(x)||, = 4co. Hence if
we observe only those y that are in the bounded support of f, we have
that the domain of # for each w is restricted to an open set that does not
contain the points ¢;. This implies that the function 7 restricted to this
set is a C* function. Then the hypothesis for applying the area formula
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holds.

Moreover, we get for almost surely y

E[N (y)] = /D E[det V17 (x)1(g,+c0) (det Vi1 (x)) [17(x) = y]py ) (y)dx.

By using the definitions plus some non trivial work, it can be shown
that the above formula holds for all y. Furthermore, in [25] the formula
is used to get its asymptotic when the number of stars g tends to infi-
nite. An interesting but still open problem is to get the same asymptotic
for the variance of N (y).

4.2.4 Kostlan-Shub-Smale systems

Consider a rectangular system P = 0 of j polynomial equationsind > j
variables. We assume that the equations have the same degree n > 1.
LetP = (Py,..., Pj), we can write each polynomial P, in the form

Pt = Y e,
|z|<n
where
l.z=(z1,...,24) € N¥and |z| = Y{_, z;

2. ag) = aéf?uzd ER,(=1,...,j,|z| <n

3. t=(t,...,tg) and £* = TT{_, £".

We say that P has the Kostlan-Shub-Smale (KSS for short) distri-
(6)

bution if the coefficients a,’ are independent centered normally dis-
tributed random variables with variances

o\ _ (n) _ n!
Var <az > N (z> ozlzgl(n—|z|)"

We are interested in the set of zeros of P. We denote by NY its car-
dinal if d = jorif d > j we denote this set as Cp(0) and its volume as
L(Cp(0)). Shub and Smale [22] proved that if d = j then E(NY) = n4/2,
In chapter 12 of Azais & Wschebor book [6] this result was obtained
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by using the Kac-Rice formula. Letendre in [21] has tackled the case
d > j obtaining the following result firstly showed by Kostlan in [19].
It holds

(d—j+1)
T2

I—.[(d—é-l-l)]'

E[£(Cp(0))] = n’

Below following Letendre’s method and some simplifications we will
obtain this result by using the Kac-Rice formula.

It is customary and convenient to homogenize the polynomials. That
is, to add an auxiliary variable ¢y in order that all the monomials have
the same degree n. More precisely, we multiply the monomial in P,

corresponding to the index z by I Let

X=(Xy,...,Xj),

denote the resulting vector of j homogeneous polynomials in d + 1 real
variables with common degree n > 1. We have,

X)) =Y a¢, =1,

|z|=n

where this time z = (zo, ..., z;) € N%t1;
d
) (€)

0

¢
|Z| = Zk;a](' = 0z.z; € R;

k=0

t=(to,...,ts) € R*and * = [I{_, ti*.

Each X, is homogeneous, and the zero set of X is the intersection
of the zero set of each X,;. Then the set Cx(0) is a subset of the real
projective space RIPY~/.

From now on we work with the homogenized version X. Standard
multinomial formula shows that for all s, t € R?T! we have

ra(s,t) :=Tu({s,t)) ;== (X,(s)Xy(t)) = (s,t)",

where (-, ) is the usual inner product in R, As a consequence, we
see that the distribution of the system X is invariant under the action of
the orthogonal group in R¥*!. We see also that the distribution depends
of course of n and this will be omitted for X for the ease of notation.
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In the sequel we need to consider the derivative of Xy, £ =1,...,].
Since the parameter space is the sphere S, the derivative is taken in the
sense of the sphere, that is, the spherical derivative X} (t) of X,(t) is the
orthogonal projection of the free gradient on the tangent space t* of S
at t. The k-th component of X/ (t) at a given basis of the tangent space
is denoted by X, (t).

We are going to use the Rice formula with a slight modification to
make it valid on S9. As the process X satisfies the hypotheses of Remark
3.3.1 following Theorem 3.3.1 we get

E[£(Cx(0))]

L EI(et (VX () (VX)) X() = 0lpxiq (0)74(d),

where 1, stands for the d-dimensional geometric measure on 84, Since
E[X(t)?] = 1, X(t) and VX(t) are independent, allowing to erase the
conditioning into the expectation. Furthermore as py()(0) = ——, if
2m)2

VX(ep) stands for the matrix with generic element XJ, (0), we finally

get

ELCx©)] = ZE)El(det(TX(eq))(VX(e0))T)
2!

NI

]

NI—=

n;/zﬂm[(det(vz(eo))(VZ(eo))T)

(27) .

where VZ(eg) is N(0, I;). But a Gaussian computation (cf. [21] ) gives

. (qd—j
El(det(V2Z(ex)) (VZ(en)) ")) = () P2,
Yielding
E[L(Cx(0))] = /', ;(8"T) = nf”rfd_;l]

The variance of this random variable has been also computed by
Letendre and it will be interesting to prove a CLT.
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